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Preface

Our original purpose in writing this book was to provide a text for the under-
graduate linear algebra course at the Massachusetts Institute of Technology. This
course was designed for mathematics majors at the junior level, although three-
fourths of the students were drawn from other scientific and technological disciplines
and ranged from freshmen through graduate students. This description of the
M.I.T. audience for the text remains generally accurate today. The ten years since
the first edition have seen the proliferation of linear algebra courses throughout
the country and have afforded one of the authors the opportunity to teach the
basic material to a variety of groups at Brandeis University, Washington Univer-
sity (St. Louis), and the University of California (Irvine).

Our principal aim in revising Linear Algebra has been to increase the variety
of courses which can easily be taught from it. On one hand, we have structured the
chapters, especially the more difficult ones, so that there are several natural stop-
ping points along the way, allowing the instructor in a one-quarter or one-semester
course to exercise a considerable amount of choice in the subject matter. On the
other hand, we have increased the amount of material in the text, so that it can be
used for a rather comprehensive one-year course in linear algebra and even as a
reference book for mathematicians.

The major changes have been in our treatments of canonical forms and inner
product spaces. In Chapter 6 we no longer begin with the general spatial theory
which underlies the theory of canonical forms. We first handle characteristic values
in relation to triangulation and diagonalization theorems and then build our way
up to the general theory. We have split Chapter 8 so that the basic material on
inner product spaces and unitary diagonalization is followed by a Chapter 9 which
treats sesqui-linear forms and the more sophisticated properties of normal opera-
tors, including normal operators on real inner product spaces.

We have also made a number of small changes and improvements from the
first edition. But the basic philosophy behind the text is unchanged.

We have made no particular concession to the fact that the majority of the
students may not be primarily interested in mathematics. For we believe a mathe-
matics course should not give science, engineering, or social science students a
hodgepodge of techniques, but should provide them with an understanding of
basic mathematical concepts.
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On the other hand, we have been keenly aware of the wide range of back-
grounds which the students may possess and, in particular, of the fact that the
students have had very little experience with abstract mathematical reasoning.
For this reason, we have avoided the introduction of too many abstract ideas at
the very beginning of the book. In addition, we have included an Appendix which
presents such basic ideas as set, function, and equivalence relation. We have found
it most profitable not to dwell on these ideas independently, but to advise the
students to read the Appendix when these ideas arise.

Throughout the book we have included a great variety of examples of the
important concepts which occur. The study of such examples is of fundamental
importance and tends to minimize the number of students who can repeat defini-
tion, theorem, proof in logical order without grasping the meaning of the abstract
concepts. The book also contains a wide variety of graded exercises (about six
hundred), ranging from routine applications to ones which will extend the very
best students. These exercises are intended to be an important part of the text.

Chapter 1 deals with systems of linear equations and their solution by means
of elementary row operations on matrices. It has been our practice to spend about
six lectures on this material. It provides the student with some picture of the
origins of linear algebra and with the computational technique necessary to under-
stand examples of the more abstract ideas occurring in the later chapters. Chap-
ter 2 deals with vector spaces, subspaces, bases, and dimension. Chapter 3 treats
linear transformations, their algebra, their representation by matrices, as well as
isomorphism, linear functionals, and dual spaces. Chapter 4 defines the algebra of
polynomials over a field, the ideals in that algebra, and the prime factorization of
a polynomial. It also deals with roots, Taylor’s formula, and the Lagrange inter-
polation formula. Chapter 5 develops determinants of square matrices, the deter-
minant being viewed as an alternating n-linear function of the rows of a matrix,
and then proceeds to multilinear functions on modules as well as the Grassman ring.
The material on modules places the concept of determinant in a wider and more
comprehensive setting than is usually found in elementary textbooks. Chapters 6
and 7 contain a discussion of the concepts which are basic to the analysis of a single
linear transformation on a finite-dimensional vector space; the analysis of charac-
teristic (eigen) values, triangulable and diagonalizable transformations; the con-
cepts of the diagonalizable and nilpotent parts of a more general transformation,
and the rational and Jordan canonical forms. The primary and cyclic decomposition
theorems play a central role, the latter being arrived at through the study of
admissible subspaces. Chapter 7 includes a discussion of matrices over a polynomial
domain, the computation of invariant factors and elementary divisors of a matrix,
and the development of the Smith canonical form. The chapter ends with a dis-
cussion of semi-simple operators, to round out the analysis of a single operator.
Chapter 8 treats finite-dimensional inner product spaces in some detail. It covers
the basic geometry, relating orthogonalization to the idea of ‘best approximation
to a vector’ and leading to the concepts of the orthogonal projection of a vector
onto a subspace and the orthogonal complement of a subspace. The chapter treats
unitary operators and culminates in the diagonalization of self-adjoint and normal
operators. Chapter 9 introduces sesqui-linear forms, relates them to positive and
self-adjoint operators on an inner product space, moves on to the spectral theory
of normal operators and then to more sophisticated results concerning normal
operators on real or complex inner product spaces. Chapter 10 discusses bilinear
forms, emphasizing canonical forms for symmetric and skew-symmetric forms, as
well as groups preserving non-degenerate forms, especially the orthogonal, unitary,
pseudo-orthogonal and Lorentz groups. ‘

We feel that any course which uses this text should cover Chapters 1, 2, and 3
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thoroughly, possibly excluding Sections 3.6 and 3.7 which deal with the double dual
and the transpose of a linear transformation. Chapters 4 and 5, on polynomials and
determinants, may be treated with varying degrees of thoroughness. In fact,
polynomial ideals and basic properties of determinants may be covered quite
sketchily without serious damage to the flow of the logic in the text; however, our
inclination is to deal with these chapters carefully (except the results on modules),
because the material illustrates so well the basic ideas of linear algebra. An ele-
mentary course may now be concluded nicely with the first four sections of Chap-
ter 6, together with (the new) Chapter 8. If the rational and Jordan forms are to
be included, a more extensive coverage of Chapter 6 is necessary.

Our indebtedness remains to those who contributed to the first edition, espe-
cially to Professors Harry Furstenberg, Louis Howard, Daniel Kan, Edward Thorp,
to Mrs, Judith Bowers, Mrs, Betty Ann (Sargent) Rose and Miss Phyllis Ruby.
In addition, we would like to thank the many students and colleagues whose per-
ceptive comments led to this revision, and the staff of Prentice-Hall for their
patience in dealing with two authors caught in the throes of academic administra-
tion. Lastly, special thanks are due to Mrs. Sophia Koulouras for both her skill
and her tireless efforts in typing the revised manuscript.

K.M.H. / R. A K,
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1. Linear Equations

1.1. Fields

We assume that the reader is familiar with the elementary algebra of
real and complex numbers. For a large portion of this book the algebraic
properties of numbers which we shall use are easily deduced from the
following brief list of properties of addition and multiplication. We let F
denote either the set of real numbers or the set of complex numbers.

1. Addition is commutative,

rt+y=y-t+t=z
for all z and y in F.
2. Addition is associative,

T+ Wy+e)=@@+y +=

for all z, y, and z in F.

3. There is a unique element O (zero) in F such that z + 0 = z, for
every z in F.

4. To each z in F there corresponds a unique element (—z) in F such
that £ 4+ (—z) = 0.

5. Multiplication is commutative,

Ty = yx
for all z and y in F.
6. Multiplication is associative,

z(yz) = (y)2
for all z, y, and z in F.
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7. There is a unique non-zero element 1 (one) in F such that 21 = «,
for every x in F.

8. To each non-zero z in F there corresponds a unique element z—!
(or 1/z) in F such that zz=* = 1.

9. Multiplication distributes over addition; that is, z(y + 2z) =
zy + zz, forall z, y, and zin F.

Suppose one has a set I of objects x, y, 2, . . . and two operations on
the elements of F as follows. The first operation, called addition, asso-
ciates with each pair of elements z, y in F an element (x + ) in F; the
second operation, called multiplication, associates with each pair z, ¥ an
element zy in F'; and these two operations satisfy conditions (1)—(9) above.
The set F, together with these two operations, is then called a field.
Roughly speaking, a field is a set together with some operations on the
objects in that set which behave like ordinary addition, subtraction,
multiplication, and division of numbers in the sense that they obey the
nine rules of algebra listed above. With the usual operations of addition
and multiplication, the set C of complex numbers is a field, as is the set R
of real numbers.

For most of this book the ‘numbers’ we use may as well be the ele-
ments from any field F. To allow for this generality, we shall use the
word ‘scalar’ rather than ‘number.” Not much will be lost to the reader
if he always assumes that the field of scalars is a subfield of the field of
complex numbers. A subfield of the field C is a set F of complex numbers
which is itself a field under the usual operations of addition and multi-
plication of complex numbers. This means that 0 and 1 are in the set F,
and that if z and y are elements of F, so are (z + y), —z, zy, and 2!
(if z # 0). An example of such a subfield is the field R of real numbers;
for, if we identify the real numbers with the complex numbers (a + b)
for which b = 0, the 0 and 1 of the complex field are real numbers, and
if x and y are real, so are (z + y), —z, zy, and 27! (if z # 0). We shall
give other examples below. The point of our discussing subfields is essen-
tially this: If we are working with scalars from a certain subfield of C,
then the performance of the operations of addition, subtraction, multi-
plication, or division on these scalars does not take us out of the given
subfield.

ExampLE 1. The set of positive integers: 1, 2, 3, . . ., is not a sub-
field of C, for a variety of reasons. For example, 0 is not a positive integer;
for no positive integer n is —n a positive integer; for no positive integer n
except 1 is 1/n a positive integer.

ExampLE 2. The set of integers: ..., —2, —1,0,1,2,...,isnot a
subfield of C, because for an integer n, 1/7 is not an integer unless n is 1 or
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—1. With the usual operations of addition and multiplication, the set of
integers satisfies all of the conditions (1)—(9) except condition (8).

ExampLE 3. The set of rational numbers, that is, numbers of the
form p/gq, where p and ¢ are integers and g # 0, is a subfield of the field
of complex numbers. The division which is not possible within the set of
integers is possible within the set of rational numbers. The interested
reader should verify that any subfield of C' must contain every rational
number.

ExampLE 4. The set of all complex numbers of the form z + y\/§,
where x and y are rational, is a subfield of C. We leave it to the reader to
verify this.

In the examples and exercises of this book, the reader should assume
that the field involved is a subfield of the complex numbers, unless it is
expressly stated that the field is more general. We do not want to dwell
on this point; however, we should indicate why we adopt such a conven-
tion. If F is a field, it may be possible to add the unit 1 to itself a finite
number of times and obtain 0 (see Exercise 5 following Section 1.2):

1+1+4 - +1=0.

That does not happen in the complex number field (or in any subfield
thereof). If it does happen in F, then the least n such that the sum of n
1’s is 0 is called the characteristic of the ficld F. If it does not happen
in F, then (for some strange reason) F is called a field of characteristic
zero. Often, when we assume F is a subfield of C, what we want to guaran-
tee is that F is a field of characteristic zero; but, in a first exposure to
linear algebra, it is usually better not to worry too much about charac-
teristics of fields.

1.2. Systems of Linear Equations

Suppose F is a field. We consider the problem of finding n scalars
(elements of F) z, . . ., x, which satisfy the conditions

Aum + Apze + - + diatn = 0

Aaxi + Agts + -+ + Aonn = Y2
(1-1) : : : :
Amlxl + Am2x2 + ce + Amnxn = Ym

where y1,...,9yn and A4, 1 <7< m, 1 £j < n, are given elements
of F. We call (1-1) a system of m linear equations in z unknowns.
Any n-tuple (zi,...,x,) of elements of F which satisfies each of the
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equations in (1-1) is called a solution of the system. If y; = ¢, = --- =
ym = 0, we say that the system is homogeneous, or that each of the
equations 1s homogeneous.

Perhaps the most fundamental technique for finding the solutions
of a system of linear equations is the technique of elimination. We can
illustrate this technique on the homogeneous system

201 — 2+ z3=0
1 + 3xy + 423 = 0.

If we add (—2) times the second equation to the first equation, we obtain

—7$2 — 7:1?3 =0
or, x; = —ux;. If we add 3 times the first equation to the second equation,
we obtain

7$1 + 7x3 =0
or, z; = —xs. So we conclude that if (z1, z,, z3) is a solution then z; = 2, =

—ux3. Conversely, one can readily verify that any such triple is a solution,
Thus the set of solutions consists of all triples (—a, —a, a).

We found the solutions to this system of equations by ‘eliminating
unknowns,” that is, by multiplying equations by scalars and then adding
to produce equations in which some of the x; were not present. We wish
to formalize this process slightly so that we may understand why it works,
and so that we may carry out the computations necessary to solve a
system in an organized manner.

For the general system (1-1), suppose we select m scalars ¢y, . . ., Cm,
multiply the jth equation by ¢; and then add. We obtain the equation

(C1A11 + -+ CmAml)xl + -+ (clAln + -+ CmAmn>xn

=ay1+ 0 T Y
Such an equation we shall call a linear combination of the equations in
(1-1). Evidently, any solution of the entire system of equations (1-1) will
also be a solution of this new equation. This is the fundamental idea of
the elimination process. If we have another system of linear equations
Buzi + -+ 4 Bize = &1
(1-2) : : :
Buzi + -+ + Binn = 2
in which each of the k equations is a linear combination of the equations
in (1-1), then every solution of (1-1) is a solution of this new system. Of
course it may happen that some solutions of (1-2) are not solutions of
(1-1). This clearly does not happen if each equation in the original system
is a linear combination of the equations in the new system. Let us say
that two systems of linear equations are equivalent if each equation
in each system is a linear combination of the equations in the other system.
We can then formally state our observations as follows.
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Theorem 1. Equivalent systems of linear equations have exactly the
same solutrons.

If the elimination process is to be effective in finding the solutions of
a system like (1-1), then one must see how, by forming linear combina-
tions of the given equations, to produce an equivalent system of equations
which is easier to solve. In the next section we shall discuss one method
of doing this.

Exercises
1. Verify that the set of complex numbers described in Example 4 is a sub-

field of C.

2. Let F be the field of complex numbers. Are the following two systems of linear
equations equivalent? If so, express each equation in each system as a linear
combination of the equations in the other system.

T —22=0 3+ 22=0
221 + 22 =0 1+ 22=0

3. Test the following systems of equations as in Exercise 2.

—I1+ I2+4:I3=0 T d x3=0
1+ 32+ 823, =0 o+ 323 =0
i+ et 3rs=0

4. Test the following systems as in Exercise 2.
2z + (—1 + )z + z4=0 (1—|—%>xl—|—8x2—ix3— 23=0

32?2 - 21,1?3 + 5:1:4 =0 %1,‘1 - %Iz + Z3 + 72?4 = 0

5. Let F be a set which contains exactly two elements, 0 and 1. Define an addition
and multiplication by the tables:

+10 1 <10 1
010 1 0/0 0
17110 110 1

Verify that the set F, together with these two operations, is a field.

6. Prove that if two homogeneous systems of linear equations in two unknowns
have the same solutions, then they are equivalent.

7. Prove that each subfield of the field of complex numbers contains every
rational number.

8. Prove that each field of characteristic zero contains a copy of the rational
number field.
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1.3. Matrices and Elementary
Row Operations

One cannot fail to notice that in forming linear combinations of
linear equations there is no need to continue writing the ‘unknowns’

T, . . ., T, since one actually computes only with the coefficients 4 ,; and
the scalars y;. We shall now abbreviate the system (1-1) by
AX =Y
where .
An -+ Ain
A=l
L_Aml s Amn
[ T 0N
X=1": and Y =
T Ynm

We call A the matrix of coefficients of the system. Strictly speaking,
the rectangular array displayed above is not a matrix, but is a repre-
sentation of a matrix. An m X n matrix over the field F is a function
A from the set of pairs of integers (¢,7), 1 <7< m, 1 <j < n, into the
field F. The entries of the matrix A are the scalars A(7,j) = A5 and
quite often it is most convenient to describe the matrix by displaying its
entries in a rectangular array having m vows and n columns, as above.
Thus X (above) is, or defines, an n X 1 matrix and ¥ is an m X 1 matrix.
For the time being, AX = Y is nothing more than a shorthand notation
for our system of linear equations. Later, when we have defined a multi-
plication for matrices, it will mean that ¥ is the product of 4 and X.

We wish now to consider operations on the rows of the matrix 4
which correspond to forming linear combinations of the equations in
the system AX = Y. We restrict our attention to three elementary row
operations on an m X n matrix A over the field F':

1. multiplication of one row of 4 by a non-zero scalar c;

2. replacement of the rth row of 4 by row r plus ¢ times row s, ¢ any
scalar and r # s;

3. interchange of two rows of 4.

An elementary row operation is thus a special type of function (rule) e
which associated with each m X n matrix 4 an m X n matrix e(4). One
can precisely describe e in the three cases as follows:

1. e(A);; = A;; if 771, e(4); = cd,;.

2. B(A)“ = Aij if 77 T, G(A)rj = A.,-J' -+ CAgj.

3. e(d);; = A;; if 1 is different from both » and s, e(4),; = 4,
e(A)s; = Asj
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In defining e(A), it is not really important how many columns A has, but
the number of rows of 4 is crucial. For example, one must worry a little
to decide what is meant by interchanging rows 5 and 6 of a 5 X 5 matrix.
To avoid any such complications, we shall agree that an elementary row
operation e is defined on the class of all m X n matrices over F, for some
fixed m but any n. In other words, a particular e is defined on the class of
all m-rowed matrices over F.

One reason that we restrict ourselves to these three simple types of
row operations is that, having performed such an operation e on a matrix
A, we can recapture A by performing a similar operation on e(4).

Theorem 2. To each elementary row operalion e there corresponds an
elementary row operation e, of the same type as e, such that e(e(A)) =
e(er(A)) = A for each A. In other words, the tnverse operation (function) of
an elementary row operation exists and is an elementary row operation of the
same type.

Proof. (1) Suppose ¢ is the operation which multiplies the rth row
of a matrix by the non-zero scalar c. Let ¢; be the operation which multi-
plies row r by ¢~ (2) Suppose e is the operation which replaces row r by
row 7 plus ¢ times row s, 7 # s. Let e; be the operation which replaces row r
by row r plus (—c¢) times row s. (3) If ¢ interchanges rows 7 and s, let e; = e.
In each of these three cases we clearly have eij(e(4)) = e(ei(4)) = A for
each A. |

Definition. If A and B are m X n matrices over the field ¥, we say that
B is row-equivalent to A +f B can be obtained from A by a finite sequence
of elementary row operations.

Using Theorem 2, the reader should find it easy to verify the following.
Each matrix is row-equivalent to itself; if B is row-equivalent to A, then A
is row-equivalent to B; if B is row-equivalent to 4 and (' is row-equivalent
to B, then C is row-equivalent to A. In other words, row-equivalence is
an equivalence relation (see Appendix).

Theorem 3. If A and B are row-equivalent m X n matrices, the homo-
geneous systems of linear equations AX = 0 and BX = 0 have exactly the
same solutions.

Proof. Suppose we pass from A to B by a finite sequence of
elementary row operations:

A =A0—)A1—)"'—)Ak=B.

It is enough to prove that the systems 4;X = 0 and 4;3X = 0 have the
same solutions, i.e., that one elementary row operation does not disturb
the set of solutions.
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So suppose that B is obtained from A by a single elementary row
operation. No matter which of the three types the operation is, (1), (2),
or (3), each equation in the system BX = 0 will be a linear combination
of the equations in the system AX = 0. Since the inverse of an elementary
row operation is an elementary row operation, each equation in AX = 0
will also be a linear combination of the equations in BX = 0. Hence these
two systems are equivalent, and by Theorem 1 they have the same
solutions.

ExampLE 5. Suppose F is the field of rational numbers, and
2 -1 3 2
A=]1 4 0 —1}
2 6 —1 5
We shall perform a finite sequence of elementary row operations on 4,
indicating by numbers in parentheses the type of operation performed.

2 —1 3 2] [0 —9 3 4]
1 4 0 —-1|2l1 4 0o 1|2
2 6 -1 5] |2 6 -1 5]
[0 —9 3 4] [0 —9 3 4]
1 4 0 —-1|%1 4 o -1
0 —2 -1 7] o 1 % —i]
0 -9 3 4] [o o p 337
1 0 -2 13|%f1 o -2 13|%
[ 0 1 3 —%] | 0 1 7 —3
[0 o0 1-%] [0 o0 1 —3
1 0 -2 13|%]1 o o {@
0 1 3 —i] [0 1 3 — %]
000 1 —1
1 00
010 -3

The row-equivalence of 4 with the final matrix in the above sequence
tells us in particular that the solutions of

22y — 22+ 323+ 22, =0
1 + 4z — Iy = 0
2x1+6x2~— x3-|—5x4=0
and
3 — =0
1 + Llry, =0
X9 — 35;1‘4 =0

are exactly the same. In the second system it is apparent that if we assign
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any rational value ¢ to x4 we obtain a solution (—4Ze¢, §, %t¢, ¢), and also

that every solution is of this form.

ExampLE 6. Suppose F' is the field of complex numbers and

-1 ¢
A=|—i 3}
12

In performing row operations it is often convenient to combine several
operations of type (2). With this in mind

-1 = 0 241 0 1 01
— 31210 3+2{ 20 3+2{ 20 0}
1 2 1 2 1 2 1 0
Thus the system of equations
'—131+ ’[Cllz—“—‘O
~ixy + 3z =0
$1+2$2=0

has only the trivial solution z; = z, = 0.

In Examples 5 and 6 we were obviously not performing row opera-
tions at random. Our choice of row operations was motivated by a desire
to simplify the coefficient matrix in a manner analogous to ‘eliminating
unknowns’ in the system of linear equations. Let us now make a formal
definition of the type of matrix at which we were attempting to arrive.

Definition. An m X n matriz R 1s called row-reduced if:

(a) the first non-zero entry in each non-zero row of R s equal to 1;
(b) each column of R which contains the leading non-zero entry of some
row has all its other entries 0.

ExamrLeE 7. One example of a row-reduced matrix is the n X n
(square) identity matrix I. This is the n X n matrix defined by
e L i=
Iy = 8 = {o, it g
This is the first of many occasions on which we shall use the Kronecker
delta (5).

In Examples 5 and 6, the final matrices in the sequences exhibited
there are row-reduced matrices. Two examples of matrices which are not
row-reduced are:

10 00 0 2 1
01 —1 0} 1 0 =3}
0 0 10 0 0 0
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The second matrix fails to satisfy condition (a), because the leading non-
zero entry of the first row is not 1. The first matrix does satisfy condition
(a), but fails to satisfy condition (b) in column 3.

We shall now prove that we can pass from any given matrix to a row-
reduced matrix, by means of a finite number of elementary row oper-
tions. In combination with Theorem 3, this will provide us with an effec-
tive tool for solving systems of linear equations.

Theorem 4. Every m X n malric over the field ¥ is row-equivalent to
a row-reduced matriz.

Proof. Let A be an m X n matrix over F. If every entry in the
first row of A is 0, then condition (a) is satisfied in so far as row 1 is con-
cerned. If row 1 has a non-zero entry, let k£ be the smallest positive integer
j for which 4;; # 0. Multiply row 1 by A7', and then condition (a) is
satisfied with regard to row 1. Now for each 7 > 2, add (—A ;) times row
1 to row 7. Now the leading non-zero entry of row 1 occurs in column £,
that entry is 1, and every other entry in column £ is 0.

Now consider the matrix which has resulted from above. If every
entry in row 2 is 0, we do nothing to row 2. If some entry in row 2 is dif-
ferent from 0, we multiply row 2 by a scalar so that the leading non-zero
entry is 1. In the event that row 1 had a leading non-zero entry in column
k, this leading non-zero entry of row 2 cannot occur in column k; say it
occurs in column k, # k. By adding suitable multiples of row 2 to the
various rows, we can arrange that all entries in column %k’ are 0, except
the 1 in row 2, The important thing to notice is this: In carrying out these
last operations, we will not change the entries of row 1 in columns|1, . . ., k;
nor will we change any entry of column k. Of course, if row 1 was iden-
tically 0, the operations with row 2 will not affect row 1.

Working with one row at a time in the above manner, it is clear that
in a finite number of steps we will arrive at a row-reduced matrix. ||

Exercises

1. Find all solutions to the system of equations

(1 - 1)I1 — 1z, =0

2171 + (1 bt 1:).’[2 = 0.

3 —1 2
4=12 11
1 -3 0

find all solutions of AX = 0 by row-reducing A.
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6 —4 0
A= 4 =2 0
-1 0 3

find all solutions of AX = 2X and all solutions of AX = 3X. (The symbol ¢X
denotes the matrix each entry of which is ¢ times the corresponding entry of X.)

3. If

4. Find a row-reduced matrix which is row-equivalent to

i —(1+79) 0
A=]1 -2 1]
1 pi) -1

5. Prove that the following two matrices are not row-equivalent:

2 00 1 1 2
a —1 0 -2 0 —-1)
b ¢ 3 1 3 5
a b
A_[c d]

be a 2 X 2 matrix with complex entries. Suppose that A is row-reduced and also
that @ + b 4 ¢ + d = 0. Prove that there are exactly three such matrices.

6. Let

7. Prove that the interchange of two rows of a matrix can be accomplished by a
finite sequence of elementary row operations of the other two types.

8. Consider the system of equations AX = 0 where

a b
a=[¢ al
is & 2 X 2 matrix over the field F. Prove the following.
(a) If every entry of 4 is 0, then every pair (21, 2,) is a solution of 4X = 0.
(b) If ad — be # 0, the system AX = 0 has only the trivial solution z; =
ZTo = 0.
(c) If ad — bc = 0 and some entry of A is different from 0, then there is a

solution (29, z3) such that (z;, z;) is a solution if and only if there is a scalar ¥
such that z; = yal, 2. = yxi.

11

1.4. Row-Reduced Echelon Matrices

Until now, our work with systems of linear equations was motivated
by an attempt to find the solutions of such a system. In Section 1.3 we
established a standardized technique for finding these solutions. We wish
now to acquire some information which is slightly more theoretical, and
for that purpose it is convenient to go a little beyond row-reduced matrices.

Definition. An m X n matriz R is called a row-reduced echelon
matrix f:
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(a) R s row-reduced;
(b) every row of R which has all its entries 0 occurs below every row
which has a non-zero entry;

(¢) ¢f rows 1, ..., r arethe non-zero rows of R, and if the leading non-
zero entry of row 1 occurs in column ki, i= 1,...,r, then ki <
ke < -+ < k..

One can also describe an m X n row-reduced echelon matrix B as
follows. Either every entry in R is 0, or there exists a positive integer r,
1 <7 < m, and r positive integers k;, . . ., k, with 1 < k; < n and

(a) R;ij=0fori>r and B;; =0if 7 < k.
() By = 6,5, 1 <1<, 1 <5<,
) h< - <k

ExampLE 8. Two examples of row-reduced echelon matrices are the
n X n identity matrix, and the m X n zero matrix 0™, in which all
entries are 0. The reader should have no difficulty in making other ex-
amples, but we should like to give one non-trivial one:

01 —3 0 3
00 01 2}
00 000

Theorem 5. Every m X n matrix A is row-equivalent to a row-reduced
echelon matriz.

Proof. We know that A is row-equivalent to a row-reduced
matrix. All that we need observe is that by performing a finite number of
row interchanges on a row-reduced matrix we can bring it to row-reduced
echelon form. ||

In Examples 5 and 6, we saw the significance of row-reduced matrices
in solving homogeneous systems of linear equations. Let us now discuss
briefly the system RX = 0, when R is a row-reduced echelon matrix. Let
rows 1,...,r be the non-zero rows of R, and suppose that the leading
non-zero entry of row ¢ occurs in column %, The system EX = 0 then
consists of 7 non-trivial equations. Also the unknown zj, will occur (with
non-zero coefficient) only in the ¢th equation. If we let w,, . . . , u,_, denote
the (n — r) unknowns which are different from x, ..., 2, then the
r non-trivial equations in RX = 0 are of the form

Ty + nir Ciju; =0
i=1

(1-3) : :

o ."51' Crsu; = 0.
j=
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All the solutions to the system of equations RX = 0 are obtained by
assigning any values whatsoever to w, . . ., %.—, and then computing the
corresponding values of zp, . . ., o, from (1-3). For example, if R is the
matrix displayed in Example 8, then r = 2, ks = 2, ky = 4, and the two
non-trivial equations in the system RX = 0 are

g — 313 + 315 =0 or x = 3x; — 35
s+ 225 =0 or z4 = —2zs.

So we may assign any values to z;, x3, and x5, say 11 = a, 23 = b, x5 = ¢,
and obtain the solution (a, 3b — 3¢, b, —2¢, ¢).

Let us observe one thing more in connection with the system of
equations RX = 0. If the number r of non-zero rows in R is less than n,
then the system RX = 0 has a non-trivial solution, that is, a solution
(@1, . .., Z») in which not every z; is 0. For, since r < n, we can choose
some z; which is not among the r unknowns zy,, . . ., 2z, and we can then
construct a solution as above in which this z; is 1. This observation leads
us to one of the most fundamental facts concerning systems of homoge-
neous linear equations.

Theorem 6. If A is an m X n matriz end m < n, then the homo-
geneous system of linear equations AX = 0 has a non-trivial solution.

Proof. Let R be a row-reduced echelon matrix which is row-
equivalent to A. Then the systems AX = 0 and RX = 0 have the same
solutions by Theorem 3. If 7 is the number of non-zero rows in R, then
certainly » < m, and since m < n, we have r < n. It follows immediately
from our remarks above that AX = 0 has a non-trivial solution. [

Theorem 7. If A s ann X n (square) matriz, then A is row-equivalent
to the n X n tdentity matrix if and only if the system of equations AX = 0
has only the trivial solution.

Proof. If A is row-equivalent to I, then AX =0 and IX =0
have the same solutions. Conversely, suppose AX = 0 has only the trivial
solution X = 0. Let B be an n X n row-reduced echelon matrix which is
row-equivalent to A, and let r be the number of non-zero rows of R. Then
RX = 0 has no non-trivial solution. Thus r > n. But since R has n rows,
certainly r < n, and we have r = n. Since this means that R actually has
a leading non-zero entry of 1 in each of its n rows, and since these 1’s
occur each in a different one of the n columns, B must be the n X » identity
matrix. ||

Let us now ask what elementary row operations do toward solving
a system of linear equations AX = Y which is not homogeneous. At the
outset, one must observe one basic difference between this and the homo-
geneous case, namely, that while the homogeneous system always has the

13
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trivial solution ; = -+ = z, = 0, an inhomogeneous system need have
no solution at all.

We form the augmented matrix A’ of the system AX = Y. This
is the m X (n + 1) matrix whose first n columns are the columns of A4
and whose last column is Y. More precisely,

Agj = A,‘j, if ] S n

Af(n+1) = Y.
Suppose we perform a sequence of elementary row operations on 4,
arriving at a row-reduced echelon matrix R. If we perform this same
sequence of row operations on the augmented matrix 4’, we will arrive
at a matrix R’ whose first » columns are the columns of B and whose last
column contains certain scalars zy, . . ., zn. The scalars z; are the entries
of the m X 1 matrix

which results from applying the sequence of row operations to the matrix
Y. It should be clear to the reader that, just as in the proof of Theorem 3,
the systems AX = Y and RX = Z are equivalent and hence have the
same solutions. It is very easy to determine whether the system RX = Z
has any solutions and to determine all the solutions if any exist. For, if R
has r non-zero rows, with the leading non-zero entry of row ¢ occurring

in column k;, 7 = 1,..., r, then the first r cquations of RX = Z effec-
tively express z, ..., in terms of the (n — r) remaining z; and the
scalars z;, . . ., 2,. The last (m — r) equations are

0 = zr+l

0 =2,

and accordingly the condition for the system to have a solution is z; = 0
for 7 > r. If this condition is satisfied, all solutions to the system are
found just as in the homogeneous case, by assigning arbitrary values to
(n — ) of the z; and then computing z, from the ¢th equation.

Examprie 9. Let F be the field of rational numbers and

1 -2 1
4 =12 1 1
0 5 —1

and suppose that we wish to solve the system AX = Y for some y1, ¥z,
and y;. Let us perform a sequence of row operations on the augmented
matrix A’ which row-reduces 4:
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1 -2 1 1 -2 1 o

2 1 1 4|% 0 5 —1 (e — 2y | @
L0 -1 y; 5 Ys
1 -2 1 1 n

0 5 —1 ~ 2y1) :l—“—)» -t -2 |Z
[0 0 0 (y yg + 2y1) 0 (ys — v+ 2y0)

2 Tt + 2?/2)
0 1 _% 3y, — 21)
0 0 0 (ys— w2

The condition that the system AX = Y have a solution is thus
20—ty =0

and if the given scalars y; satisfy this condition, all solutions are obtained
by assigning a value ¢ to z; and then computing

T = —§c+ 3 + 2y)
x = ¢+ ¥y — 2y).
Let us observe one final thing about the system AX = Y. Suppose
the entries of the matrix A and the scalars y, . . ., y» happen to lie in a
subfield F; of the field F. If the system of equations AX = Y has a solu-
tion with z;, ..., z, in F, it has a solution with z;,..., z, in F,. For,
over either field, the condition for the system to have a solution is that
certain relations hold between 2, . .., y» in F1 (the relations z; = 0 for
1 > r, above). For example, if AX = Y is a system of linear equations
in which the scalars y, and A;; are real numbers, and if there is a solution
in which 2, ..., z, are complex numbers, then there is a solution with
2y, .. ., &, real numbers.

Exercises

1. Find all solutions to the following system of equations by row-reducing the
coefficient matrix:
%131 + 2$2 - 6.’[73 =0
—4x1 —{“ 5133 =0
—3[151 —{“ 62}2 - 13.’1}3 =0
—{";:cl + 2z, — %xg =0

2. Find a row-reduced echelon matrix which is row-equivalent to

1 —
A=1]2 2 |
P 140

What are the solutions of AX = 0?

15
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3. Describe explicitly all 2 X 2 row-reduced echelon matrices.
4. Consider the system of equations

Zy— T2+ 2z =1
211 + 223 =1
T — 31+ 4x; = 2.

Does this system have a solution? If so, describe explicitly all solutions.

5. Give an example of a system of two linear equations in two unknowns which
has no solution.

6. Show that the system

11—212+ 1‘3+21‘4=1
T+ T2— T3+ Te=2
4+ Txeg — bz — x4=3

has no solution.

7. Find all solutions of

22y — 3x0 — Tag + Sxg + 225 = —2
T — 20— 4+ 3+ x5 = —2
211 - 41‘3 + 2174 + Ty = 3
zy — 519 — Txz 4 64 + 225 = —7.

8. Let

3 —1 2
A=12 1 1}
1 -3 0

For which triples (1, y2, ¥3) does the system AX = Y have a solution?

9, Let
3 -6 2 -1
4-1-2 41 3]
0 01 1
1 -2 1 0

For which (yi, ys, ys, ys) does the system of equations AX = Y have a solution?

10. Suppose R and R’ are 2 X 3 row-reduced echelon matrices and that the
systems RX = 0and R’X = 0 have exactly the same solutions. Prove that R = R’.

1.5. Matrix Multiplication

It is apparent (or should be, at any rate) that the process of forming
linear combinations of the rows of a matrix is a fundamental one. For this
reason it is advantageous to introduce a systematic scheme for indicating
just what operations are to be performed. More specifically, suppose B

isan n X p matrix over a field F with rows 8, . . ., 8, and that from B we
construct a matrix C with rows v, ..., v» by forming certain linear
combinations

(1-4) vi=Adafr + A+ - + A
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The rows of C are determined by the mn scalars A,;; which are themselves
the entries of an m X n matrix A. If (1-4) is expanded to

(Cy--Cip) = 21 (AsBnu---AuByp)
we see that the entries of C are given by
Cij = g: AirBrj-
r=1

Definition. Let A be an m X n matrixz over the field F and let B be an
n X p matrix over F. The product AB s the m X p matriz C whose i, j
entry s

Cij = 3: AirBrj-

r=1

ExampLe 10. Here are some products of matrices with rational entries.

I PR S R P

Here
w=0B -1 2)=1-(6 —1 2)+0-(15 4 8)
v, = (0 7 2)=-36 —1 2)+4+1-(15 4 8
0O 6 1 1 0
(b) 9 12 -8 | -2 3 [0 6 1]
12 62 -3 5 4|3 8 -2
3 8 =2 01
Here

Y2y=(9 12 —8 =-20 6 1)4+33 8 —2)
v3v=012 62 —3)= 50 6 1)+43 8 —2)

® (o] =[5 21L6]

o [l

Here
o= (6 12) =32 4)
-1

(e) 2 4][ 3]=[101
[0 1 01 —5 2] [2 3 47
() 0 0 0f|]2 3 4{=({0 0 0
(0 0 0J[9 —1 3] [0 0 0]
1 —5 2770 1 0] [0 1 0O
(g) 2 3 4{lo 0 of=[0 2 0
9 —1 3]J|0 0 0] [0 9 0]
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It is important to observe that the product of two matrices need not
be defined; the product is defined if and only if the number of columns in
the first matrix coincides with the number of rows in the second matrix.
Thus it is meaningless to interchange the order of the factors in (a), (b),
and (c) above. Frequently we shall write products such as AB without
explicitly mentioning the sizes of the factors and in such cases it will be
understood that the product is defined. From (d), (e), (f), (g) we find that
even when the products AB and BA are both defined it need not be true
that AB = BA; in other words, matrix multiplication is not commutative.

ExampLE 11.

(a) I I is the m X m identity matrix and 4 is an m X n matrix,
IA = A.

(b) If I is the n X n identity matrix and 4 is an m X n matrix,
Al = A.

(¢) If Ok~ is the k X m zero matrix, 0*» = 0*m4. Similarly,
‘407:,;7 = Om,p.

ExampLE 12. Let A be an m X n matrix over F. Our earlier short-
hand notation, AX = Y, for systems of linear equations is consistent
with our definition of matrix products. For if

T1

X=|"

Z,.

with z; in F, then AX is the m X 1 matrix

N
y =¥

Ym |

such that Yi = A,‘IQ}I + Aizxz + e + Ain.’tn.
The use of column matrices suggests a notation which is frequently
useful. If B is an » X p matrix, the columns of B are the 1 X n matrices

By, ..., B, defined by
Bj = S ’ 1 S .7 S y

B
The matrix B is the succession of these columns:
B =1[By...,B;.
The 7, j entry of the product matrix AB is formed from the 7th row of 4
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and the jth column of B. The reader should verify that the jth column of
AB is AB;:
AB = [AB,,...,AB,).

In spite of the fact that a product of matrices depends upon the
order in which the factors are written, it is independent of the way in
which they are associated, as the next theorem shows.

Theorem 8. If A, B, C are matrices over the field T such that the prod-
ucts BC and A(BC) are defined, then so are the products AB, (AB)C and

A(BC) = (AB)C.

Proof. Suppose B is an n X p matrix. Since BC is defined, C is
a matrix with p rows, and BC has n rows. Because A (BC) is defined we
may assume A is an m X n matrix. Thus the product AB exists and is an
m X p matrix, from which it follows that the product (AB)C exists. To
show that A(BC) = (AB)C means to show that

[4(BO)]:; = [(AB)C]y
for each 7, j. By definition
[A(BC))s; = Z Au(BC),;

= ? Airﬁsl B,Cs;
= ? %} A irBriCl;
= ? ? A Bl
= 233 (? ABr)Clj
= ? (AB)uCs;

= [(4B)C1;. |

When A4 is an n X n (square) matrix, the product A4 is defined.
We shall denote this matrix by A2 By Theorem 8, (A4)4 = A(AA) or
A2A = AA? so that the product AAA is unambiguously defined. This
product we denote by A% In general, the product A4 --- 4 (k times) is
unambiguously defined, and we shall denote this product by 4*.

Note that the relation A{BC) = (AB)C implies among other things
that linear combinations of linear combinations of the rows of C' are again
linear combinations of the rows of C.

If B is a given matrix and C is obtained from B by means of an ele-
mentary row operation, then each row of C is a linear combination of the
rows of B, and hence there is a matrix 4 such that AB = C. In general
there are many such matrices 4, and among all such it is convenient and

19
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possible to choose one having a number of special properties. Before going
into this we need to introduce a class of matrices.

Definition. An m X n matriz 1s said to be an elementary matrix of
it can be obtained from the m X m identity matrix by means of a single ele-
mentary row operation.

ExampLE 13. A 2 X 2 elementary matrix is necessarily one of the

following:
[0 1] I:l c I:l O]
1 of 0 1 ¢ 1
c 0 1 0
|:0 1]7 ¢ # 0, [0 c]’ c # 0.

Theorem 9. Let e be an elementary row operation and let K be the
m X m elementary matrix E = e(I). Then, for every m X n mairiz A,

e(A) = EA.

Proof. The point of the proof is that the entry in the 7th row
and jth column of the product matrix £4 is obtained from the ¢th row of
E and the jth column of A. The three types of elementary row operations
should be taken up separately. We shall give a detailed proof for an oper-
ation of type (ii). The other two cases are even easier to handle than this
one and will be left as exercises. Suppose r # s and e is the operation
‘replacement of row 7 by row r plus ¢ times row s.” Then

_ 5,')‘, 7 #Z=r

By = {6,k + b, =1
Therefore,

A,';c, 7 #Zr

(EA)H B k§1 EikAkj B Arj _I’_ CAsJ'; ’L =T

In other words EA = e(4). |

Corollary. Let A and B be m X n matrices over the field ¥. Then B
18 row-equivalent to A if and only if B = PA, where P 1s a product of m X m
elementary matrices.

Proof. Suppose B = PA where P = E, - -+ E;E; and the E; are
m X m elementary matrices. Then EiA is row-equivalent to A, and
E.(E\A) is row-equivalent to F1A. So E.E1A is row-equivalent to 4; and
continuing in this way we see that (¥, - - - E1)A is row-equivalent to A.
Now suppose that B is row-equivalent to A. Let Ei, Ky, . .., E, be
the elementary matrices corresponding to some sequence of elementary
row operations which carries 4 into B. Then B = (E, -+ EDA. |
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Exercises

A=[f _; i] B={_ﬂ, C=[ -1]

Compute ABC and CAB.

2. Let
1 -1 1 2 -2
A= [2 0 1:|, B = I:l 3j|-
3 01 4 4

Verify directly that A(4AB) = A%B.
3. Find two different 2 X 2 matrices A such that A2 = 0 but 4 = 0.

4. For the matrix A of Exercise 2, find elementary matrices Ei, Es, ..., E:
such that

1. Let

E, - BB A =1

1 -1
y =[2 2| 5[ 21]
1 0
Is there a matrix C such that CA = B?

6. Let A be an m X n matrix and B an #» X &k matrix. Show that the columns of
C = AB are linear combinations of the cohumns of 4. If ey, . . ., a, are the columns
of A and v, ...,k are the columns of C, then

5. Let

n
¥i= 2 Bna.
r=1
7. Let A and B be 2 X 2 matrices such that AB = I. Prove that BA = I.
8. Let
_ Cu Cp
¢= [cm cn]
be a 2 X 2 matrix. We inquire when it is possible to find 2 X 2 matrices A and B

such that C = AB — BA. Prove that such matrices can be found if and only if
Cn + Cn = 0.

21

1.6. Invertible Matrices

Suppose P is an m X m matrix which is a product of elementary
matrices. For each m X n matrix 4, the matrix B = P4 is row-equivalent
to 4; hence A is row-equivalent to B and there is a product @ of elemen-
tary matrices such that A = @B. In particular this is true when A is the
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m X m identity matrix. In other words, there is an m X m matrix @,
which is itself a product of elementary matrices. such that QP = I. As
we shall soon see, the existence of a @ with QP = I is equivalent to the
fact that P is a product of elementary matrices.

Definition. Let A be an n X n (square) matriz over the field ¥. An
n X n matrix B such that BA = 1 15 called a left inverse of A; an n X n
matriz B such that AB = I is called a right inverse of A. I[f AB = BA =1,
then B is called a two=-sided inverse of A and A s said to be invertible.

Lemma. If A has a left inverse B and a right inverse C, then B = C.
Proof. Suppose BA = I and AC = [. Then
B =Bl =B(AC) = BAC=IC=C. |}
Thus if A has a left and a right inverse, A is invertible and has a
unique two-sided inverse, which we shall denote by A~! and simply call
the inverse of A.

Theorem 10. Let A and B be n X n matrices over 17,

(i) If A is tnvertible, so is A= and (A~)~! = A.
(ii) If both A and B are invertible, so is AB, and (AB)~! = B—1A-L,

Proof. The first statement is evident from the symmetry of the
definition. The second follows upon verification of the relations

(AB)(B7'A™Y) = (B~'A™)(A4B) =1. |}
Corollary. A product of invertible matrices is tnvertible.

Theorem 11. An elementary matriz is invertible.

Proof. Let E be an elementary matrix corresponding to the
elementary row operation e. If ¢; is the inverse operation of ¢ (Theorem 2)
and B, = ¢(I), then

EE,

e(E) = elea()) =1
and

EE = e(E) = ee(])) =1
so that E is invertible and E; = E-1. |

ExampLE 14.

@ 1 o] =1 o]

0
1
o BTG
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© I R

(d) When ¢ 5 0, ‘

R R TR R PR R T

Theorem 12. If A is an n X n matriz, the following are equivalent.

(1) A is tnvertible.
(i1) A s row-equivalent to the n X n tdentity matrix.
(ili) A s a product of elementary matrices.

Proof. Let R be a row-reduced echelon matrix which is row-
equivalent to A. By Theorem 9 (or its corollary),

R =Ey -+ BB A
where E), . . ., E: are elementary matrices. Ifach E; is invertible, and so
A=E"--- E;'R.

Since products of invertible matrices are invertible, we see that A Is in-
vertible if and only if R is invertible. Since R is a (square) row-reduced
echelon matrix, R is invertible if and only if each row of R contains a
non-zero entry, that is, if and only if R = I. We have now shown that A
is invertible if and only if R = I, and if R = I then A = E;' ... E; .
It should now be apparent that (i), (ii), and (iii) are equivalent statements
about 4. |

Corollary. If A is an invertible n X n matriz and if a sequence of
elementary row operalions reduces A to the identity, then that same sequence
of operations when applied to 1 yields A~1.

Corollary. Let A and B be m X n matrices. Then B is row-equivalent
to A of and only of B = PA where P is an tnverfible m X m matriz.

Theorem 13. For an n X n matrix A, the following are equivalent.

(i) A s tnvertible.
(ii) The homogeneous system AX = 0 has only the trivial solution
X=0.
(iii) The system of equations AX = Y has a solutton X for each n X 1
matriz Y.

Proof. According to Theorem 7, condition (ii) is equivalent to
the fact that A is row-equivalent to the identity matrix. By Theorem 12,
(1) and (ii) are therefore equivalent. If A is invertible, the solution of
AX =Y is X = A~'Y. Conversely, suppose AX = Y has a solution for
each given Y. Let R be a row-reduced echelon matrix which is row-

23
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equivalent to A. We wish to show that B = /. That amounts to showing
that the last row of R is not (identically) 0. Let

0
0

0

1

If the system RX = F can be solved for X, the last row of R cannot be 0.
We know that R = PA, where P is invertible. Thus RX = FE if and only
if AX = P'E. According to (iii), the latter system has a solution. |

Corollary. A square matriz with either a left or right inverse is in-
vertible.

Proof. Let A be an n X n matrix. Suppose A has a left inverse,
ie., a matrix B such that BA = [. Then AX = 0 has only the trivial
solution, because X = IX = B(A4X). Therefore 4 is invertible. On the
other hand, suppose A has a right inverse, i.e., a matrix C such that
AC = [. Then C has a left inverse and is therefore invertible. It then
follows that A = C—! and so 4 is invertible with inverse C. |

Corollary. Let A = AjAy - - - Ay, where Ay . . ., Acaren X n (square)
matrices. Then A 1s invertible if and only +f each A; is tnvertible.

Proof. We have already shown that the product of two invertible
matrices is invertible. From this one sees easily that if each 4; is invertible
then A is invertible.

Suppose now that A is invertible. We first prove that A; is in-
vertible. Suppose X is an n X 1 matrix and 4;X = 0. Then 4X =
(A1 -+ Ar1)AX = 0. Since A is invertible we must have X = 0. The
system of equations 4,X = 0 thus has no non-trivial solution, so A is
invertible. But now A; --- A1 = AA;' is invertible. By the preceding
argument, A;_; is invertible. Continuing in this way, we conclude that
each 4; is invertible. |

We should like to make one final comment about the solution of
linear equations. Suppose 4 is an m X n matrix and we wish to solve the
system of equations AX = Y. If R is a row-reduced echelon matrix which
is row-equivalent to 4, then R = PA where P is an m X m invertible
matrix. The solutions of the system AX = Y are exactly the same as the
solutions of the system RX = PY (= Z). In practice, it is not much more
difficult to find the matrix P than it is to row-reduce 4 to E. For, suppose
we form the augmented matrix A’ of the system AX = Y, with arbitrary
scalars i, . . ., Y= oceurring in the last column. If we then perform on A’
a sequence of elementary row operations which leads from A to R, it will



Sec. 1.6 Invertible Matrices

become evident what the matrix P is. (The reader should refer to Ex-
ample 9 where we essentially carried out this process.) In particular, if A
is a square matrix, this process will make it clear whether or not A4 is
invertible and if A is invertible what the inverse P is. Since we have
already given the nucleus of one example of such a computation, we shall
content ourselves with a 2 X 2 example.

ExampLe 15. Suppose F is the field of rational numbers and
2 -1
4= [1 3:|
Then

I R E ] e L e

1 3 Yo 2 =1 Y1 0 -7 y1—2y2
[1 3 Yo ]_(2_1[1 0 %(y2+3y1)]
0 1 72p —w)

01 %(2?/2 - yl)
from which it is clear that A is invertible and

e[ 1)

It may seem cumbersome to continue writing the arbitrary scalars
Y1, Yo, - . . in the computation of inverses. Some people find it less awkward
to carry along two sequences of matrices, one describing the reduction of
A to the identity and the other recording the effect of the same sequence
of operations starting from the identity. The reader may judge for him-
self which is a neater form of bookkeeping.

e e
<o )=

ExamprLe 16. Let us find the inverse of

1 3 3

A=|3 7 &

1 1 1

3 4 5
1 L 17 "1 0 0]
3 3 il 0 1 0
L3 & 3 | 0 0 1]
1 1 1] 1 0 07]
0 % =) —3 1 0
KUNE R e 2 [ —3 0 1]
1 1 1 - 1 0 0]
0 & & —3 1 0
10 0 g5 | § -1 1]
1 1 1 ! 0 0]
0 1 1 —6 12 0
0 0 1] | 30 —180 180
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"1y 0] [ ~-9 60 —60
0 1 o} |—-3 192 —180
0 o 1] | 30 —180 180
o0 0] [ 9 -3 30
0 1 o0} |—36 192 —180}
0 o 1] | 30 —180 180

It must have occurred to the reader that we have carried on a lengthy
discussion of the rows of matrices and have said little about the columns.
We focused our attention on the rows because this seemed more natural
from the point of view of linear equations. Since there is obviously nothing
sacred about rows, the discussion in the last sections could have been
carried on using columns rather than rows. If one defines an elementary
column operation and column-equivalence in a manner analogous to that
of elementary row operation and row-equivalence, it is clear that each
m X n matrix will be column-equivalent to a ‘column-reduced echelon’
matrix. Also each elementary column operation will be of the form
A = AE, where E is an n X n elementary matrix—and so on.

Exercises
1. Let

1 210
A=]-1 0 3 5}
1 =211

Find a row-reduced echelon matrix B which is row-equivalent to 4 and an in-
vertible 3 X 3 matrix P such that B = PA.

2, Do Exercise 1, but with
2 0 )
A= [1 3 _i].
i 1 1

3. For each of the two matrices

"2 5 —1 1 -1 2
4 ~1 2| 3 2 4
6 4 1 0 1 =2
use elementary row operations to discover whether it is invertible, and to find the

inverse in case it is.

4, Let
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For which X does there exist a scalar ¢ such that AX = ¢X?

5. Discover whether

[T R
SO NN
SO W ww
Ha W

is invertible, and find A~ if it exists.

6. Suppose A isa 2 X 1 matrix and that Bisa 1 X 2 matrix. Prove that C = AB
is not invertible.

7. Let A be an n X n (square) matrix. Prove the following two statements:
(a) If 4 is invertible and AB = 0 for some n X n matrix B, then B = 0.
(b) If A is not invertible, then there exists an n X n matrix B such that

AB = 0 but B # 0.
a b
A"[c d]'

8. Let
Prove, using elementary row operations, that A is invertible if and only if
(ad — be) #= 0.

9. An n X n matrix A is called upper-triangular if A;; = 0 for ¢ > j, that is,
if every entry below the main diagonal is 0. Prove that an upper-triangular (square)
matrix is invertible if and only if every entry on its main diagonal is different
from 0.

10. Prove the following generalization of Exercise 6. If A is an m X n matrix,
Bis an n X m matrix and n < m, then AB is not invertible.

11. Let A be an m X n matrix. Show that by means of a finite number of elemen-
tary row and/or column operations one can pass from A to a matrix B which
is both ‘row-reduced echelon’ and ‘column-reduced echelon,’ i.e., B;; = 0 if © # 7,
Ri=11<%1<r, R;=0if ¢ >r. Show that R = PAQ, where P is an in-
vertible m X m matrix and @ is an invertible n X n matrix.

12. The result of Example 16 suggests that perhaps the matrix

1 1
L3 n
11 !
A=|3 3 n+1
[ U
n nt+1 2n — 1

is invertible and A~! has integer entries. Can you prove that?



2. Vector Spaces

2.1. Vector Spaces

In various parts of mathematics, one is confronted with a set, such
that it is both meaningful and interesting to deal with ‘linear combina-
tions’ of the objects in that set. For example, in our study of linear equa-
tions we found it quite natural to consider linear combinations of the
rows of a matrix. It is likely that the reader has studied calculus and has
dealt there with linear combinations of functions; certainly this is so if
he has studied differential equations. Perhaps the reader has had some
experience with vectors in three-dimensional Euclidean space, and in
particular, with linear combinations of such vectors.

Loosely speaking, linear algcbra is that branch of mathematics which
treats the commmon properties of algebraic systems which consist of a set,
together with a reasonable notion of a ‘linear combination’ of elements
in the set. In this section we shall define the mathematical object which
experience has shown to be the most useful abstraction of this type of
algebraic system.

Definition. A vector space (or linear space) consists of the following:

1. a field ¥ of scalars;

2. a set 'V of objects, called vectors;

3. a rule (or operation), called vector addition, which associates with
each pair of vectors «, 8 1n 'V a vector o + 8 in V, called the sum of « and B,
i such a way that

(a) addition 1is commutative, « + 8 = B8 + «;
(b) addition s assoctative, a + (B8 + v) = (@ + 8) + v;
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(c) there is a unique vector 0 in V, called the zero vector, such that
a+0=aforalain'V;

(d) for each vector o: in V there 7s a unique vector —a tn V such that
a+ (—a) =0;

4. a rule (or operation), called scalar multiplication, which associates
with each scalar ¢ in F and vector a in 'V a vector co tn V, called the product
of ¢ and a, 1n such a way that

(a) la = afor every ain 'V;
(b) (cicr)a = ei(c);

(¢) cla + B) = ca + cB;
(d) (Cl + 02)a = Ci + Cocx.

It is important to observe, as the definition states, that a vector
space is a composite object consisting of a field, a set of ‘vectors,” and
two operations with certain special properties. The same set of vectors
may be part of a number of distinet vector spaces (see Example 5 below).
When there is no chance of confusion, we may simply refer to the vector
space as V, or when it is desirable to specify the field, we shall say V is
a vector space over the field F. The name ‘vector’ is applied to the
elements of the set V largely as a matter of convenience. The origin of
the name is to be found in Example 1 below, but one should not attach
too much significance to the name, since the variety of objects occurring
as the vectors in ¥V may not bear much resemblance to any preassigned
concept of vector which the reader has. We shall try to indicate this
variety by a list of examples; our list will be enlarged considerably as we
begin to study vector spaces.

ExampLE 1. The n-tuple space, F. Let F be any field, and let V be

the set of all n-tuples @ = (@1, @, . . ., ,) of scalars z; in F. If 8 =
(y1, Y2y - -+, Yn) With y; in F, the sum of « and g is defined by
(2-1) at+pB=@+y, T2ty .., %0+ Yn)

The product of a scalar ¢ and vector « is defined by
(2-2) ca = (cxy, Ty .+ vy CTp)-

The fact that this vector addition and scalar multiplication satisfy con-
ditions (3) and (4) is easy to verify, using the similar properties of addi-
tion and multiplication of elements of F.

ExampLE 2. The space of m X n matrices, F™*. Let F be any
field and let m and n be positive integers. Let F™<" be the set of all m X n
matrices over the field . The sum of two vectors 4 and B in F™* is de-
fined by

(2-3) (A + B),’j = A,'j + B,'j.
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The product of a scalar ¢ and the matrix A4 is defined by
(2—4) (CA).'J‘ = CA,','.
Note that Fix» = Fn,

ExampLE 3. The space of functions from a set to a field. Let F be
any field and let S be any non-empty set. Let 7 be the set of all functions
from the set S into F. The sum of two vectors f and ¢ in V is the vector
f + g, ie., the function from S into F, defined by

(2-5) (f+ () = f(s) + g(s).
The product of the scalar ¢ and the function f is the function ¢f defined by
(2-6) (ef)(s) = ¢f(s).

The preceding examples are special cases of this one. For an n-tuple of
elements of F may be regarded as a function from the set S of integers
1,...,ninto F. Similarly, an m X n matrix over the field F is a function
from the set S of pairs of integers, (2,7), 1 <7< m, 1 <j < n, into the
field F. For this third example we shall indicate how one verifies that the
operations we have defined satisfy conditions (3) and (4). For vector
addition:

(a) Since addition in F is commutative,

f(s) +g(s) = g(s) + f(s)
for each s in S, so the functions f + ¢ and ¢ + f are identical.
(b) Since addition in F is associative,

J(8) + [g(s) + h(s)] = [f(s) + g(8)] + R(s)

for each s, so f + (g + k) is the same function as (f + g) + k.

(¢) The unique zero vector is the zero function which assigns to each
element of S the scalar 0 in F.

(d) For each fin V, (—f) is the function which is given by

(=f)(s) = —f(s).
The reader should find it easy to verify that scalar multiplication
satisfies the conditions of (4), by arguing as we did with the vector addition.

ExampLE 4. The space of polynomial functions over a field F.
Let F be a field and let V be the set of all functions f from F into F which
have a rule of the form

(2-7) f@) =atar+ -+ car”

where ¢, ¢, ..., ¢, are fixed scalars in F (independent of ). A func-
tion of this type is called a polynomial function on F. Let addition
and scalar multiplication be defined as in Example 3. One must observe
here that if f and g are polynomial functions and ¢ is in F, then f + g and
¢f are again polynomial functions.
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ExampLE 5. The field C of complex numbers may be regarded as a
vector space over the field R of real numbers. More generally, let F be the
field of real numbers and let V be the set of n-tuples a = (z1, ..., z,)
where z,, . . ., &, are complex numbers. Define addition of vectors and
scalar multiplication by (2-1) and (2-2), as in Example 1. In this way we
obtain a vector space over the field B which is quite different from the
space C™ and the space K™

There are a few simple facts which follow almost immediately from
the definition of a vector space, and we proceed to derive these. If ¢ is
a scalar and 0 is the zero vector, then by 3(c) and 4(c)

0 = ¢(0+0) = c0+ ¢0.
Adding —(c0) and using 3(d), we obtain

(2-8) c0 = 0.
Similarly, for the scalar 0 and any vector o we find that
(2-9) O0a = 0.

If ¢ is a non-zero scalar and « is a vector such that ca = 0, then by (2-8),
¢ Y ca) = 0. But

cHea) = (cTl)a = la = a

hence, @ = 0. Thus we see that if ¢ is a scalar and « a vector such that
ca = 0, then either c is the zero scalar or « is the zero vector.
If « is any vector in V, then

0=0a=(1—-1Na=1la+ (-Da=a+(-Da
from which it follows that
(2-10) (—Da = —a.

Finally, the associative and commutative properties of vector addition
imply that a sum involving a number of vectors is independent of the way
in which these vectors are combined and associated. For example, if
ai, ag, az, oy are vectors in V, then

(a1 + ag) + (o3 + ag) = [op + (1 + )] +
and such a sum may be written without confusion as

a; + oy + a3 + o

Definition. A vector 8 in V is said to be a linear combination of the
vectors oy, . . ., an 10 V provided there exist scalars ¢, . . ., ¢y in F such that

B=clal+"'+cnan

Ml

n
2 ciaj.
i=1
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Other extensions of the associative property of vector addition and
the distributive properties 4(c) and 4(d) of scalar multiplication apply
to linear combinations:

IWE]

% ciai + é dia; = (¢ + di)as
i=1 i=1

1

-.
I

n n
¢ ;=2 (cci)a.
i=1 i=1

Certain parts of linear algebra are intimately related to geometry.
The very word ‘space’ suggests something geometrical, as does the word
‘vector’ to most people. As we proceed with our study of vector spaces,
the reader will observe that much of the terminology has a geometrical
connotation, Before concluding this introductory section on vector spaces,
we shall consider the relation of vector spaces to geometry to an extent
which will at least indicate the origin of the name ‘vector space.” This
will be a brief intuitive discussion.

Let us consider the vector space R3. In analytic geometry, one iden-
tifies triples (1, 22, x3) of real numbers with the points in three-dimensional
Euclidean space. In that context, a vector is usually defined as a directed
line segment P, from a point P in the space to another point . This
amounts to a careful formulation of the idea of the ‘arrow’ from P to Q.
As vectors are used, it is intended that they should be determined by
their length and direction. Thus one must identify two directed line seg-
ments if they have the same length and the same direction.

The directed line segment PQ, from the point P = (a1, 23, 25) to the
point Q = (y1, ¥z, ¥3), has the same length and direction as the directed
line segment from the origin O = (0, 0, 0) to the point (y; — z1, y2 — s,
ys — x3). Furthermore, this is the only segment emanating from the origin
which has the same length and direction as PQ. Thus, if one agrees to
treat only vectors which emanate from the origin, there is exactly one
vector associated with each given length and direction.

The vector OP, from the origin to P = (21, 2s, 73), is completely de-
termined by P, and it is therefore possible to identify this vector with the
point P. In our definition of the vector space R3, the vectors are simply
defined to be the triples (z1, z, z3).

Given points P = (x1, 5, 23) and Q = (y1, ¥2, ¥3), the definition of
the sum of the vectors OP and OQ can be given geometrically. If the
vectors are not parallel, then the segments OP and O determine a plane
and these segments are two of the edges of a parallelogram in that plane
(see Figure 1). One diagonal of this parallelogram extends from O to a
point S, and the sum of OP and OQ is defined to be the vector OS. The
coordinates of the point S are (v + y1, 22 + ¥z, 3 + y3) and hence this
geometrical definition of veetor addition is equivalent to the algebraic
definition of Example 1.
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Sy + Y1, X2 + Y2, %3 +Y3)
N

—

Qy1,Y2:¥3) P(x1, X2, x3)

Ficure 1

Scalar multiplication has a simpler geometric interpretation. If ¢ is
a real number, then the product of ¢ and the vector OF is the vector from
the origin with length |c| times the length of OP and a direction which
agrees with the direction of OP if ¢ > 0, and which is opposite to the
direction of OP if ¢ < 0. This scalar multiplication just yields the vector
OT where T = (cxi, cxs, cx3), and is therefore consistent with the algebraic
definition given for R3.

From time to time, the reader will probably find it helpful to ‘think
geometrically’ about vector spaces, that is, to draw pictures for his own
benefit to illustrate and motivate some of the ideas. Indeed, he should do
this. However, in forming such illustrations he must bear in mind that,
because we are dealing with vector spaces as algebraic systems, all proofs
we give will be of an algebraic nature.

Exercises
1. If F is a field, verify that F (as defined in Example 1) is a vector space over
the field 7.
2. If V is a vector space over the field ¥, verify that
(n + as) + (a5 + @) = [o2 + (s + )] +
for all vectors ay, ag, as, and a, in V.

3. If C is the field of complex numbers, which vectors in C? are linear combina-
tions of (1,0, —1), (0, 1, 1), and (1, 1,1)?
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4. Let V be the set of all pairs (z, y) of real numbers, and let F be the field of
real numbers. Define

(& y) + @y = @+ 2,9+ 40
ez, y) = (cz, y)-
Is V, with these operations, a vector space over the field of real numbers?

5. On R», define two operations

a@f=a-p

C-a= —Cca.

The operations on the right are the usual ones. Which of the axioms for a vector
space are satisfied by (B*, @, -)?

6. Let V be the set of all complex-valued functions f on the real line such that
(for all t in R)

J(=1 =J0O.
The bar denotes complex conjugation. Show that V, with the operations

F+ 90 =50 + 9@
@N® = ¢f(®

is a vector space over the field of real numbers. Give an example of a function in V
which is not real-valued.

7. Let V be the set of pairs (z, y) of real numbers and let F be the field of real
numbers. Define

(x) y) + (xly ?/1) = (IC + L1, O)
c(z,y) = (cz, 0).

Is V, with these operations, a vector space?

2.2. Subspaces

In this section we shall introduce some of the basic concepts in the
study of vector spaces.

Definition. Let V be a vector space over the field F. A subspace of V
18 a subset W of V which s uself a vector space over ¥ with the operations of
vector addition and scalar multiplication on V.

A direct check of the axioms for a vector space shows that the subset
W of V is a subspace if for each « and g in W the vector « + 8 is again
in W; the 0 vector is in W; for each « in W the vector (—a) is in W; for
each « in W and each scalar ¢ the vector ca is in W. The commutativity
and associativity of vector addition, and the properties (4)(a), (b), (c¢),
and (d) of scalar multiplication do not need to be checked, since these
are properties of the operations on V., One can simplify things still further.
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Theorem 1. A non-empty subset W of V is a subspace of V if and only
if for each pair of vectors a, B in W and each scalar ¢ in F the vector ca 4 8
s again in W.

Proof. Suppose that W is a non-empty subset of V such that
ca + B belongs to W for all vectors @, 8 in W and all scalars ¢ in F. Since
W is non-empty, there is a vector p in W, and hence (—1)p + p = 0 is
in W. Then if « is any vector in W and ¢ any scalar, the vector ca = ca + 0
is in W. In particular, (—1)a = —a is in W. Finally, if « and 8 are in W,
then o + 8 = 1la 4+ B is in W. Thus W is a subspace of V.

Conversely, if W is a subspace of V, @ and 8 are in W, and ¢ is a sealar,
certainly ca + gisin W. ||

Some people prefer to use the ca + B8 property in Theorem 1 as the
definition of a subspace. It makes little difference. The important point
is that, if W is a non-empty subset of V such that ca + g isin V for all o,
B in W and all ¢ in F, then (with the operations inherited from V) W isa
vector space. This provides us with many new examples of vector spaces.

ExampLE 6.

(a) If V is any vector space, V is a subspace of V; the subset con-
sisting of the zero vector alone is a subspace of V, called the zero sub-
space of V.

(b) In F~, the set of n-tuples (xi, . .., x,) with ; = 0 is a subspace;
however, the set of n-tuples with 2; = 1 4 =, is not a subspace (n > 2).

(¢) The space of polynomial functions over the field F is a subspace
of the space of all functions from F into F.

(d) An n X n (square) matrix A over the field F' is symmetric if
A;; = Aj; for each ¢ and j. The symmetric matrices form a subspace of
the space of all n X n matrices over F.

(¢) An n X n (square) matrix A over the field C' of complex num-
bers is Hermitian (or self-adjoint) if

Ajk=A_kj

for each j, k, the bar denoting complex conjugation. A 2 X 2 matrix is
Hermitian if and only if it has the form

I: z :v—{-iy]
T — 1y w

where z, y, 2, and w are real numbers. The set of all Hermitian matrices
is not a subspace of the space of all n X n matrices over C. For if A is
Hermitian, its diagonal entries Ay, As, . . ., are all real numbers, but the
diagonal entries of 74 are in general not real. On the other hand, it is easily
verified that the set of n X n complex Hermitian matrices is a vector
space over the field R of real numbers (with the usual operations).
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ExaMpPLE 7. The solution space of a system of homogeneous
linear equations. Let A be an m X n matrix over F. Then the set of all
n X 1 (column) matrices X over F such that AX = 0 is a subspace of the
space of all n X 1 matrices over F. To prove this we must show that
A(X +Y) =0when AX =0, AY = 0, and ¢ is an arbitrary scalar in F.
This follows immediately from the following general fact.

Lemma. If A 7s an m X n matrix over F and B, C are n X p mairices
over F then

(2-11) AdB + C) = d(AB) + AC
for each scalar d n F.

Proof. [A(dB + C)]i; = %Aik(dB + O)i
= % (dA aBr; + AuCh;)
=d % A aBi; + Zk: A uChj

= d(4B)i; + (AC)y;
= [d(4B) + AC];. 1

Similarly one can show that (dB + C)A = d(BA) + CA, if the
matrix sums and products are defined.

Theorem 2. Let V be a vector space over the field ¥. The intersection
of any collection of subspaces of V is a subspace of V.

Proof. Let {W,} be a collection of subspaces of V, and let W =
M W, be their intersection. Recall that W is defined as the set of all ele-

ments belonging to every W, (see Appendix). Since each W, is a subspace,
each contains the zero vector. Thus the zero vector is in the intersection
W, and W is non-empty. Let « and 8 be vectors in W and let ¢ be a scalar.
By definition of W, both « and 8 belong to each W,, and because each W,
is a subspace, the vector (ca + 8) is in every W,. Thus (ca + 8) is again
in W. By Theorem 1, W is a subspace of V. ||

From Theorem 2 it follows that if S is any collection of vectors in V,
then there is a smallest subspace of ¥V which contains S, that is, a sub-

space which contains S and which is contained in every other subspace
containing S.

Definition. Let S be a set of vectors in a vector space V. The subspace
spanned by S is defined to be the intersection W of all subspaces of V which
contain S. When S is a finite set of vectors, S = {oy, az, . . ., an}, we shall
stmply call W the subspace spanned by the vectors oy, o, . . ., an.
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Theorem 3. The subspace spanned by a non-empty subset S of a vector
space V 18 the set of all linear combinations of vectors in S.

Proof. Let W be the subspace spanned by S. Then each linear
combination

o = i1 + Xecta + 0+ Tmltm
of vectors ey, @, . . ., @n in S is clearly in W. Thus W contains the set L
of all linear combinations of vectors in S. The set L, on the other hand,
contains S and is non-empty. If «, 8 belong to L then « is a linear
combination,

o =T + Teatg + 00 TmQm

of vectors «; in S, and 8 is a linear combination,

B=uyBi+ ybo+ - + YnBn

of vectors 8; in S. For each scalar c,
m n
ca+ B = .21 (czi)ei + .21 Yibi.
i= i=

Hence ca + g belongs to L. Thus L is a subspace of V.,

Now we have shown that L is a subspace of ¥V which contains S, and
also that any subspace which contains S contains L. It follows that L is
the intersection of all subspaces containing S, i.e., that L is the subspace
spanned by the set S. ||

Definition. If S, S,, . . ., Sk are subsets of a vector space V, the set of
all sums

ar+ oy + -0+ oax

of vectors a; tn S; 18 called the sum of the subsets Sy, S, . . ., Sk and s de-
noted by

Si+ 8+ -+ 4+ Sk
or by

k
Z S
i=1

If Wy, Ws, ..., W, are subspaces of V, then the sum
W=wWi+W,+---+ W,

is easily seen to be a subspace of ¥V which contains each of the subspaces
W,. From this it follows, as in the proof of Theorem 3, that W is the sub-
space spanned by the union of Wy, W, ..., W;.

ExamrLE 8. Let F be a subfield of the field C' of complex numbers.
Suppose
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(1) ’ ) !O)
(O) ! l ) )
=(0,0,0,0, 1).

By Theorem 3, a vector « is in the subspace W of F? spanned by oy, a3, o3
if and only if there exist scalars ¢, ¢z, ¢; in F such that

o = o + Coig + C303.
Thus W consists of all vectors of the form
a = (a, 2¢1, ¢y, 3¢, + 4¢3, ¢3)

where ¢1, ¢;, ¢; are arbitrary scalars in F. Alternatively, W can be described
as the set of all 5-tuples

a = (1'1; Tg, T3y T4y 155)
with z; in F such that

Ty = 2.’51
zs = 31 + 4.
Thus (—3, —5,2) is in W, whereas (2, 4, 6, 7, 8) is not.

ExampLE 9. Let F be a subfield of the field C' of complex numbers,
and let V be the vector space of all 2 X 2 matrices over F. Let W, be the
subset of ¥V consisting of all matrices of the form

z Yy

z 0
where z, y, z are arbitrary scalars in F. Finally, let W, be the subset of V
consisting of all matrices of the form

(6 3]

where z and y are arbitrary scalars in F, Then W, and W, are subspaces
of V. Also

V=W+W,

a b a b 00
[c d] - I:c O] T [0 d]’
The subspace W; M W, consists of all matrices of the form
[x Oil.
00
ExampLe 10. Let 4 be an m X n matrix over a field F. The row

vectors of A are the vectorsin F*givenby a; = (Ady,...,Am),2=1,...,
m. The subspace of F* spanned by the row vectors of A is called the row

because
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space of A. The subspace considered in Example 8 is the row space of the
matrix

12 0 30
A=(0 01 4 0}
00 0 01
It is also the row space of the matrix
1 2 0 3 0
0 01 4 0
B=l"o 00 o 1]
-4 -8 1 —8 0

Exampre 11. Let V be the space of all polynomial functions over F.
Let S be the subset of V consisting of the polynomial functions fo, f1, fs, - - -
defined by

fule) =27, n=0,1,2....
Then V is the subspace spanned by the set S.

Exercises

1. Which of the following sets of vectors @ = (ay,. .., @) in R* are subspaces
of R* (n > 3)?

(a) all a such that a; > 0;
(b) all @ such that ay 4+ 3as = a;
(c¢) all a such that a; = a3;
(d) all @ such that @z, = 0;
(e) all @ such that a, is rational.
2. Let V be the (real) vector space of all functions f from R into B. Which of the
following sets of functions are subspaces of V?
(a) all f such that f(z?) = f(z)?;
(b) all f such that f(0) = f(1);
(c) all f such that f(3) = 1 + f(—5);
(d) all f such that f(—1) = 0;
(e) all f which are continuous.

3. Is the vector (3, —1,0, —1) in the subspace of R® spanned by the vectors
(2; -1,3, 2)) (-1, 11, —3): and (1; L9, —5)?

4, Let W be the set of all (1, 22, x5, 24, 25) in B® which satisfy
20 — To+ drs— 2 =0
xl + 21, — z5=0
9z, ~— 3z2 + 623 — 334 — 325 = 0.

Find a finite set of vectors which spans W.
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5. Let F be a field and let n be a positive integer (n > 2). Let V be the vector
space of all n X n matrices over F. Which of the following sets of matrices 4 in V
are subspaces of V?

(a) all invertible A4;

(b) all non-invertible 4 ;

(c) all A such that AB = BA, where B is some fixed matrix in V;
(d) all 4 such that A2 = 4.

6. (a) Prove that the only subspaces of R are R' and the zero subspace.

(b) Prove that a subspace of R? is R?, or the zero subspace, or consists of all
scalar multiples of some fixed vector in R2 (The last type of subspace is, intuitively,
a straight line through the origin.)

(¢) Can you describe the subspaces of R3?

7. Let W, and W, be subspaces of a vector space V such that the set-theoretic
union of W, and W, is also a subspace. Prove that one of the spaces W; is contained
in the other.

8. Let V be the vector space of all functions from R into E; let V, be the
subset of even functions, f(—z) = f(z); let V, be the subset of odd functions,
f(=2) = —f(2).

(a) Prove that V, and V, are subspaces of V.

(b) Prove that V, + V, = V.
(c¢) Prove that V.N V, = {0}.

9. Let W, and W, be subspaces of a vector space V such that W, + W, =V
and Wi N\ Wy = {0}. Prove that for each vector a in V there are unigue vectors
a; in Wy and a; in W such that o = o + .

2.3. Bases and Dimension

We turn now to the task of assigning a dimension to certain vector
spaces. Although we usually associate ‘dimension’ with something geomet-
rical, we must find a suitable algebraic definition of the dimension of a
vector space. This will be done through the concept of a basis for the space.

Definition. Let V be a vector space over ¥. A subset S of V is said to
be linearly dependent (or simply, dependent) if there exist distinct vectors
ay, Qg ..., an 20 S and scalars ¢y, Ca, .. ., ¢y tn F, not all of which are 0,
such that

ciq + G + -+ + Cpan = 0.

A set which ts not linearly dependent vs called linearly independent. If
the set S contains only finitely many vectors cu, cz, . . . , an, We SOMelimes say
that e, o, . .., o are dependent (or independent) instead of saying S s
dependent (or independent).
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The following are easy consequences of the definition.

1. Any set which contains a linearly dependent set is linearly de-
pendent.

2. Any subset of a linearly independent set is linearly independent.

3. Any set which contains the 0 vector is linearly dependent; for
1-0=0.

4. A set S of vectors is linearly independent if and only if each finite
subset of S is linearly independent, i.e., if and only if for any distinct
veetors ai, . . ., an Of S, oy + -+ + c.a, = 0 implies each ¢; = 0.

Definition. Let V be a vector space. A basis for V is a linearly inde-
pendent set of vectors in N which spans the space V. The space V 1s finite-
dimensional f it has a finite basis.

ExampLi 12. Let F be a subfield of the complex numbers. In F3 the
vectors

a=( 30 -3
a = (—1,1, 2)
a=( 4,2 -2)
as=( 2,1, 1)

are linearly dependent, since

2a1—|—2a2—a3+0-a4=0.
The vectors

a=(1,0,0)
€ = (0, ]., 0)
&= (0,0,1)

are linearly independent

Exampie 13. Let F be a field and in F» let S be the subset consisting

of the vectors e, €, . . ., €, defined by

a=(1,0,0,...,0)

e =1(0,1,0...,0)

e.=1(0,0,0,...,1).
Let ay, 29, . . ., 2. be scalars in F and put @ = zie + Z2ea + - -+ + Zuen.
Then
(2-12) a= (T3, Tz, + .+, Tn)-
This shows that e, ..., e, span F*. Since a« =0 if and only if o =
Ty = -+ =1z, =0, the vectors ¢, . . ., ¢, are linearly independent. The
set S = {ey, ..., e} is accordingly a basis for F». We shall call this par-

ticular basis the standard basis of F.
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ExaMpLE 14. Let P be an invertible » X n matrix with entries in
the field F. Then Py, . . ., P,, the columns of P, form a basis for the space
of column matrices, F*<!, We see that as follows. If X is 2 column matrix,
then

PX=£I71P1+ e +$"Pn.

®ince PX = 0 has only the trivial solution X = 0, it follows that
{Py, ..., Ps} is a linearly independent set. Why does it span F»<1? Let ¥
be any column matrix. If X = P7'Y, then ¥ = PX, that is,

Y=:171P1+ L +ann-
So {Py, ..., P,} is a basis for I,

ExampLE 15. Let A be an m X n matrix and let S be the solution
space for the homogeneous system 4X = 0 (Example 7). Let R be a row-
reduced echelon matrix which is row-equivalent to 4. Then S is also the
solution space for the system RX = 0. If K has r non-zero rows, then the
system of equations RX = 0 simply expresses 7 of the unknowns 2y, . . ., z,
in terms of the remaining (n — r) unknowns x;. Suppose that the leading
non-zero entries of the non-zero rows occur in columns ki, . . ., k.. Let J
be the set consisting of the n — r indices different from k;, . . ., k,:

J = {1,...,”} - {kl,...,kr}.
The system X = 0 has the form
Ty + ? C1x; = 0

g, + ? ey =0

where the ¢;; are certain scalars., All solutions are obtained by assigning
(arbitrary) values to those z;’s with j in J and computing the correspond-
ing values of g, . . ., 2. For each 7 in J, let E; be the solution obtained
by setting z; = 1 and z; = 0 for all other 7 in J. We assert that the (n — 7)
vectors £, 7 in J, form a basis for the solution space.

Since the column matrix E; has a 1 in row j and zeros in the rows
indexed by other elements of J, the reasoning of Example 13 shows us
that the set of these vectors is linearly independent. That set spans the
solution space, for this reason. If the column matrix 7, with entries
ti, . . ., ls, 1S in the solution space, the matrix

N = E tjEj
J
is also in the solution space and is a solution such that z; = t; for each

7 in J. The solution with that property is unique; hence, N = T and T is
in the span of the vectors E;.
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ExampLE 16. We shall now give an example of an infinite basis. Let
F be a subfield of the complex numbers and let V be the space of poly-
nomial functions over F. Recall that these functions are the functions
from F into F which have a rule of the form

f@) =c+cx+ - + cax™

Let fi(x) = a, &k = 0,1, 2, .. .. The (infinite) set {fo, f1, /2, - - .} is a basis
for V. Clearly the set spans V, because the function f (above) is

F=cafi+afi+ - =+ cafn

The reader should see that this is virtually a repetition of the definition
of polynomial funetion, that is, a function f from F into ¥ is a polynomial
funetion if and only if there exists an integer n and scalars ¢, . . . , ¢, such
that f = cfo + - -+ + ¢afn- Why are the functions independent? To show
that the set {fo, f1,f2 - . .} is independent means to show that each finite
subset of it is independent. It will suffice to show that, for each n, the set
{fo, . . ., Ju} is independent. Suppose that

Cofo + -+ + c.fn = 0.
This says that
G+ ozt - 4 caxt =

for every z in F; in other words, every z in F is a root of the polynomial
@) =co+ cx + --- + ¢,z We assume that the reader knows that a
polynomial of degree n with complex coefficients cannot have more than n
distinet roots. It follows that ¢ = ¢, = -+« = ¢, = 0.

We have exhibited an infinite basis for V. Does that mean that V is
not finite-dimensional? As a matter of fact it does; however, that is not
immediate from the definition, because for all we know V might also have
a finite basis. That possibility is easily eliminated. (We shall eliminate it
in general in the next theorem.) Suppose that we have a finite number of
polynomial functions ¢, . . ., g,. There will be a largest power of z which
appears (with non-zero coefficient) in ¢;(x), . . ., g.(x). If that power is k,
clearly fi11(z) = zF+! is not in the linear span of g1, ..., g. So V is not
finite-dimensional.

A final remark about this example is in order. Infinite bases have
nothing to do with ‘infinite linear combinations.” The reader who feels an
irresistible urge to inject power series

% cka:"
k=0
into this example should study the example carefully again. If that does

not effect a cure, he should consider restricting his attention to finite-
dimensional spaces from now on.
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Theorem 4. Let V be a vector space which is spanned by a finite set of
vectors Bu, Bs, - - -, Bm- Then any independent set of vectors in V is finite and
contains no more than m elements.

Proof. To prove the theorem it suffices to show that every subset
S of V which contains more than m vectors is linearly dependent. Let S be
such a set. In S there are distinct vectors oy, a3, ..., a, where n > m.
Since B, - . ., B~ Span V, there exist scalars 4;; in F such that

m
a; = 2 Aif:
t=1
For any n scalars z1, 3, . . ., 2, we have

Ty + - Tean =

T,
1

NYE

)

.2 z; _E A.iB;
]= =

Il

é é ( uxj)Bi

j=1
( z Aw,)ﬁl

Since n > m, Theorem 6 of Chapter 1 implies that there exist scalars
Ti, Ty, . « - , T, DOt all 0 such that

3 Agr; =0, 1<i<m

i=1
Hence za; + 2300 + -+ 4 2,0, = 0. This shows that S is a linearly
dependent set. ||

Corollary 1. If V is a finite-dimensional vector space, then any two
bases of V have the same ( finite) number of elements.

Proof. Since V is finite-dimensional, it has a finite basis

{Bl; 627 LR} Bm}~
By Theorem 4 every basis of V is finite and contains no more than m
elements. Thus if {0y, s, . .., @,} is a basis, n < m. By the same argu-

ment, m < n. Hence m = n.

This corollary allows us to define the dimension of a finite-dimensional

" vector space as the number of elements in a basis for V. We shall denote

the dimension of a finite-dimensional space V by dim V. This allows us
to reformulate Theorem 4 as follows.

Corollary 2. Let V be a finite-dimensional vector space and let n =
dim V. Then
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(a) any subset of V which contains more than n wvectors is linearly
dependent;
(b) no subset of V which contains fewer than n vectors can span V.

Exampii 17. If F is a field, the dimension of F* is n, because the
standard basis for F* contains n vectors. The matrix space F™* has
dimension mn. That should be clear by analogy with the case of F*, be-
cause the mn matrices which have a 1 in the 7, j place with zeros elsewhere
form a basis for F™» If A 1s an m X n matrix, then the solution space
for A has dimension n — r, where r is the number of non-zero rows in a
row-reduced echelon matrix which is row-equivalent to A. See Example 15.

If V is any vector space over F, the zero subspace of V is spanned by
the vector 0, but {0} is a linearly dependent set and not a basis. For this
reason, we shall agree that the zero subspace has dimension 0. Alterna-
tively, we could reach the same conclusion by arguing that the empty set
is a basis for the zero subspace. The empty set spans {0}, because the
intersection of all subspaces containing the empty set is {0}, and the
empty set is linearly independent because it contains no vectors.

Lemma. Let S be a linearly independent subset of a vector space V.
Suppose B 1s a vector in 'V which s not in the subspace spanned by S. Then
the set obtained by adjoining B to S is linearly independent.

Proof. Suppose ay, . . ., a,, are distinct vectors in S and that

oy + + + Caam + 06 = 0.

Then b = 0; for otherwise,

(s (5o

and 8 is in the subspace spanned by S. Thus cioy + -+ + cuom = 0, and
since S is a linearly independent set each ¢; = 0. ||

Theorem 5. If W is a subspace of a finite-dimensional vector space V,
every linearly tndependent subset of W 1s finite and is part of a (fintte) basis
for W.

Proof. Suppose Sy is a linearly independent subset of W. If S is
a ‘inearly independent subset of W containing S,, then S is also a linearly
independent subset of V; since V is finite-dimensional, S contains no more
than dim V elements.

We extend S, to a basis for W, as follows. If S, spans W, then S, is a
basis for W and we are done. If S, does not span W, we use the preceding
lemma to find a vector 8; in W such that the set S; = So \U {1} is inde-
pendent. If S; spans W, fine. If not, apply the lemma to obtain a vector 3,
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in W such that Se = 8; \U {82} is independent. If we continue in this way,
then (in not more than dim V steps) we reach a set

Sm =S U {Bl,’ . wﬂm}
which is a basis for W. ||

Corollary 1. If W 1is a proper subspace of a finite-dimensional vector
space V, then W 1s finite-dimensional and dim W < dim V.

Proof. We may suppose W contains a vector a # 0. By Theorem
5 and its proof, there is a basis of W containing & which contains no more
than dim V elements. Hence W is finite-dimensional, and dim W < dim V.
Sinece W is a proper subspace, there is a vector § in V which is not in W.

Adjoining 8 to any basis of W, we obtain a linearly independent subset
of V. Thus dim W < dim V. |

Corollary 2. In a finite-dimensional vector space V every non-empty
linearly independent set of vectors is part of a basts.

Corollary 3. Let A be an n X n matriz over a field ¥, and suppose the
row vectors of A form a linearly independent set of vectors in F». Then A 7s
invertible.

Proof. Let ai, ay, . . ., a, be the row vectors of 4, and suppose
W is the subspace of F* spanned by ai, @z . . ., an. Since aj, oy, . . ., an
are linearly independent, the dimension of W is n. Corollary 1 now shows
that W = F». Hence there exist scalars B,; in F such that

n
& = 2 Bja; 1<i<n

j=1

where {e, e, . . ., €.} is the standard basis of F». Thus for the matrix B
with entries B;; we have

BA =1 ]
Theorem 6. If W, and W, are finite-dimensional subspaces of a vector
space V, then W1 4+ W, s fintte-demensional and
dim W1 + dim W, = dim (Wy N W2) + dim (W, + W,).

Proof. By Theorem 5 and its corollaries, W, M W; has a finite
basis {a1, . .., ax} which is part of a basis

{al,. « ey O, ﬂl,...,ﬂm} for W1
and part of a basis

{al, e ey Oy Y1y oo oy 'Yn} for W,.
The subspace W, + W, is spanned by the vectors

Qly v oy Ay By .« -y Bmy Y5+ ¢ <3 Yn
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and these vectors form an independent set. For suppose
2 X0 + E yjﬁj + E 2rYr = 0.
Then
— 22, = 2 a0+ 2 Y6
which shows that Z z,y, belongs to W,. As Z z.y, also belongs to W it
follows that
2z, = 2 ciay

for certain scalars ¢, . . ., cr. Because the set

{og, o ooy am Y1,y Yub
is independent, each of the scalars z, = 0. Thus

E X0 + E yj,Bj = 0
and since

{al,...,ak, Blr-"’ﬂm}

is also an independent set, each z; = 0 and each y; = 0. Thus,

{al,...,ak, Bl;~-v;6m; 'Yl;-v')'Yn}
is a basis for W, 4+ W,. Finally

dim W, + dim W, = (k + m) + (k + n)
=k + (m+k +n)
= dim (W, N W) + dim (W, + Wy). |}

Let us close this section with a remark about linear independence
and dependence. We defined these concepts for sets of vectors. It is useful
to have them defined for finite sequences (ordered n-tuples) of vectors:
oy . . ., a,. We say that the vectors ay, . . ., a, are linearly dependent
if there exist scalars ¢y, . . ., ¢, not all 0, such that ciay + - -+ + cpn, = 0.
This is all so natural that the reader may find that he has been using this
terminology already. What is the difference between a finite sequence
ay, ..., 0, and a set {oy, ..., a.? There are two differences, identity
and order.

If we discuss the set {ay, ..., e}, usually it is presumed that no
two of the vectors ay, . . ., a, are identical. In a sequence oy, . . ., @, all
the s may be the same vector. If a; = ¢; for some ¢ # j, then the se-
quence ay, . . ., a, is linearly dependent:

[s %5 + (—l)aj = 0

Thus, if o, ..., a, are linearly independent, they are distinct and we
may talk about the set {ay, ..., a,} and know that it has » vectors in it.
So, clearly, no confusion will arise in discussing bases and dimension. The
dimension of a finite-dimensional space V is the largest n such that some
n-tuple of vectors in V is linearly independent-——and so on. The reader
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who feels that this paragraph is much ado about nothing might ask him-
self whether the vectors

a = (61/2; 1)

a = (V110, 1)
are linearly independent in R2.

The elements of a sequence are enumerated in a specific order. A set
is a collection of objects, with no specified arrangement or order. Of
course, to describe the set we may list its members, and that requires
choosing an order. But, the order is not part of the set. The sets {1, 2, 3, 4}
and {4, 3, 2, 1} are identical, whereas 1, 2, 3, 4 is quite a different sequence
from 4, 3, 2, 1. The order aspect of sequences has no bearing on ques-
tions of independence, dependence, etc., because dependence (as defined)
is not affected by the order. The sequence au, . . ., o is dependent if and
only if the sequence ay, . . ., a, is dependent. In the next section, order
will be important.

Exercises

1. Prove that if two vectors are linearly dependent, one of them is a scalar
multiple of the other.

2. Are the vectors

ay = (ly 1, 2, 4), sz = <2’ -1, =5, 2)
as = (1, -1, —4, O)) as=(2,1,1,6)

linearly independent in R4?
3. Find a basis for the subspace of R* spanned by the four vectors of Exercise 2.
4. Show that the vectors
a; = (1,0, —1), az = (1,2, 1), a3 = (0, —3,2)

form a basis for R®. Express each of the standard basis vectors as linear combina-
tions of @, as, and as.

5. Find three vectors in R® which are linearly dependent, and are such that
any two of them are linearly independent.

6. Let V be the vector space of all 2 X 2 matrices over the field F. Prove that V
has dimension 4 by exhibiting a basis for V which has four elements.

7. Let V be the vector space of Exercise 6. Let W, be the set of matrices of the

fOr m
[ ]
Y 4

and let W, be the set of matrices of the form

[ )
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(a) Prove that W, and W, are subspaces of V.
(b) Find the dimensions of Wy, Wy, Wy + Wy, and W1 N W

8. Again let V be the space of 2 X 2 matrices over ., Find a basis {4;, 4y, 43, A4}
for V such that A? = 4, for each j.

9. Let V be a vector space over a subfield 7 of the complex numbers. Suppose
a, B, and v are linearly independent vectors in V. Prove that (a + 8), (8 + v),
and (y + «) are linearly independent.

10. Let V be a vector space over the field F. Suppose there are a finite number
of vectors ay, . . ., a in V which span V. Prove that V is finite-dimensional.

11. Let V be the set of all 2 X 2 matrices A with complex entries which satisfy
An+ An =0,

(a) Show that V is a vector space over the field of real numbers, with the
usual operations of matrix addition and multiplication of a matrix by a scalar.

(b) Find a basis for this vector space.

(c) Let W be the set of all matrices A in V such that Ay = —4;, (the bar
denotes complex conjugation). Prove that W is a subspace of V and find a basis
for W.

12. Prove that the space of all m X n matrices over the field ¥ has dimension mn,
by exhibiting a basis for this space.

13. Discuss Exercise 9, when V is a vector space over the field with two elements
described in Exercise 5, Section 1.1.

14. Let V be the set of real numbers. Regard V as a vector space over the field
of rational numbers, with the usual operations. Prove that this vector space is not
finite-dimensional.

49

2.4. Coordinates

One of the useful features of a basis ® in an n-dimensional space V is
that it essentially enables one to introduce coordinates in V analogous to
the ‘natural ecoordinates’ x; of a vector @ = (z1,. .., z,) in the space F.
In this scheme, the coordinates of a vector « in V relative to the basis ®
will be the scalars which serve to express a as a linear combination of the
vectors in the basis. Thus, we should like to regard the natural coordinates
of a vector @ in F* as being defined by « and the standard basis for F»;
however, in adopting this point of view we must exercise a certain amount
of care. If

a=(Ty,...,T,) = 2 Tie;

and ® is the standard basis for F*, just how are the coordinates of « deter-
mined by ® and «? One way to phrase the answer is this. A given vector a
has a unique expression as a linear combination of the standard basis
vectors, and the 7th coordinate x; of « is the coefficient of ¢; in this expres-
sion. From this point of view we are able to say which is the 7th coordinate
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because we have a ‘natural’ ordering of the vectors in the standard basis,
that is, we have a rule for determining which is the ‘first’ vector in the
basis, which is the ‘second,” and so on. If ® is an arbitrary basis of the
n-dimensional space V, we shall probably have no natural ordering of the
vectors in ®, and it will therefore be necessary for us to impose some
order on these vectors before we can define ‘the ith coordinate of « rela-
tive to ®.” To put it another way, coordinates will be defined relative to
sequences of vectors rather than sets of vectors.

Definition. If V is a finite-dimensional vector space, an ordered basis
for V is a finite sequence of vectors whach is linearly independent and spans V.

If the sequence oy, . . ., @, is an ordered basis for V, then the set
{ay, ..., a,} 18 a basis for V. The ordered basis is the set, together with
the specified ordering. We shall engage in a slight abuse of notation and
describe all that by saying that

® = {al,...,an}
is an ordered basis for V.

Now suppose V is a finite-dimensional vector space over the field F
and that

® = {al,...,a,,}
is an ordered basis for V. Given « in V, there is a unique n-tuple
(i, . . ., z,) of scalars such that

a = Ti0l;.

1

1M

1

The n-tuple is unique, because if we also have

o =
1

Zi0;
1

AV E

then

En (l‘z‘ - Zi)ai =0
i=1

and the linear independence of the «; tells us that z; — 2z; = 0 for each 7.
We shall call z; the 7th coordinate of « relative to the ordered basis

® = {a,. .., .
If

then
at+ = '231 (@ + yoai

so that the ith coordinate of (a + B) in this ordered basis is (z: 4+ y.).
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Similarly, the ith coordinate of (ce) is cx;. One should also note that every
n-tuple (zy, . . ., 2,) In F* is the n-tuple of coordinates of some vector in
V, namely the vector

E X0,

i=1

To summarize, each ordered basis for V determines a one-one
correspondence
a=> (21, ..., %)

between the set of all vectors in V and the set of all n-tuples in Fr. This
correspondence has the property that the correspondent of (a + 8) is the
sum In F" of the correspondents of @ and 8, and that the correspondent
of (ca) is the product in F of the scalar ¢ and the correspondent of a.

One might wonder at this point why we do not simply select some
ordered basis for V' and describe each vector in V by its corresponding
n-tuple of coordinates, since we would then have the convenience of oper-
ating only with n-tuples. This would defeat our purpose, for two reasons.
First, as our axiomatic definition of vector space indicates, we are attempt-
ing to learn to reason with vector spaces as abstract algebraic systems.
Second, even in those situations in which we use coordinates, the signifi-
cant results follow from our ability to change the coordinate system, i.e.,
to change the ordered basis.

Frequently, it will be more convenient for us to use the coordinate
matrix of a relative to the ordered basis &:

(]
X=|:
Tn
rather than the n-tuple (x, . . ., z.) of coordinates. To indicate the de-
pendence of this coordinate matrix on the basis, we shall use the symbol
[e]s

for the coordinate matrix of the vector « relative to the ordered basis ®.
This notation will be particularly useful as we now proceed to describe
what happens to the coordinates of a vector o« as we change from one
ordered basis to another.

Suppose then that V is n-dimensional and that

®={a,...,a,p and & = {ai,..., an}
are two ordered bases for V. There are unique scalars P,; such that
(2-13) o= % Py, 1<j<n
i=1

Let z1, . . ., z» be the coordinates of a given vector « in the ordered basis
®'. Then
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a =z + - + Zran

n ’ n
= 2 75 z Pija:'
= i=1

= 2 2 (Puxj)at
i=11=1
=2 (E Pijx./f) a;.
i=1 \j=1
Thus we obtain the relation
(2-14) a= 2 <2 P‘uxj) (228
i=1
Since the coordinates z;, zs, . . . , &, of o in the ordered basis @ are uniquely

determined, it follows from (2-14) that
(2-15) =3 Py, 1<i<n.
i=1

Let P be the n X n matrix whose ¢, j entry is the scalar P;;, and let X and
X’ be the coordinate matrices of the vector « in the ordered bases ® and
®’. Then we may reformulate (2-15) as

(2-16) X = PX".

Since ® and ®' are linearly independent sets, X = 0 if and only if X’ = 0.
Thus from (2-16) and Theorem 7 of Chapter 1, it follows that P is invertible.
Hence

(2-17) X' = P-1X.

If we use the notation introduced above for the coordinate matrix of a
vector relative to an ordered basis, then (2-16) and (2-17) say

[a]e = Pla]e
[a)e = Pale.

Thus the preceding discussion may be summarized as follows.

Theorem 7. Let V be an n-dimensional vector space over the field F,
and let ® and ®’' be two ordered bases of V. Then there is a unique, necessarily
invertible, n X n matriz P with entries in F such that

@) [ale = Plaje
(i) [a]e = P'[ala

for every vector a in V. The columns of P are given by

Pj=[(11/](3, j=1;"'1n
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To complete the above analysis we shall also prove the following
result.

Theorem 8. Suppose P is an n X n tnvertible matriz over ¥. Let V
be an n-dimensional vector space over ¥, and let ® be an ordered basis of V.
Then there is a unique ordered basis ® of V such that

@) [ale = Plale
(i1) [e]le = P '[als
for every vector ain V.
Proof. Let ® consist of the vectors aj,...,a. If & =
{a1, . .., an} is an ordered basis of V for which (i) is valid, it is clear that

n
’
a; = '21 P,-,-a,-.
i=

Thus we need only show that the vectors «j, defined by these equations,
form a basis. Let @ = P~!. Then

2 Quey = 2 Qi T Pia
7 J 7
=22 PiQn o
it
2(Z PiQir) i
< (j JQJI‘) @

= .

Thus the subspace spanned by the set

® = {a1,...,an
contains ® and hence equals V. Thus ®’ is a basis, and from its definition
and Theorem 7, it is clear that (i) is valid and hence also (ii). |

ExaMpLE 18. Let F be a field and let

a= (r,Zs,...,2Tn)

be a vector in F*, If ® is the standard ordered basis of F=,
® = {e,..., ¢

the coordinate matrix of the vector a in the basis ® is given by

1
Ta

[a]e =
T

ExampLE 19. Let B be the field of the real numbers and let 6 be a
fixed real number. The matrix

cosf —sin @
P= [sin 6 cos 0]



o4

Vector Spaces Chap. 2

is invertible with inverse,
P [ c?s f sin 0]_
—sin § cos @

Thus for each 8 the set ®’ consisting of the vectors (cos 4, sin 6), (—sin 6,
cos ) is a basis for R?; intuitively this basis may be described as the one
obtained by rotating the standard basis through the angle 6. If « is the

vector (x, zz), then
[ele = cos @ sin 871 x;
® —sin g cos 6|z,

1 2, €08 0 + zo8in #
25 = —x;8In 8 + x, cos 6.

or

I

ExampLe 20. Let F be a subfield of the complex numbers. The matrix

-1 4 5]
P = 0 2 -3
00 8
is invertible with inverse
—1 2 7
Pi=| 01
00 3]

Thus the vectors

a1 =(—1, 0,0)

az=( 4, 2,0

o = ( 5) —3; 8)
form a basis ®’ of F3. The coordinates x1, 3, 23 of the vector a = (x1, 2, x3)
in the basis ®’ are given by

x] —x; + 22 4 Adas -1 2 2|l x
14 — 1 _—

| = 202 + s =1 0 3 ||

x3 T3 0 0 % |lx

In particular,
3,2, —8) = —10af — 2a; — a3.

Exercises

1. Show that the vectors
ar = (1,1,0,0), a;=(0,0,1, 1)
A = (LO: 0,4), oy = (0, 0,0, 2)
form a basis for B4 Find the coordinates of each of the standard basis vectors
in the ordered basis {ai, as, oz, o).
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2. Find the coordinate matrix of the vector (1, 0, 1) in the basis of C® consisting
of the vectors (21, 1, 0), (2, =1, 1), (0,1 4+ %, 1 — %), in that order.
3. Let B = {a, as, a3} be the ordered basis for R® consisting of
ar=(1,0,—-1), «a=(1,1,1), a3 = (1,0,0).
What are the coordinates of the vector (a, b, ¢) in the ordered basis B?

4. Let W be the subspace of C? spanned by ey = (1,0,4) and oz = (1 + ¢, 1, —1).
(2) Show that a; and a. form a basis for W.
(b) Show that the vectors 51 = (1,1,0) and B2 = (1,4, 1 + ¢) are in W and
form another basis for W.
(¢) What are the coordinates of ¢; and ¢, in the ordered basis {81, B2} for W?

5. Let o = (21, z2) and 8 = (w1, y2) be vectors in B2 such that
Ty + zaye = 0, Bt =yi+y=1

Prove that ® = {a, B} is a basis for R2 Find the coordinates of the vector (a, b)
in the ordered basis ® = {a, 8}. (The conditions on « and 3 say, geometrically,
that o and B are perpendicular and each has length 1.)

6. Let V be the vector space over the complex numbers of all functions from R
into C, i.e., the space of all complex-valued functions on the real line. Let f,(z) = 1,
foz) = €=, fa(x) = =

(a) Prove that fi, fz, and f; are linearly independent.

(b) Let gi(z) = 1, go(x) = cosz, gs(z) = sin z. Find an invertible 3 X 3 matrix
P such that

3
9i = 2 Piifu
t=1

7. Let V be the (real) vector space of all polynomial functions from R into R
of degree 2 or less, i.e., the space of all functions f of the form

f(l) = Cp + Cr + 62182.
Let t be a fixed real number and define

p@) =1, g@=z+t @@=+

Prove that ® = {g1, g, g} is a basis for V. If

f@) = co + ax + cox?

what are the coordinates of f in this ordered basis ®?
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2.5. Summary of Row-Equivalence

In this section we shall utilize some elementary facts on bases and
dimension in finite-dimensional vector spaces to complete our discussion
of row-equivalence of matrices. We recall that if A is an m X n matrix
over the field F the row vectors of A are the vectors ¢« . . ., a, in F*
defined by

o = (A,'l, « ey A,’n)
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and that the row space of 4 is the subspace of F spanned by these vectors.
The row rank of A is the dimension of the row space of A.

If P is a k X m matrix over F, then the product B = PAisak X n
matrix whose row vectors 8y, . . ., B are linear combinations

Bi = Paoy + +++ + Piman

of the row vectors of A. Thus the row space of B is a subspace of the row
space of A. If P is an m X m invertible matrix, then B is row-equivalent
to A so that the symmetry of row-equivalence, or the equation A = P~1B,
implies that the row space of 4 is also a subspace of the row space of B.

Theorem 9. Row-equivalent matrices have the same row space.

Thus we see that to study the row space of A we may as well study
the row space of a row-reduced echelon matrix which is row-equivalent
to A. This we proceed to do.

Theorem 10. Let R be a non-zero row-reduced echelon matrix. Then
the non-zero row vectors of R form a basts for the row space of R.
Proof. Let py, . . ., pr be the non-zero row vectors of R:
p: = (R.;]_, c e ey R{,,).

Certainly these vectors span the row space of R; we need only prove they
are linearly independent. Since R is a row-reduced echelon matrix, there

are positive integers ki, . . ., k, such that, for7 < r
(a) RG, 7)) =0 if j <k
(2-18) (b) R(i, k) = 8
(€) by < --- <k
Suppose 8 = (by, . . ., b,) 1s a vector in the row space of R:
(2"19) B=cp+ - + Cpr
Then we claim that ¢; = b;,. For, by (2-18)
(2-20) bki = é C,;R(?:, k])
i=1
. 23 Ciaij
i=1
= Cj.

In particular, if 8 = 0, i.e., if ¢jpy + + -+ + ¢pr = 0, then ¢; must be the
k;jth coordinate of the zero vector so that ¢; =0, 7 =1,...,r Thus
oL, - - -, pr are linearly independent. |

Theorem 11. Let m and n be positive integers and let F be a field.
Suppose W is a subspace of T and dim W < m. Then there is precisely one
m X n row-reduced echelon matrix over F which has W as its row space.
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Proof. There is at least one m X n row-reduced echelon matrix
with row space W. Since dim W < m, we can select some m vectors
ay . .., 0, in W which span W. Let A be the m X n matrix with row
vectors ay, . . ., an and let B be a row-reduced echelon matrix which is
row-equivalent to A. Then the row space of R is W.

Now let R be any row-reduced echelon matrix which has W as its row
space. Let py, . . ., p- be the non-zero row vectors of R and suppose that
the leading non-zero entry of p; occurs in column k;, ¢ = 1,...,7. The
vectors pi, . . ., p, form a basis for W. In the proof of Theorem 10, we
observed that if 8 = (by, ..., b,) is in W, then

B=ocp+ -+ Copr,

and ¢; = b,; in other words, the unique expression for 8 as a linear com-
bination of py, . . ., p, 18

(2-21) 8= 3 bup

Thus any vector 8 is determined f one knows the coordinates bz, 7z = 1, ...,
r. For example, p, is the unique vector in W which has k,th coordinate 1
and k;th coordinate O for 7 # s.

Suppose B is in W and 8 # 0. We claim the first non-zero coordinate
of B8 occurs in onc of the columns k,. Since

B = _21 b.pi
i=
and B8 # 0, we can write

(2-22) B=3 bup, b 0.

From the conditions (2-18) one has R;; = 0if ¢ > s and j < k,. Thus
B=1(0,...,0, bg,...,bs, bp, # 0

and the first non-zero coordinate of 8 occurs in column k. Note also that
for each k,, s = 1,.. ., r, there exists a vector in W which has a non-zero
ksth coordinate, namely p;.

It is now clear that R is uniquely determined by W. The description
of R in terms of W is as follows. We consider all vectors 8 = (by, . . ., b,)
in W. If 8 # 0, then the first non-zero coordinate of 8 must oceur in some
column £:

B=0(@©,...,0, by...,by, b, # 0.
Let k,, . . ., k. be those positive integers ¢ such that there is some 8 # 0
in W, the first non-zero coordinate of which occurs in column {. Arrange
ki, ...,k in the order k; < k2 < --- < k.. For each of the positive

integers k&, there will be one and only one vector p, in W such that the
ksth coordinate of p, is 1 and the k;th coordinate of p; is O for 7 ¢ s. Then
R is the m X n matrix which has row vectors p;, ..., p0,0,...,0. |
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Corollary. Fach m X n matriz A s row-equivalent to one and only
one row-reduced echelon matriz.

Proof. We know that A is row-equivalent to at least one row-
reduced echelon matrix E. If A is row-equivalent to another such matrix
R’, then R is row-equivalent to I’; hence, R and R’ have the same row
space and must be identical. §

Corollary. Let A and B be m X n matrices over the field F. Then A
and B are row-equivalent if and only if they have the same row space.

Proof. We know that if A and B are row-equivalent, then they
have the same row space. So suppose that A and B have the same row
space. Now A is row-equivalent to a row-reduced echelon matrix R and
B is row-equivalent to a row-reduced echelon matrix E’. Since A and B
have the same row space, R and R’ have the same row space. Thus R = R’
and A is row-equivalent to B. |

To summarize—if A and B are m X n matrices over the field F, the
following statements are equivalent:

1. A and B are row-equivalent.
2. A and B have the same row space.
3. B = PA, where P is an invertible m X m matrix.

A fourth equivalent statement is that the homogeneous systems
AX =0 and BX = 0 have the same solutions; however, although we
know that the row-equivalence of A and B implies that these systems
have the same solutions, it seems best to leave the proof of the converse
until later.

2.6, Computations Concerning Subspaces

We should like now to show how elementary row operations provide
a standardized method of answering certain concrete questions concerning
subspaces of F». We have already derived the facts we shall need. They
are gathered here for the convenience of the reader. The discussion applies
to any n-dimensional vector space over the field F, if one selects a fixed

ordered basis ® and deseribes each vector ain V by the n-tuple (xy, . . ., z,)
which gives the coordinates of « in the ordered basis ®.
Suppose we are given m vectors ay, . . ., a, in F». We consider the

following questions.

1. How does one determine if the vectors ey, ..., a, are linearly
independent? More generally, how does one find the dimension of the
subspace W spanned by these vectors?
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2. Given 8 in F», how does one determine whether 8 is a linear com-
bination of ay, . . ., am, i.e., whether 8 is in the subspace W?
3. How can one give an explicit description of the subspace W?

The third question is a little vague, since it does not specify what is
meant by an ‘explicit deseription’; however, we shall clear up this point
by giving the sort of deseription we have in mind. With this desecription,
questions (1) and (2) can be answered immediately.

Let A be the m X n matrix with row vectors a;:

o = (Aﬂ, e 7A1.'n)-

Perform a sequence of elementary row operations, starting with A and
terminating with a row-reduced echelon matrix E. We have previously
described how to do this. At this point, the dimension of W (the row space
of A) is apparent, since this dimension is simply the number of non-zero

row vectors of E. If py, ..., p. are the non-zero row vectors of B, then
® = {p1, ..., p} is a basis for W. If the first non-zero coordinate of p; is
the k;th one, then we have for 1 < r

(a) R, 5) =0, f j<k

(b) R, k) = &y

(c) ky < -or < ke

The subspace W consists of all vectors

B=cp+  +F Cops

= .21 Ci(Ru, ey Rin)-

The coordinates by, . . ., b, of such a vector 8 are then
(2-23) b,’ = X CiRij.
i=1
In particular, by, = ¢;, and so if 8 = (by, . . ., bs) is a linear combination

of the p;, it must be the particular linear combination

,
(2-24) g = _g}l be.pi.
The conditions on 8 that (2-24) should hold are
(2-25) bj = E bkiR,‘j, _] = 1, ce ey N

t=1
Now (2-25) is the explicit description of the subspace W spanned by
a, . .., oy, that is, the subspace consists of all vectors 8 in F* whose co-
ordinates satisfy (2-25). What kind of description is (2-25)? In the first
place it describes W as all solutions 8 = (by, ..., b,) of the system of

homogeneous linear equations (2-25). This system of equations is of a
very special nature, because it expresses (n — r) of the coordinates as
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linear combinations of the r distinguished coordinates by, ..., bi. One
has complete freedom of choice in the coordinates bz, that is, if ¢y, . . ., ¢,
are any r scalars, there is one and only one vector 8 in W which has ¢; as
its k;th coordinate.

The significant point here is this: Given the vectors «;, row-reduction
is a straightforward method of determining the integers r, k,, . . ., k, and
the scalars R;; which give the description (2-25) of the subspace spanned
by ay, ..., am. One should observe as we did in Theorem 11 that every
subspace W of F» has a description of the type (2-25). We should also
point out some things about question (2). We have already stated how
one can find an invertible m X m matrix P such that B = PA, in Section
1.4. The knowledge of P enables one to find the scalars z,,. . ., z, such
that

B =i+ o F Tmlm
when this is possible. For the row vectors of R are given by

m
pi = 2 Pija;
i=1
so that if 8 is a linear combination of the «;, we have

=2 bkipi

i
™M
I\
=
o
8

4

and thus x; = 73 by,
=1

is one possible choice for the z; (there may be many).

The question of whether 8 = (by, . . ., b,) is a linear combination of
the a;, and if so, what the scalars z; are, can also be looked at by asking
whether the system of equations

‘ElAiin=bj, j=1,...,n

has a solution and what the solutions are. The coefficient matrix of this
system of equations is the n X m matrix B with column vectors ay, . . . , ¥m.
In Chapter 1 we discussed the use of elementary row operations in solving
a system of equations BX = Y. Let us consider one example in which we
adopt both points of view in answering questions about subspaces of F7.

ExampLE 21. Let us pose the following problem. Let W be the sub-
space of R* spanned by the vectors
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o = (1; 2; 2; 1)
@ = (0,20, 1)
a5 = (—2,0, —4, 3).

(a) Prove that a;, az, a3 form a basis for W, ie., that these vectors
are linearly independent.

(b) Let 8 = (b1, by, bs, bs) be a vector in W. What are the coordinates
of 8 relative to the ordered basis {a1, az, az}?

(¢) Let
ai = (1: 0: 2, O)
aé = (O) 2) O) 1)

aj = (0,0, 0, 3).

Show that af, a3, b form a basis for W.

(d) If g8 is in W, let X denote the coordinate matrix of 3 relative to
the a-basis and X’ the coordinate matrix of 8 relative to the o’-basis. Find
the 3 X 3 matrix P such that X = PX’ for every such 8.

To answer these questions by the first method we form the matrix 4
with row vectors a;, az, a3, find the row-reduced echelon matrix R which
is row-equivalent to A4 and simultaneously perform the same operations
on the identity to obtain the invertible matrix @ such that B = QA4:

1 2 2 1 1020
0 2 0 1(»R=|0 10 0
-2 0 —4 3 0 001

1 00 6 —6 0
01 0{—-Q=13%] -2 5 —1
0 01 4 —4 2

(a) Clearly R has rank 3, so «;, a; and o3 are independent.

(b) Which vectors 8 = (by, by, bs, by) are in W? We have the basis
for W given by py, p2, ps, the row vectors of R. One can see at a glance that
the span of pi, pe, p3 consists of the vectors 8 for which b; = 2b;. For such
a B we have

ﬂ = b1P1 + b2P2 + b4p3
= [bh by, bi]R
= [by b bgQA

= Tioy + Toats + Tsas
where T; = [b] bz b4]Q,‘Z

I = b — %bz + %b4
(2-26) T2 —by + §by — 2by
T3 = et %—bg + %b‘i

1
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(¢) The vectors ai, a3, as are all of the form (y1, ys, 3, ya) with ys = 2y,
and thus they are in W. One can see at a glance that they are independent.

(d) The matrix P has for its columns
P; = [«j]s

where ® = {a;, as, az}. The equations (2-26) tell us how to find the co-
ordinate matrices for ai, a5, as. For example with 8 = o} we have b, = 1,
b2=0,b3=2,b4=0,and

n= 1-30)+30) = 1
2= —1+40) — 20) = —1
n=  —30)+30) = o

Thus of = oy — . Similarly we obtain &z = ay and o3 = 20y — 205 + s.

Hence
1 0 2
P=|-11 -2
00 1

Now let us see how we would answer the questions by the second
method which we described. We form the 4 X 3 matrix B with column
vectors oy, o, a3:

1 0 —2
2 2 0
B‘20—4
11 3

We inquire for which yy, ¥s, ¥, ¥4 the system BX = Y has a solution.

10 -2 47 [LO -2 g

2 2 0 u 0 2 4 y, — 2y

2 0 —4 y| |00 0 y—2y

1 1 3 Y4l LO 1 5 Ys — Y1
10 —2 B [1 0 0 y1— 3%+ 3w
0 0 —6 y — 2y . 0 0 1 +2ys — 1)
01 5 w—u 01 0 —yi+3y:— 3va
00 0 y; — 2y | 0 0 O Ys — 2

Thus the condition that the system BX = Y have a solution is y; = 2y,.
So 8 = (by, by, bs, by) is in W if and only if b3 = 2b,. If 8 is in W, then the
coordinates (x;, x5, x3) in the ordered basis {ay, as, a3} can be read off from
the last matrix above. We obtain once again the formulas (2-26) for those
coordinates.

The questions (¢) and (d) are now answered as before.
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ExampLE 22. We consider the 5 X 5 matrix

1 2 0 3 0
1 2 -1 -1 0
A=]00 1 4 0
2 4 1 10 1
00 0 01

and the following problems concerning A

(a) Find an invertible matrix P such that PA is a row-reduced
echelon matrix K.

(b) Find a basis for the row space W of A.

(¢) Say which vectors (by, bs, bs, by, bs) are in W.

(d) Find the coordinate matrix of each vector (by, bs, bs, by, bs) in W
in the ordered basis chosen in (b).

(e) Write each vector (by, by, by, by, bs) in W as a linear combination
of the rows of 4.

(f) Give an explicit description of the vector space V of all 5 X 1
column matrices X such that AX = 0.

(g) Find a basis for V.

(h) For what 5 X 1 column matrices Y does the equation AX = ¥
have solutions X?

To solve these problems we form the augmented matrix 4’ of the
system AX = Y and apply an appropriate sequence of row operations
to A'.

1 2 0 3 0 w»n 1 2 0 3 0 %1
1 2 -1 —1 0 v 0 0 -1 —4 0 —yi+w
2 4 1 10 1 1y 00 1 4 1 2y +ys
| 0 O 0 0 i ys 0 0 0 0 1 Ys
1 2 0 30 Y1
0 01 40 Y1 — Y2
0 0000 —yt+y+ys|—
0 00 0 1 —3yp—+y+uwu
|10 0 0 0 1 Ys
12030 %
0 01 40 Y1 — Yo
0 0 0 01 Ys
00 0 0O —y1 t+ Y + Ys
0 00 00 —-3y+vy2+ys— ¥s
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(a) If
W
Y1 — Yo
PY = Ys
-+ Y+ s

—3y1 + ¥ + Yas — Ys
for all ¥, then

1 0 00 0
1 -1 0 0 0
P = 0 0 00 1
—1 110 0
-3 1 01 -1
hence PA is the row-reduced echelon matrix
1 2 0 30
0 0140
R={0 0 0 0 1
00000
0 00O00O0

It should be stressed that the matrix P is not unique. There are, in fact,
many invertible matrices P (which arise from different choices for the
operations used to reduce A’) such that PA = R.

(b) As a basis for W we may take the non-zero rows

p=(1 2 0 3 0
=0 0 1 4 0
;=0 00 0 1)

of R.
(¢) The row-space W consists of all vectors of the form

B = cip1 + cap2 + c3p3
= (01, 201, Co, 361 + 402, C.’;)

where ¢, ¢, ¢z are arbitrary scalars. Thus (by, by, bs, bs, bs) is in W if and
only if

(by, ba, bs, bs, bs) = bipy + bspz + bsps
which is true if and only if

bg = 2b1
b4 = 3b1 + 4b3

These equations are instances of the general system (2-25), and using
them we may tell at a glance whether a given vector lies in W. Thus
(=5, —10,1, —11, 20) is a linear combination of the rows of A, but
1,2, 3, 4, 5) is not.

(d) The coordinate matrix of the vector (b, 2by, bs, 3b, + 4bs, bs) in
the basis {p), pz, ps} is evidently
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by
by |-
bs

(e) There are many ways to write the vectors in W as linear combi-
nations of the rows of 4. Perhaps the easiest method is to follow the first
procedure indicated before Example 21:

B = (bly 2b1) b3’ 3bl + 4b3, bs)
= [bh bs, bs, 0, 0] - R
= [bh bs, bs, 0, 0] - PA

1 000 O
1 -1 00 0

= [bybs,0,0]] 0 00 0 1]-4
-1 110 0
-3 101 -1

= [b] + bg, ‘”bs, 0, O, ba] . A.
In particular, with 8 = (—5, —10, 1, —11, 20) we have

12 0 30

12 -1 -1 0
B=(—4,-1,0020]0 0 1 4 0}
24 1 10 1

00 0 01

(f) The equations in the system RX = Q are

1+ 22 + 324 =0
3+ 424 =0
275—_—0.

Thus V consists of all columns of the form

—2xy — 324
T2
X = — 4,
7
0
where z; and z1 are arbitrary.
(g) The columns
-2 -3
1 0
0 —4
0 1
0 0

form a basis of V. This is an example of the basis described in Fxample 15.
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(h) The equation AX = Y has solutions X if and only if

—n+ Y+ s =0
=3ty tya—uys =0

Exercises

1. Let s < nand A an s X n matrix with entries in the field F. Use Theorem 4
(not its proof) to show that there is a non-zero X in F"<! such that 4AX = 0.

2. Let

a = (1,1, —2,1), a = (3,0,4, -1, a = (—1,2,5,2).
Let

a = (4: _5: 9! _7)7 ﬂ = (3; 17 —4; 4)1 Y= (_11 17 O) 1)-

(a) Which of the vectors e, 8, v are in the subspace of R* spanned by the a;?
(b) Which of the vectors «, 8, ¥ are in the subspace of C* spanned by the a;?
(¢) Does this suggest a theorem?

3. Consider the vectors in R* defined by
ap = (_1) 0,1, 2)) Qg = (37 4: _2) 5); Qg = (1) 4‘: 0: 9)
Find a system of homogeneous linear equations for which the space of solutions
is exactly the subspace of R spanned by the three given vectors.
4. In (3, let
) = (17 O; —7'): Qg = (1 + i; 1- i) 1)) az = (1:1 i; i)
Prove that these vectors form a basis for C®. What are the coordinates of the
vector (e, b, ¢) in this basis?
5. Give an explicit description of the type (2-25) for the vectors
B = (by, be, bs, bs, bs)
in R® which are linear combinations of the vectors
ap = (1:0; 2; 1, —1); Qg = (_1y2: —4, 2) O)
a3 = (2: -1,5 2: 1)) Qg = (2; 1, 3, 5’ 2)
6. Let V be the real vector space spanned by the rows of the matrix
3 21 0 9 0
1 7 -1 -2 -1
2 14 0 6 1
6 42 -1 13 0

A=

(a) Find a basis for V.

(b) Tell which vectors (z1, @3, T3, 24, 5) are elements of V.

(¢) If (21, @ @3, T4, z5) is in V what are its coordinates in the basis chosen in
part (a)?

7. Let A be an m X n matrix over the field ¥, and consider the system of equa-
tions AX = Y. Prove that this system of equations has a solution if and only if
the row rank of 4 is equal to the row rank of the augmented matrix of the system.



3. Linear Transformations

3.1. Linear Transformations

We shall now introduce linear transformations, the objects which we

shall study in most of the remainder of this book. The reader may find it
helpful to read (or reread) the discussion of functions in the Appendix,
since we shall freely use the terminology of that discussion.

Definition. Let V and W be vector spaces over the field F. A linear

transformation from V into W s a function T from V into W such that

T(ca + B) = ¢(Ta) + T8

for all a and B in V and all scalars ¢ in F.

Examrre 1. If V is any vector space, the identity transformation
1, defined by Ie = @, is a linear transformation from V into V. The
zero transformation 0, defined by Oa = 0, is a linear transformation
from V into V.

ExampLE 2. Let F be a field and let V be the space of polynomial
functions f from F into F, given by

fl@) =co+ ax + -+ + axh.

(DN(x) = a1+ 2¢x + + - + ke

Then D is a linear transformation from V into V—the differentiation
transformation.
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ExampLE 3. Let A be a fixed m X n matrix with entries in the field F.
The function T defined by T(X) = AX is a linear transformation from
F~<1 into F™<1, The function U defined by U(a) = ad is a linear trans-
formation from F™ into F=.

ExampLE 4. Let P be a fixed m X m matrix with entries in the field F
and let Q be a fixed n X n matrix over F. Define a function 7 from the
space Fm=n into itself by T(4) = PAQ. Then T is a linear transformation
from Fm™*» into F™*" because

T(cA + B) = P(cA + B)Q

(cPA + PB)Q
cPAQ + PBQ
¢T(A) + T(B).

i

ExamrpLE 5. Let R be the field of real numbers and let V be the space
of all functions from R into R which are continuous. Define T by

(TH@) = [ 10 dt

Then T is a linear transformation from V into V. The function Tf is
not only continuous but has a continuous first derivative. The linearity
of integration is one of its fundamental properties.

The reader should have no difficulty in verifying that the transfor-
mations defined in Examples 1, 2, 3, and 5 are linear transformations. We
shall expand our list of examples considerably as we learn more about
linear transformations.

It is important to note that if 7' is a lincar transformation from V
into W, then T'(0) = 0, one can see this from the definition because

T(©) = T(0 + 0) = T(0) + T(0).

This point is often confusing to the person who is studying linear algebra
for the first time, since he probably has been exposed to a slightly different
use of the term ‘linear function.” A brief comment should clear up the
confusion. Suppose V is the vector space E'. A linear transformation from
V into V is then a particular type of real-valued function on the real line R.
In a calculus course, one would probably call such a function linear if its
graph is a straight line. A linear transformation from R! into R!, according
10 our definition, will be a function from R into R, the graph of which is a
straight line passing through the origin.

In addition to the property T'(0) = 0, let us point out another property
of the general linear transformation 7. Such a transformation ‘preserves’
linear combinations; that is, if @y, . . ., @, are vectors in V and ¢y, ..., ¢n
are scalars, then

Ty + - + tran) = c1(Tay) + - -+ + co(Ten).
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This follows readily from the definition. For example,

T(clal + Czaz) = Cl<Ta1) + T(Cgaz)
= cl(Tal) + Cz(Taz).

Theorem 1. Let V be a finite-dimensional vector space over the field F
and let {a, . . ., an} be an ordered basis for V. Let W be a vector space over the
same field ¥ and let 6y, . . ., B. be any vectors in W. Then there is precisely
one linear transformation T from V into W such that

Ta; = 85, j=1,...,n
Proof. To prove there is some linear transformation 7 with Te; =

B; we proceed as follows. Given a in V, there is a unique n-tuple (z,, . . ., z.)

such that
a=xa;+ - + Tpan.

For this vector o we define
Ta = 2161 + -+ + Tofn.

Then T is a well-defined rule for associating with each vector a in V a
vector To in W. From the definition it is clear that Ta; = 8; for each j.
To see that T is linear, let

B =1yon+ - + Ynon
be in V and let ¢ be any scalar. Now

ca + B = (cx1 +yon + - + (eTn + Yn)on
and so by definition

T(ca + B) = (cx1 + y)B1 + -+ + (cTa + Yn)Bn.
On the other hand,

¢(Ta) +TB = ¢ Zn:l zfs + 2::1 YiBi

.él (czi + yi)Bi
and thus
T(ca + B) = ¢(Ta) + TB.

If U is a linear transformation from V into W with Ua; = 85, j =

n
1,...,n, then for the vector « = ¥ z;a; we have
i=1

Ua =U (% 17.;(!.;)
i=1

n

= 2 r:(Uas)
i=1

NYE

z6:
=1
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so that U is exactly the rule T which we defined above. This shows that the
linear transformation T with Ta; = 8; is unique. |

Theorem 1 is quite elementary; however, it is so basic that we have
stated it formally. The concept of function is very general. If ¥V and W are
(non-zero) vector spaces, there is a multitude of functions from V into W.
Theorem 1 helps to underscore the fact that the functions which are linear
are extremely special.

ExamrLE 6. The vectors

ap = (L 2)

oy = (3; 4)
are linearly independent and therefore form a basis for R2 According to
Theorem 1, there is a unique linear transformation from R? into R? such
that

Ta1 = (3, 2, 1)

Tay = (6, 5, 4).
If so, we must be able to find T'(e;). We find scalars ¢;, ¢: such that ¢ =
cien + ceos and then we know that Te = ¢Tay + c:Ta. If (1,0) =
a1, 2) + (3, 4) then ¢; = —2 and ¢, = 1. Thus

T(L 0) = 23,2 1) + (6, 5, 4)

<0J 17 2)'

ExamprLE 7. Let T be a linear transformation from the m-tuple space
F™ into the n-tuple space F». Theorem 1 tells us that T is uniquely de-
termined by the sequence of vectors 8y, . . ., Bn Where
ﬂi=Tei; 7:=]-,-..,"'n.

In short, T is uniquely determined by the images of the standard basis
vectors. The determination is

a=(Ty...,%Tn)
Ta =26+ -+ + ZuBm.
If B is the m X n matrix which has row vectors 8y, . . ., 8m, this says that
Ta = aB.
In other words, if 8; = (B, . .., Bi), then
Bll tee Bln
T(xy . ..,Zy) =[x 2] | : .
Bml crt an

This is a very explicit description of the linear transformation. In Section
3.4 we shall make a serious study of the relationship between linear trans-
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formations and matrices. We shall not pursue the particular description
Ta = aB because it has the matrix B on the right of the vector «, and that
can lead to some confusion. The point of this example is to show that we
can give an explicit and reasonably simple description of all linear trans-
formations from F™ into F»

If T is a linear transformation from V into W, then the range of T is
not only a subset of W it is a subspace of W. Let Rr be the range of T, that
is, the set of all vectors 8 in W such that 8 = T« for some « in V. Let 8
and B be in Ry and let ¢ be a scalar. There are vectors ey and «; in V such
that Ta; = B, and Tas = Bs. Since T is linear

T(cay + as) = ¢Tey + T,
= cB1 + Ba

which shows that ¢8; + 82 is also in Ry.

Another interesting subspace associated with the linear transformation
T 1s the set N consisting of the vectors o in V such that Ta = 0. It is a
subspace of V because

(a) T(0) = 0, so that N is non-empty;
(b) if Ty = Taz = 0, then

T(cay + ag) = ¢cTay + Ty
=c¢0+4+0
=
so that ce; + @ is in N.

Definition. Let V and W be vector spaces over the field I’ and let T
be a linear transformation from V into W. The null space of T s the set
of all vectors a tn V such that Ta = 0.

If V 1s finite-dimensional, the rank of T 1is the dimension of the range
of T and the nullity of T is the dimension of the null space of T.

The following is one of the most important results in iinear algebra.

Theorem 2. Let V and W be vector spaces over the field F and let T be
a linear transformation from V into W. Suppose that V s fintte-dimensional.
Then
rank (T) 4+ nullity (T) = dim V.
Proof. Let {ei, ..., a} be a basis for N, the null space of 7.
There are vectors a4y, . . ., an in V such that {a, . . ., a,} is a basis for V.
We shall now prove that {Taj4y, . . ., Ta,} is a basis for the range of T'.
The vectors Tay, . . ., Ta, certainly span the range of 7', and since Te; = 0,
for j < k, we see that Tazy, . . ., T, span the range. To see that these
vectors are independent, suppose we have scalars ¢; such that

% Ci(Tai) =0
i=k+1

71



72

Linear Transformations Chap. 3

This says that
T( § c;a,-) = 0

i=k+1
and accordingly the vector a = 27)‘ ¢;; is in the null space of T. Since
i=k41
ay, . . ., a; form a basis for N, there must be scalars b, . . ., by such that
k
a= 3 ba;.
i=1
Thus
k n
2 b,a; - 2z Cja; = 0
i=1 j=k+1
and since ay, . . ., a, are linearly independent we must have
b1= .--=bk=ck+1= Ry =c"=0.
If r is the rank of 7T, the fact that Tayyy, . .., Te, form a basis for

the range of T tells us that r = n — k. Since k is the nullity of 7" and = is
the dimension of V, we are done. ||

Theorem 3. If A is an m X n matrix with entries in the field F, then
row rank (A) = column rank (A).

Proof. Let T be the linear transformation from F»*! into Fmx1
defined by T'(X) = AX. The null space of T is the solution space for the
system AX = 0, i.e., the set of all column matrices X such that AX = 0.
The range of T is the set of all m X 1 column matrices ¥ such that AX =
Y has a solution for X. If 4,,. .., A, are the columns of 4, then

AX = A, + - +$,,A,,

so that the range of T is the subspace spanned by the columns of 4. In
other words, the range of 7' is the column space of A. Therefore,

rank (7") = column rank (4).

Theorem 2 tells us that if S is the solution space for the system AX = 0,
then
dim S + column rank (4) = n.

We now refer to Example 15 of Chapter 2. Our deliberations there
showed that, if r is the dimension of the row space of A, then the solution
space S has a basis consisting of n — r vectors:

dim S = n — row rank (4).
It is now apparent that )

row rank (4) = column rank (4). |

The proof of Theorem 3 which we have just given depends upon
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explicit calculations concerning systems of linear equations. There is a
more conceptual proof which does not rely on such calculations. We shall
give such a proof in Section 3.7.

Exercises

1. Which of the following functions T from R? into R? are linear transformations?

(a) T(zy, 22) = (1 + 21, 72);

() T(zyy 22) = (23 21);

() T(zy, 22) = (2}, 79);

(d) T(x1, x2) = (sin x4, 22);

(&) T(xyyz2) = (211 — 73, 0).
2. Find the range, rank, null space, and nullity for the zero transformation and
the identity transformation on a finite-dimensional space V.

3. Describe the range and the null space for the differentiation transformation
of Example 2. Do the same for the integration transformation of Example 5.

4. Is there a linear transformation T from R? into R? such that T'(1, —1,1) =
(1,0) and T(1,1,1) = (0, 1)?
5. If
an= (-1, B=(,0)
Qg = (2: —1): 62 = (01 1)
ay=(=3,2), B=(11
is there a linear transformation 7' from R? into R? such that Ta; = 3; for¢ = 1, 2
and 3?
6. Describe explicitly (as in Exercises 1 and 2) the linear transformation T from
F?into F? such that Te; = (a,b), Tes = (¢, d).
7. Let F be a subfield of the complex numbers and let T be the function from
F? into F3 defined by
T(x1, 22y 3) = (21 — T2 + 2235, 271 + Ty, — 21 — 222 + 213).

(a) Verify that T is a linear transformation.

(b) If (a,b,c) is a vector in F? what are the conditions on a, b, and ¢ that
the vector be in the range of 7? What is the rank of T'?

(c) What are the conditions on a, b, and ¢ that (a, b, ¢) be in the null space
of T? What is the nullity of 7?

8. Describe explicitly a linear transformation from R? into R® which has as its
range the subspace spanned by (1,0, —1) and (1, 2, 2).

9. Let V be the vector space of all n X n matrices over the field I, and let B
be a fixed n X n matrix. If

T(A) = AB— B4
verify that 7T is a linear transformation from V into V.

10. Let V be the set of all complex numbers regarded as a vector space over the
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field of real numbers (usual operations). Find a function from V into V which is
a linear transformation on the above vector space, but which is not a linear trans-
formation on C, i.e., which is not complex linear.

11. Let V be the space of n X 1 matrices over F and let W be the space of m X 1
matrices over F. Let A be a fixed m X n matrix over F and let T be the linear
transformation from V into W defined by T'(X) = AX. Prove that T is the zero
transformation if and only if A4 is the zero matrix.

12. Let V be an n-dimensional vector space over the field F and let T be a linear
transformation from V into V such that the range and null space of T are identical.
Prove that n is even. (Can you give an example of such a linear transformation 7'7)

13. Let V be a vector space and T a linear transformation from V into V. Prove
that the following two statements about 7 are equivalent.

(a) The intersection of the range of T and the null space of T is the zero
subspace of V.

(b) If T(Ta) = 0, then Ta = 0.

3.2. The Algebra of Linear Transformations

In the study of linear transformations from V into W, it is of funda-
mental importance that the set of these transformations inherits a natural
vector space structure. The set of linear transformations from a space V
into itself has even more algebraic structure, because ordinary composition
of functions provides a ‘multiplication’ of such transformations. We shall
explore these ideas in this section.

Theorem 4. Let V and W be vector spaces over the field F. Let T and
U be linear transformations from V into W. The function (T + U) defined by

(T + D)(a) = Ta + Ua

18 a linear transformation from V into W. If ¢ is any element of F, the function
(eT) defined by
(€T)(a) = c(Ta)

s a linear transformation from V into W. The set of all linear transformations
from V into W, logether with the addition and scalar mullvplication defined
above, is a vector space over the field F.

Proof. Suppose T' and U are linear transformations from V into
W and that we define (T + U) as above. Then

(T + U)(ea + B) = T(ca + B8) + Ulca + B)

c(Ta) + T8 + c(Ua) + UB
c(Ta + Ue) + (T8 + UB)
T + U)e) + (T + U)(B)

which shows that (7' 4+ U) is a linear transformation. Similarly,
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(cT)(de + B) = c[T(dex + B)]
c[d(Ta) + T8I
cd(Ta) + ¢(TB)
d[c(Ta)] + «(T8)

= d[(cT)a] + (cT)B

which shows that (¢T') is a linear transformation.

To verify that the set of linear transformations of V into W (together
with these operations) is a vector space, one must directly check each of
the conditions on the vector addition and scalar multiplication. We leave
the bulk of this to the reader, and content ourselves with this comment:
The zero vector in this space will be the zero transformation, which sends
every vector of V into the zero vector in W, each of the properties of the
two operations follows from the corresponding property of the operations
in the space W. |}

We should perhaps mention another way of looking at this theorem.
If one defines sum and scalar multiple as we did above, then the set of
all functions from V into W becomes a vector space over the field F. This
has nothing to do with the fact that V is a vector space, only that V is a
non-empty set. When V is a vector space we can define a linear transforma-
tion from V into W, and Theorem 4 says that the linear transformations
are a subspace of the space of all functions from V into W.

We shall denote the space of linear transformations from V into W
by L(V, W). We remind the reader that L(V, W) is defined only when V
and W are vector spaces over the same field.

Theorem 5. Let V be an n-dimensional vector space over the field F,
and let W be an m-dimensional vector space over ¥. Then the space L(V, W)
18 finite-dimensional and has dimension mn.

Proof. Let
®={a...,a,0 and & = {B1,...,Bn}

be ordered bases for V and W, respectively. For each pair of integers (p, q)
with 1 <p <m and 1 < g < n, we define a linear transformation K¢

from V into W by
{O, if 7#¢q
By if 1=g¢q

= 0i0p.

According to Theorem 1, there is a unique linear transformation from V
into W satisfying these conditions. The claim is that the mn transforma-
tions E?-¢ form a basis for L(V, W).

Let T be a linear transformation from V into W. Foreach j,1 < j < n,

Il

E"'q(a,')
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let Aij, . .., An; be the coordinates of the vector Te; in the ordered basis
®’, ie.,
(-1 Toy= 3 4,8,
pe=
We wish to show that
(3-2) T=3 3 A, Er.
p=1g=1

Let U be the linear transformation in the right-hand member of (3-2).
Then for each j
Uaj = Z Z ApBiri(aj)
P q

=22 Amzaiqu
P q

z Am'ﬁp
p=1
= Ta,-

and consequently U = T. Now (3-2) shows that the E?¢ span L(V, W);
we must prove that they are independent. But this is clear from what
we did above; for, if the transformation

U=33 A,E?
P a
is the zero transformation, then Ue; = 0 for each j, so
m
2 Ay, =0
p=1
and the independence of the 8, implies that A,; = 0 for every p and j. ||

Theorem 6. Let V, W, and Z be vector spaces over the field F. Let T
be a linear transformation from V into W and U a linear transformation
from W into Z. Then the composed function UT defined by (UT)(a) =
U(T(a)) is a linear transformation from V into Z.

Proof.
(UT)(ca + 8) = U[T(ca + B)]
U(cTa + T8)
c[U(Ta)] + U(TB)
(UT) () + (UT)(B). |

In what follows, we shall be primarily concerned with linear trans-
formation of a vector space into itself. Since we would so often have to
write ‘T is a linear transformation from V into V,” we shall replace this
with ‘T is a linear operator on V.’

Definition. If 'V is a vector space over the field F, a linear operator on
V is a linear transformation from V into V.
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In the case of Theorem 6 when V = W = Z, so that U and T are
linear operators on the space V, we see that the composition UT is again
a linear operator on V. Thus the space L(V, V) has a ‘multiplication’
defined on it by composition. In this case the operator T'U is also defined,
and one should note that in general UT = TU, ie., UT — TU = 0. We
should take special note of the fact that if T is a linear operator on V then
we can compose T' with 7. We shall use the notation 7% = T'T, and in
general T* = T --- T (n times) forn =1, 2, 3,. ... Wedefine 7° = I if
T # 0.

Lemma. Let V be a vector space over the field ¥; let U, T and T, be
linear operators on V; let ¢ be an element of F.
(a) IU = UI = U;
(b) U(Ty + T,) = UTy 4+ UTy; (Ty + Ty)U = T,U + T,U;
(¢) ¢(UTy) = (cU)Ty = U(cTh).
Proof. (a) This property of the identity funection is obvious. We
have stated it here merely for emphasis.
(b) (U(T1 + Te))(@) = U[(T: + Te){(e)]
U(Tla + Tza)
U(Twe) + U(T.0)
(UT)(a) + (UT:)(a)
so that U(T,1 + T,) = UT, + UT,. Also
[(T1+ T)Ul(e) = (Tr + T2)(Ue)
= TW(Ua) + T(Ua)
= (TWU)(@) + (T2U)(a)
so that (71 + T)U = TWU + T,U. (The reader may note that the proofs
of these two distributive laws do not use the fact that 7 and T, are linear,
and the proof of the second one does not use the fact that U is linear either.)
(c) We leave the proof of part (¢) to the reader. |

1l

The contents of this lemma and a portion of Theorem 5 tell us that
the vector space L(V, V), together with the composition operation, is
what is known as a linear algebra with identity. We shall discuss this in
Chapter 4.

ExampLE 8. If A is an m X n matrix with entries in F, we have the
linear transformation 7' defined by T(X) = AX, from F»<! into F=<!. If
B is a p X m matrix, we have the linear transformation U from F™X! into
F»<t defined by U(Y) = BY. The composition UT is easily described:

UTYX) = U(T(X))
UAX)
= B(4X)
= (BA)X.
Thus UT is ‘left multiplication by the product matrix BA.’

(e
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ExamrLE 9. Let F be a field and V the vector space of all polynomial
functions from F into F. Let D be the differentiation operator defined in
Example 2, and let T be the linear operator ‘multiplication by z’:

(Tf)(z) = «f(x).
Then DT # TD. In fact, the reader should find it easy to verify that
DT — TD = I, the identity operator.
Even though the ‘multiplication’ we have on L(V, V) is not commu-
tative, it is nicely related to the vector space operations of L(V, V).

ExampLE 10. Let 8 = {ay, ..., a.} be an ordered basis for a vector
space V. Consider the linear operators E?:¢ which arose in the proof of
Theorem 5:

Ep'q(a.;) = §;ap.

These n? linear operators form a basis for the space of linear operators on V.
What is E72E"*? We have
(BraEr) (i) = EP9(dierr)
= 6i8EP-Q(ar)

= Gisa,.qap.
Therefore,
i — {0, if r#gq
s, if g=r.

Let T be a linear operator on V. We showed in the proof of Theorem 5
that if

A; = [Tols
A - [A;,. ..,A,,:I
then
T=3XZA,.E
P q
If

U= 22 BrsET's

is another linear operator on V, then the last lemma tells us that
TU = (E z quEp'q) (E 2 BMET'S)
P q T 8
=3 2z quBrsEp,qEr,B'
P q r s
As we have noted, the only terms which survive in this huge sum are the
terms where ¢ = r, and since E?"E"s = E? we have

TU =33 (T ApB.)Ere
p 8

T

=323 (AB),E?".
p 8

Thus, the effect of composing 7' and U is to multiply the matrices A and B.
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In our discussion of algebraic operations with linear transformations
we have not yet said anything about invertibility. One specific question of
interest is this. For which linear operators 7' on the space V does there
exist a linear operator 7! such that 77! = 7T = I?

The function 7' from V into W is called invertible if there exists a
function U from W into V such that UT is the identity function on V and
TU is the identity function on W. If T is invertible, the function U is
unique and is denoted by 7. (See Appendix.) Furthermore, 7' is invertible
if and only if

1. Tis 1:1, that is, Ta = T8 implies « = 8;
2. T is onto, that is, the range of T is (all of) W.

Theorem 7. Let V and W be vector spaces over the field I and let T
be a linear transformation from V into W. If T is invertible, then the inverse
Sfunction T—! 1s a linear transformation from W onto V.

Proof. We repeat ourselves in order to underscore a point. When
T is one-one and onto, there is a uniquely determined inverse function 7
which maps W onto V such that 7-'T is the identity function on V, and
TT-!is the identity function on W. What we are proving here is that if a
linear function 7' is invertible, then the inverse 7! is also linear.
Let 8; and B; be vectors in W and let ¢ be a scalar. We wish to show
that

T cBy + B2) = Ty + T8

Let a; = T84, 7 = 1, 2, that is, let a; be the unique vector in V such that
Ta; = ;. Since T is linear,

T(C(Xl + az) = CT(X] + T(Xg
= cB1 + Ba.

Thus ca; + a2 is the unique vector in ¥V which is sent by T into ¢8; + Bs,
and so

T=(cB: + B2)

car + o

o(T7181) + T8¢

and 71 is linear. |

Suppose that we have an invertible linear transformation 7' from V
onto W and an invertible linear transformation U from W onto Z. Then UT
is invertible and (UT)~! = T-1U~!. That conclusion does not require the
linearity nor does it involve checking separately that UT is 1:1 and onto.
All it involves is verifying that T7-1U~! is both a left and a right inverse for
UT.

If T is linear, then T(a — 8) = Ta — T8; hence, Ta = T3 if and only
if T(a — B8) = 0. This simplifies enormously the verification that 7 is 1:1.
Let us call a linear transformation 7' non-singular if 7y = 0 implies
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v = 0, i.e,, if the null space of T is {0}. Evidently, T is 1:1 if and only if 7
is non-singular. The extension of this remark is that non-singular linear
transformations are those which preserve linear independence.

Theorem 8. Let T be a linear transformation from V into W. Then
T 4s non-singular if and only if T carries each linearly independent subset of
Y onto a linearly independent subset of W.

Proof. First suppose that T is non-singular. Let S be a linearly
independent subset of V. If ay, . . ., ax are vectors in S, then the vectors
Tay, . . ., Tay are linearly independent; for if

Cl(Ta1> + e + Ck(Tak> =0
then
T(Cllxl + -+ Ckak> =0

and since T is non-singular
aen + - o =0

from which it follows that each ¢; = 0 because S is an independent set.
This argument shows that the image of S under 7 is independent.

Suppose that T carries independent subsets onto independent subsets.
Let a be a non-zero vector in V. Then the set S consisting of the one vector
a is independent. The image of S is the set consisting of the one vector T,
and this set is independent. Therefore Ta = 0, because the set consisting
of the zero vector alone is dependent. This shows that the null space of T is
the zero subspace, i.e., T is non-singular. |

ExampLE 11. Let F be a subfield of the complex numbers (or a field of
characteristic zero) and let V be the space of polynomial functions over F.
Consider the differentiation operator D and the ‘multiplication by =z’
operator 7T, from Example 9. Since D sends all constants into 0, D is
singular; however, V is not finite dimensional, the range of D is all of V,
and it is possible to define a right inverse for D. For example, if £ is the
indefinite integral operator:

Elo+ar+ - +cnx">=60x+%clx2+ et

- _]{'_ 1 c,.x"“
then E is a linear operator on V and DE = I. On the other hand, ED # I
because ED sends the constants into 0. The operator T is in what we might
call the reverse situation. If zf(xz) = 0 for all z, then f = 0. Thus 7" is non-
singular and it is possible to find a left inverse for T. For example if U is
the operation ‘remove the constant term and divide by z’:

Ul+ar+ - +ex™) =+ e+ - + ca™?
then U is a linear operator on V and UT = I. But TU # I since every
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function in the range of T'U is in the range of 7', which is the space of
polynomial functions f such that f(0) = 0.

ExampLE 12, Let F be a field and let T be the linear operator on F?
defined by
T2y, 22) = (X1 + 23, T0).

Then T is non-singular, because if 7'(z;, z2) = 0 we have

2+ 22 =
131:0

so that z; = z, = 0. We also see that T is onto; for, let (2}, 2;) be any
vector in F2. To show that (2, z2) is in the range of T' we must find scalars
z; and x, such that
T+ 22 =2
T1 = 29
and the obvious solution is z; = 2, ; = 21 — 2,. This last computation
gives us an explicit formula for 7!, namely,

T2, 2) = (22,21 — 22).

We have seen in Example 11 that a linear transformation may be
non-singular without being onto and may be onto without being non-
singular. The present example illustrates an important case in which that
cannot happen.

Theorem 9. Let V and W be finite-dimensional vector spaces over the
field ¥ such that dgm V = dim W. If T is a linear transformation from V into
W, the following are equivalent:

(1) T s tnvertzble.
(11) T s non-singular.
(iii) T 7s onto, that s, the range of T is W.

Proof. Let n = dim V = dim W. From Theorem 2 we know that
rank (7) + nullity (T) = n.

Now T is non-singular if and only if nullity (T') = 0, and (since n = dim
W) the range of T is W if and only if rank (T') = n. Since the rank plus the
nullity is n, the nullity is O precisely when the rank is n. Therefore T is
non-singular if and only if T(V) = W. So, if either condition (ii) or (iii)
holds, the other is satisfied as well and 7" is invertible. |

We caution the reader not to apply Theorem 9 except i the presence
of finite-dimensionality and with dim ¥V = dim W. Under the hypotheses
of Theorem 9, the conditions (i), (ii), and (iii) are also equivalent to these.

(iv) If {ay, ..., on} 15 basts for V, then {Tay, ..., Ta,} is a basis for
W.
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(v) There is some basis {ay, . . ., an} for V such that {Tay, . .., Tan}
1s a basts for W.

We shall give a proof of the equivalence of the five conditions which
contains a different proof that (i), (ii), and (iii) are equivalent.

(i) = (ii). If T is invertible, T’ is non-singular. (ii) = (iii). Suppose
T is non-singular. Let {ai, ..., a.} be a basis for V. By Theorem 8,
{Tay, ..., Tas} is a linearly independent set of vectors in W, and since
the dimension of W is also n, this set of vectors is a basis for W. Now let 8
be any vector in W. There are scalars ¢, . . ., ¢, such that

B =c(Tay) + -+ + ca(Tan)
= T(Clal + M + cnan)

which shows that 8 is in the range of 7. (iii) = (iv). We now assume that
T is onto. If {ay, ..., s} is any basis for V, the vectors Tay, ..., Ta,
span the range of T, which is all of W by assumption. Since the dimension
of W isn, thesen vectors must be linearly independent, that is, must comprise
a basis for W. (iv) = (v). This requires no comment. (v) = (1). Suppose
there is some basis {ay, ..., ay} for V such that {Tay ..., Ta,} is a
basis for W. Since the Ta; span W, it is clear that the range of T is all of W.
If @« = ciay + - -+ + cpay, is in the null space of 7, then

T(clou + -+ c,.a,.) =0
or

ci(Ter) + - + ca(Tam) =0

and since the T'a; are independent each ¢; = 0, and thus « = 0. We have
shown that the range of T is W, and that T is non-singular, hence T is
invertible.

The set of invertible linear operators on a space V, with the operation
of composition, provides a nice example of what is known in algebra as
a ‘group.” Although we shall not have time to discuss groups in any detail,
we shall at least give the definition.

Definition. A group consists of the following.

1. 4 set G;
2. A rule (or operation) which associates with each pair of elements x,
y i G an element xy in G in such a way that
(a) x(yz) = (xy)z, for all x, y, and z in G (associativity);
(b) there vs an element e in G such that ex = xe = x, for every x in G;
(c) to each element x in G there corresponds an element x~* in G such
that xx~1 = x7Ix = e.

We have seen that composition (U, T) = UT associates with each
pair of invertible linear operators on a space V another invertible operator
on V. Composition is an associative operation. The identity operator I
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satisfies IT = TT for each T, and for an invertible 7' there is (by Theorem
7) an.invertible linear operator 7! such that T7-! = 7-'T" = I. Thus the
set of invertible linear operators on V, together with this operation, is a
group. The set of invertible n X n matrices with matrix multiplica-
tion as the operation is another example of a group. A group is called
commutative if it satisfies the condition xy = yx for each z and y. The
two examples we gave above are not commutative groups, in general. One
often writes the operation in a commutative group as (z,y) =2 + y,
rather than (z, y) = zy, and then uses the symbol O for the ‘identity’
element e. The set of vectors in a vector space, together with the operation
of vector addition, is a commutative group. A field can be desecribed as a
set with two operations, called addition and multiplication, which is a
commutative group under addition, and in which the non-zero elements
form a commutative group under multiplication, with the distributive
law z(y 4+ 2) = zy 4+ 2z holding.

Exercises

1. Let T and U be the linear operators on R?2 defined by
T(x1, 22) = (23, 21) and U(ay, 22) = (1, 0).

(a) How would you describe T and U geometrically?
(b) Give rules like the ones defining T and U for each of the transformations
(U+T), UT, TU, T2, U=

2. Let T be the (unique) linear operator on C? for which
Te = (1,0,7), Te: = (0,1,1), Te; = (1,1, 0).

Is T invertible?

3. Let T be the linear operator on R? defined by

T(x1, X2, 23) = (321, 21 — T3, 211 + T2 + T3).

Is T invertible? If so, find a rule for T like the one which defines T'.

4. For the linear operator T of Exercise 3, prove that

(T* = I)(T - 3I) = 0.

5. Let € be the complex vector space of 2 X 2 matrices with complex entries.

Let
1 -1
B=[_y 7]

and let T be the linear operator on C>? defined by T(A) = BA. What is the
rank of 7? Can you describe T'??

6. Let T be a linear transformation from R® into R? and let U be a linear trans-
formation from R? into R®. Prove that the transformation UT is not invertible.
Generalize the theorem.
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7. Find two linear operators T and U on R? such that TU = 0 but UT £ 0.

8. Let V be a vector space over the field  and T a linear operator on V. If T2 = 0,
what can you say about the relation of the range of T to the null space of T7?
Give an example of a linear operator T on R? such that 7% = 0 but T < 0.

9. Let T be a linear operator on the finite-dimensional space V. Suppose there
is a linear operator U on V such that TU = I. Prove that T is invertible and
U = T-1, Give an example which shows that this is false when V is not finite-
dimensional. (Hint: Let T = D, the differentiation operator on the space of poly-
nomial functions.)

10. Let A be an m X n matrix with entries in ¥ and let T be the linear transforma-
tion from F»1 into F™¥! defined by T(X) = AX. Show that if m < n it may
happen that T is onto without being non-singular. Similarly, show that if m > n
we may have T non-singular but not onto.

11. Let V be a finite-dimensional vector space and let T be a linear operator on V.
Suppose that rank (7% = rank (7). Prove that the range and null space of T are
disjoint, i.e., have only the zero vector in common.

12. Let p, m, and n be positive integers and F a field. Let V be the space of m X n
matrices over F and W the space of p X n matrices over F. Let B be a fixed p X m
matrix and let 7 be the linear transformation from V into W defined by
T(A) = BA. Prove that T is invertible if and only if p = m and B is an invertible
m X m matrix.

3.3. Isomorphism

If V and W are vector spaces over the field F, any one-one linear
transformation 7' of V onto W is called an isomorphism of V onto W.
If there exists an isomorphism of V onto W, we say that V is isomorphic
to W.

Note that V is trivially isomorphic to V, the identity operator being
an isomorphism of V onto V. Also, if V is isomorphic to W via an iso-
morphism 7, then W is isomorphic to V, because 7! is an isomorphism
of W onto V. The reader should find it easy to verify that if V is iso-
morphic to W and W is isomorphic to Z, then V is isomorphic to Z. Briefly,
isomorphism is an equivalence relation on the class of vector spaces. If
there exists an isomorphism of V onto W, we may sometimes say that V
and W are isomorphie, rather than V is isomorphic to W. This will cause
no confusion because V is isomorphic to W if and only if W is isomorphic
to V.

Theorem 10. Every n-dimensional vector space over the field F is iso-
morphic to the space F™.

Proof. Let V be an n-dimensional space over the field F and let
® = {ay...,a,} be an ordered basis for V. We define a function T
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from V into F», as follows: If a is in V, let T be the n-tuple (z,, . . ., z,)
of coordinates of « relative to the ordered basis ®, i.e., the n-tuple such
that

a = Tioq + ¢+ Than.

In our discussion of coordinates in Chapter 2, we verified that this 7 is
linear, one-one, and maps V onto F». |

For many purposes one often regards isomorphic vector spaces as
being ‘the same,” although the vectors and operations in the spaces may
be quite different, that is, one often identifies isomorphic spaces. We
shall not attempt a lengthy discussion of this idea at present but shall
let the understanding of isomorphism and the sense in which isomorphic
spaces are ‘the same’ grow as we continue our study of vector spaces.

We shall make a few brief comments. Suppose 7' is an isomorphism
of ¥V onto W. If S is a subset of V, then Theorem 8 tells us that S is linearly
independent if and only if the set 7(S) in W is independent. Thus in
deciding whether S is independent it doesn’t matter whether we look at S
or 7(S). From this one sees that an isomorphism is ‘dimension preserving,’
that is, any finite-dimensional subspace of V has the same dimension as its
image under 7. Here is a very simple illustration of this idea. Suppose 4
is an m X n matrix over the field . We have really given two definitions
of the solution space of the matrix A. The first is the set of all n-tuples
(21, . . ., x,) in F* which satisfy each of the equations in the system 4 X =
0. The second is the set of all » X 1 column matrices X such that AX = 0.
The first solution space is thus a subspace of F* and the second is a subspace
of the space of all n X 1 matrices over #. Now there is a completely
obvious isomorphism between F* and F~<!, namely,

[
@y ..., 20 —
Tn

Under this isomorphism, the first solution space of 4 is carried onto the
second solution space. These spaces have the same dimension, and so
if we want to prove a theorem about the dimension of the solution space,
it is immaterial which space we choose to discuss. In fact, the reader
would probably not balk if we chose to identify F» and the space of n X 1
matrices. We may do this when it is convenient, and when it is not con-
venient we shall not.

Exercises
1. Let V be the set of complex numbers and let F be the field of real numbers.

With the usual operations, V is a vector space over F. Describe explicitly an iso-
morphism of this space onto R2
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2. Let V be a vector space over the field of complex numbers, and suppose there
is an isomorphism 7' of V onto C3. Let o, o, a3, 024 be vectors in V such that
Tay = (1,0,1),  Tos = (—2,1+471,0),
Tay = (=1,1,1), Tas= (V2,1,3).
(a) Is a; in the subspace spanned by a, and a5?
(b) Let W, be the subspace spanned by oy and az, and let W, be the subspace
spanned by a3 and as. What is the intersection of Wy and W,?
(e) Find a basis for the subspace of V spanned by the four vectors a;.
3. Let W be the set of all 2 X 2 complex Hermitian matrices, that is, the set

of 2 X 2 complex matrices A such that A,; = A;; (the bar denoting complex
conjugation). As we pointed out in Example 6 of Chapter 2, W is a vector space
over the field of real numbers, under the usual operations. Verify that

t+z y+ zz]
@y - 1% V)
is an isomorphism of R4 onto W.
4. Show that F™* is isomorphic to '™,

5. Let V be the set of complex numbers regarded as a vector space over the
field of real numbers (Exercise 1). We define a funetion 7 from V into the space
of 2 X 2 real matrices, as follows. If z = = + ¢y with z and ¥ real numbers, then

_Tz+7y 5y :|
T(z)_[—IOy x =Ty

(a) Verify that T is a one-one (real) linear transformation of V into the
space of 2 X 2 real matrices.

(b) Verify that T'(z12;) = T(z1)T(2).

(¢) How would you describe the range of 77

6. Let V and W be finite-dimensional vector spaces over the field F. Prove that
V and W are isomorphic if and only if dim V = dim W.

7. Let V and W be vector spaces over the field F and let U be an isomorphism
of V onto W. Prove that T — UTU-!is an isomorphism of L(V, V) onto L(W, W).

3.4. Representation of Transformations

by Matrices

Let V be an n-dimensional vector space over the field F and let W
be an m-dimensional vector space over F. Let 8 = {ay,..., as} be an
ordered basis for V and ®& = {8y, ..., B} an ordered basis for W. If T'
is any linear transformation from V into W, then T' is determined by its
action on the vectors «;. Each of the n vectors Te; is uniquely expressible
as a linear combination

(3-3) Ta; = 12": 4B
i=1
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of the B;, the scalars Ay, ..., A,; being the coordinates of Ta; in the
ordered basis ®’. Accordingly, the transformation 7T is determined by
the mn scalars A;; via the formulas (3-3). The m X n matrix A defined
by A7, j) = 4i;is called the matrix of 7 relative to the pair of ordered
bases ® and ®'. Our immediate task is to understand explicitly how
the matrix A determines the linear transformation 7.

If a = 2104 + -+ + Zpay, 1s a vector in V, then

Ta = T(é x]-a,->

i=1

3 2;(Tay)
i=1

i
YL

m
z; T AiBi
i=1 i=1

m n

=3 (E Aiﬂ;’) Bi.
1=1 \j=1

If X is the coordinate matrix of « in the ordered basis &, then the com-

putation above shows that AX is the coordinate matrix of the vector Ta

in the ordered basis ®’, because the scalar

n
T Ayx;
i=1

is the entry in the 7th row of the column matrix 4AX. Let us also observe
that if A is any m X n matrix over the field F, then

(3-4) T( x,-a,-) . (% Aijxj) Bi

i=1 \j=1

2
i=1
defines a linear transformation 7' from V into W, the matrix of which is
A, relative to ®, ®’. We summarize formally :

Theorem 11. Let V be an n-dimensional vector space over the field I
and W an m-dimensional vector space over ¥. Let ® be an ordered basis for
V and ®' an ordered basis for W. For each linear transformation T from V
into W, there is an m X n matriz A with entries in I such that

[Talor = Alals

for every vector a in V. Furthermore, T — A is a one-one correspondence
between the set of all linear transformations from V into W and the set of
all m X n matrices over the field F.

The matrix A which is associated with 7 in Theorem 11 is called the
matrix of 7 relative to the ordered bases ®, ®'. Note that Equation
(3-3) says that A is the matrix whose columns 4,, ..., 4, are given by

A;=[Tejley, Jj=1,...,n
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If U is another linear transformation from V into W and B = [By, . . ., B,]
is the matrix of U relative to the ordered bases ®, ®’ then cA + B is the
matrix of ¢T" + U relative to ®, ®’. That is clear because

cA; + B; = c[Ta;le + [Uajlw
[cTa; + Uajle
= [(cT + U)a;le-

Theorem 12. Let V be an n-dimensional vector space over the field F
and let W be an m-dimensional vector space over ¥. For each pair of ordered
bases ®, ®' for V and W respectively, the function which assigns to a linear
transformation T its matriz relative to B, ®' is an isomorphism between the
space L(V, W) and the space of all m X n matrices over the field F.

Proof. We observed above that the function in question is linear,
and as stated in Theorem 11, this function is one-one and maps L(V, W)
onto the set of m X n matrices. J

We shall be particularly interested in the representation by matrices
of linear transformations of a space into itself, i.e., linear operators on a
space V. In this case it is most convenient to use the same ordered basis
in each case, that is, to take ® = ®’. We shall then call the representing
matrix simply the matrix of T relative to the ordered basis ®. Since
this concept will be so important to us, we shall review its definition. If T
is a linear operator on the finite-dimensional vector space V and & =
{ay, . . ., as} is an ordered basis for V, the matrix of 7' relative to ® (or, the
matrix of 7' in the ordered basis ®) is the n X n matrix A whose entries
A ;; are defined by the equations

(3-5) Taj = i A i, ] =1...,n
i=1

One must always remember that this matrix representing 7' depends upon
the ordered basis ®, and that there is a representing matrix for 7' in each
ordered basis for V. (For transformations of one space into another the
matrix depends upon two ordered bases, oue for V and one for W.) In order
that we shall not forget this dependence, we shall use the notation

[T]s

for the matrix of the linear operator T in the ordered basis ®. The manner
in which this matrix and the ordered basis describe T is that for each ain V

[Tale = [T]el]e.

Exampii 13. Let V be the space of n X 1 column matrices over the
field F; let W be the space of m X 1 matrices over F; and let A be a fixed
m X n matrix over F. Let T be the linear transformation of V into W
defined by T'(X) = AX. Let ® be the ordered basis for V analogous to the
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standard basis in F», i.e., the 7th vector in ® in the n X 1 matrix X; with
a 1 in row 7 and all other entries 0. Let ®' be the corresponding ordered
basis for W, i.e., the jth vector in &' is the m X 1 matrix ¥; with a 1 in row
7 and all other entries 0. Then the matrix of T relative to the pair ®, ®’ is
the matrix A4 itself. This is clear because the matrix A X is the jth column
of 4.

ExamprLE 14. Let F be a field and let T be the operator on F2defined by
T(zy, x2) = (x1, 0).
It is easy to see that T is a linear operator on F2. Let ® be the standard
ordered basis for F2, ® = {e, €2}. Now
Teg = T(1,0) = (1,0) = 1l + Oey
Te = T(0,1) = (0,0) = 0¢ + Oe;

so the matrix of T in the ordered basis ® is

s =[5 of

ExampLE 15. Let V be the space of all polynomial functions from R
into R of the form

f@) = co + ax + cx? + c2?

that is, the space of polynomial functions of degree three or less. The
differentiation operator D of Example 2 maps V into V, since D is ‘degree
decreasing.” Let ® be the ordered basis for V consisting of the four functions
fl, f2, fa, f4 defined by f,-(x) = z1, Then

Df)(@) = 0, Df, = 0f1 + 0f: + 0f; + 0f,

(Df2)(x) = 1, Df, 1fi + 0f; 4+ Ofs + 0f,

(Dfs)(x) = 2z,  Dfs = 0fi + 22 + 0fs + 0f

(Dfy)(z) = 3x?, Df, = 0fi + 0f: + 3fs + 0f,
so that the matrix of D in the ordered basis ® is

fl

0100

00 20
Pla=19 0 0 3]
0 00O

We have seen what happens to representing matrices when transfor-

mations are added, namely, that the matrices add. We should now like
to ask what happens when we compose transformations. More specifically,
let V, W, and Z be vector spaces over the field F of respective dimensions
n, m, and p. Let T be a linear transformation from V into W and U a linear
transformation from W into Z. Suppose we have ordered bases

® = {ay...,a, ® = {By,...,Bn} B = {y1,- -, Vo}
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for the respective spaces V, W, and Z. Let A be the matrix of 7T relative
to the pair &, ® and let B be the matrix of U relative to the pair ®’, ®"’.
It is then easy to see that the matrix €' of the transformation UT relative
to the pair ®, ®" is the product of B and A; for, if « is any vector in V

[Tale = Alals
[U(Ta)]g» = B[Ta]w
and so
[(UT)()]e" = BAlals

and hence, by the definition and uniqueness of the representing matrix,
we must have C = BA. One can also see this by carrying out the computa-
tion

(UT)(e)) = U(Te)

U ( § Aijk)
k=1

b Axi(UBk)
k=1

1l
I M3

P
Akj > Bz’k'Yi
1 i=1

¢
so that we must have

(3'6) Cij = kgll BikAkj.

k

]
I M=
[R\CF}

BikAkj> Yi

1

1

We motivated the definition (3-6) of matrix multiplication via operations
on the rows of a matrix. One sees here that a very strong motivation for
the definition is to be found in composing linear transformations. Let us
summarize formally.

Theorem 13. Let V, W, and 7 be fintte-dimensional vector spaces over
the field F; let T be a linear transformation from V into W and U a linear
transformation from W into Z. If ®, ®', and ®'' are ordered bases for the
spaces V, W, and Z, respectively, if A is the matriz of T relative to the pair
®, ®', and B is the matriz of U relative to the pair ®', ®", then the matrix
of the composition UT relative to the pair B, ®" is the product matrizc C = BA.

We remark that Theorem 13 gives a proof that matrix multiplication
is associative—a proof which requires no calculations and is independent
of the proof we gave in Chapter 1. We should also point out that we proved
a special case of Theorem 13 in Example 12.

It is important to note that if 7' and U are linear operators on a
space V and we are representing by a single ordered basis ®, then Theorem
13 assumes the simple form [UT]g = [Ulg[7]s. Thus in this case, the
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correspondence which ® determines between operators and matrices is not
only a vector space isomorphism but also preserves products. A simple
consequence of this is that the linear operator 7T is invertible if and only if
[T]@ is an invertible matrix. For, the identity operator I is represented by
the identity matrix in any ordered basis, and thus

UTr=TU =1
is equivalent to
[U1a[T]e = [T)a[U)s = I.
Of course, when T is invertible
[T-'g = [T]a"

Now we should like to inquire what happens to representing matrices
when the ordered basis is changed. Ior the sake of simplicity, we shall
consider this question only for linear operators on a space V, so that we
can use a single ordered basis. The specific question is this. Let T be a
linear operator on the finite-dimensional space V, and let

® ={ay...,any and ® = {of,...,an}
be two ordered bases for V. How are the matrices [T]g and [T related?

As we observed in Chapter 2, there is a unique (invertible) n X n matrix P
such that

3-7) [e]le = Plale

for every vector « in V. It is the matrix P = [Py, ..., P,] where P; =
[a;]@. By definition

(3-8) [Talg = [T]el]s.

Applying (3-7) to the vector T'a, we have

(3-9) [Tals = P[Talw.

Combining (3-7), (3-8), and (3-9), we obtain

[T)aPlalw = PlTala
or
P[TePlal = [Talw

and so it must be that
(3-10) [T]a = P[T]gP.

This answers our question.
Before stating this result formally, let us observe the following. There
is a unique linear operator U which carries & onto ®’, defined by

’ s
Ua,-=aj, ]—1,...,71.

This operator U is invertible since it carries a basis for ¥ onto a basis for
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V. The matrix P (above) is precisely the matrix of the operator U in the
ordered basis ®. Ior, P is defined by

n

’

a;j = 2 Pia;
i=1

and since Uq; = af, this equation can be written
n

Uaj = 2 P,-J-a,-.
=1

1=

So P = [U]g, by definitiow.

Theorem 14. Let V be a finite-dimensional vector space over the field F,
and let

®={ay...,n} and ® = {af,...,an}

be ordered bases for V. Suppose T is a linear operator on V. If P = [Py, . .
P.] is the n X n matriz with columns Py = [af]g, then

[Tla = P7'[TleP.
Alternatively, if U is the invertible operator on V defined by Uy = «aj, ] =

1,...,n, then
[Tle = [Ulg'[Tla[Uls.

ExampLe 16. Let T be the linear operator on R? defined by T'(z1, z2) =
(x1, 0). In Example 14 we showed that the matrix of 7' in the standard
ordered basis ® = {e, €} is

[Tl = [ 8]

Suppose ®’ is the ordered basis for R? consisting of the vectors ¢ = (1, 1),
& = (2,1). Then

ty

a= a+te

Gé = 2¢ + €2

e[
relh D
[T]e = P [T]eP )
[0 0 )
[

1
_[—1 -27
“L1o2

so that P’ is the matrix

By a short computation

Thus
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We can easily check that this is correct because
Tet = 1,0) = —e + &
Tes = (2,0) = —2¢ + 2¢.

ExampLE 17. Let V be the space of polynomial functions from R into
R which have ‘degree’ less than or equal to 3. As in Example 15, let D be
the differentiation operator on V, and let

® = {flezxf3’f4}

be the ordered basis for V defined by fi(x) = z* ' Let ¢ be a real number
and define ¢;(z) = (z + ¢)*!, that is

g1 = f1

g2 = tfl +f2

gs = t*fi + 2t + fs

gs = 1 + 3t%f2 + 3tfs + fa

Since the matrix
1 ¢ 2 3
0 1 2t 3t
P=1o 0 1 3

00 O 1

is easily seen to be invertible with

1 —t 12 —3
0 1 -2 3t?
0 0 1 —3t

0 0 0 1

it follows that ® = {g1, ¢s, 3, g«} is an ordered basis for V. In Example 15,
we found that the matrix of D in the ordered basis ® is

Pt =

0100
00 2 0
Dls =15 0 0 3
00 00
The matrix of D in the ordered basis ®' is thus
1 —¢ {2 £70 1 0 01 ¢ 2 3
0 1 —2 3g2{l0 0 2 Ofl0 1 2t 3¢
PRDIeP =14 1 -3t {lo oo 3{lo o 1 3t
0 0 0 1410 o0 0 0JLO 0 0 1
1 —t 2 170 1 2t 3t
Jo 1 —2 3210 0 2 6t
10 0 1 -3t 0 0 0 3
0 0 0 140 0 0 0
0 1 0 0
oo 20
“lo oo 3}
0 0 00
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Thus D is represented by the same matrix in the ordered bases ® and ®’.
Of course, one can see this somewhat more directly since

Dg, =0
Dg: = ¢
Dg, = 2g,
Dg4 = 3ga.

This example illustrates a good point. If one knows the matrix of a linear
operator in some ordered basis ® and wishes to find the matrix in another
ordered basis ®’, it is often most convenient to perform the coordinate
change using the invertible matrix P; however, it may be a much simpler
task to find the representing matrix by a direct appeal to its definition.

Definition. Let A and B be n X n (square) matrices over the field F.
We say that B is similar to A over I' if there is an invertible n X n matriz
P over ¥ such that B = P~1AP,

According to Theorem 14, we have the following: If V is an n-dimen-
sional vector space over F and ® and ®' are two ordered bases for V,
then for each linear operator 7" on V the matrix B = [T]g is similar to
the matrix A = [T]g. The argument also goes in the other direction.
Suppose A and B are n X n matrices and that B is similar to A. Let
V be any n-dimensional space over ¥ and let ® be an ordered basis for V.
Let T be the linear operator on V which is represented in the basis ® by
A.If B = P71AP, let ®' be the ordered basis for V obtained from ® by P,
ie.,

n
’
aj = E P,-ja,-.
=1

Then the matrix of 7T in the ordered basis ®' will be B,

Thus the statement that B is similar to 4 means that on each n-
dimensional space over F the matrices A and B represent the same linear
transformation in two (possibly) different ordered bases.

Note that each n X n matrix A is similar to itself, using P = I; if
B is similar to A4, then A is similar to B, for B = P~'AP implies that
A = (P~1)"'BP-1;if Bissimilar to A and C is similar to B, then C is similar
to A, for B = P'AP and C = @~'BQ imply that C = (PQ)'A(PQ).
Thus, similarity is an equivalence relation on the set of n X n matrices
over the field F. Also note that the only matrix similar to the identity
matrix [ is I itself, and that the only matrix similar to the zero matrix is
the zero matrix itself.
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Exercises

1. Let T be the linear operator on C? defined by 7T(zy, 22) = (21, 0). Let ® be
the standard ordered basis for C? and let B’ = {a,, az} be the ordered basis defined
by a; = (1,1), a2 = (=1, 2).

(a) What is the matrix of T relative to the pair 8, ®'?
(b) What is the matrix of T relative to the pair ®’, ®?
(c) What is the matrix of 7 in the ordered basis ®'?

(d) What is the matrix of T in the ordered basis {a, a1} ?

2. Let T be the linear transformation from R? into R? defined by
T(x1, T2, 23) = (21 + 2o, 225 — 71).

(a) If ® is the standard ordered basis for R® and ®' is the standard ordered
basis for R?, what is the matrix of T relative to the pair &, ®'?
(b) If B = {a, s, 3} and B’ = {4, Baf, where

o = (1) 0, _1)) a = (1,1, 1); az = (17 0, 0): B = (0, l)y B = (1; O)
what is the matrix of T relative to the pair B, ®'?

3. Let T be a linear operator on F7, let 4 be the matrix of T in the standard
ordered basis for /', and let W be the subspace of F* spanned by the column
vectors of 4. What does W have to do with 7?

4. Let V be a two-dimensional vector space over the field F, and let ® be an
ordered basis for V. If T is a linear operator on V and

a b
e =2 7]
prove that 7* — (a 4+ d)T + (ad — bc)l = 0.

5. Let T be the linear operator on R? the matrix of which in the standard ordered

basis is
1 21
A= |: 01 1:|'
-1 3 4

Find a basis for the range of T and a basis for the null space of T.
6. Let T be the linear operator on R? defined by
T(Il, 1‘2) = (—1'2, 1'1).

(a) What is the matrix of 7 in the standard ordered basis for B??

(b) What is the matrix of T in the ordered basis ® = {a1, @}, wherea;, = (1, 2)
and ay = (1, —1)?

(¢) Prove that for every real number ¢ the operator (T — ¢I) is invertible.

(d) Prove that if ® is any ordered basis for R?2and [T]g = A, then 434 # 0.

7. Let T be the linear operator on R? defined by
T(21, X2, 73) = (321 + T3, — 221 + 3, —21 + 222 + 413).
(a) What is the matrix of T in the standard ordered basis for R®?
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(b) What is the matrix of T in the ordered basis
{ab Qs a3}
where oy = (1,0,1), @2 = (—1,2,1), and a3 = (2,1, 1)?
(c) Prove that T is invertible and give a rule for 7! like the one which de-
fines T.

8. Let 6 be a real number. Prove that the following two matrices are similar
over the field of complex numbers:

[cosO —sin 0], [e“’ 0 :I
sin cos 6 0 ¥

(Htnt: Let T be the linear operator on C? which is represented by the first matrix
in the standard ordered basis. Then find vectors oy and a; such that Ta;, = e?q,
Tap = e ¥ay, and {oy, @z} is a basis.)

9. Let V be a finite-dimensional vector space over the field 7 and let S and T
be linear operators on V. We ask: When do there exist ordered bases @ and ®’
for V such that [Slg = [T]a’? Prove that such bases exist if and only if there is
an invertible linear operator U on V such that 7' = USU™L (Outline of proof:
If [Sle = [T)w, let U be the operator which carries @ onto ®’ and show that
S = UTUY, Conversely, if T = USU™! for some invertible U, let & be any
ordered basis for V and let ®’ be its image under U. Then show that [S]g = [T]&.)

10. We have seen that the linear operator T on R? defined by T(z1, z2) = (z1, 0)
is represented in the standard ordered basis by the matrix

10
4= [o 0]l
This operator satisfies T2 = T'. Prove that if S is a linear operator on B2 such that
82 =8, then S =0, or S = I, or there is an ordered basis & for R? such that
[Slg = A (above).

11. Let W be the space of all » X 1 column matrices over a field 7, If 4 is an
n X n matrix over F, then A defines a linear operator Ly on W through left
multiplication: L4(X) = AX. Prove that every linear operator on W is left multi-
plication by some n X n matrix, i.e., is L4 for some 4,

Now suppose V is an n-dimensional vector space over the field 7, and let ®
be an ordered basis for V. For each « in V, define Ua = [a]g. Prove that U is an
isomorphism of V onto W. If T is a linear operator on V, then UTU™! is a linear
operator on W. Accordingly, UTU1is left multiplication by some n X n matrix 4.
What is A?

12. Let V be an n-dimensional vector space over the field F, and let ® =
{a1, . . ., an} be an ordered basis for V.
(a) According to Theorem 1, there is a unique linear operator T on V such that

' Taj=ajy, j=1,...,a~=1,  Tay,=0.

What is the matrix A of T in the ordered basis ®?

(b) Prove that T = 0 but 7! # 0.

(e) Let S be any linear operator on V such that S* = 0 but S*1 7 0. Prove
that there is an ordered basis ®’ for V such that the matrix of S in the ordered
basis ®’ is the matrix A of part (a).
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(d) Prove that if M and N are n X n matrices over F such that M» = N» = 0
but M7~1 £ 0 % N*1, then M and N are similar.

13. Let V and W be finite-dimensional vector spaces over the field F and let T
be a linear transformation from V into W. If

®={ay...,0.} and ® = {B,...,Bns
are ordered bases for V and W, respectively, define the linear transformations E#-¢

as in the proof of Theorem 5: EP%a;) = 8;3,. Then the Ere, 1 < p < m,
1 < ¢ < n, form a basis for L(V, W), and so

m n
T= 3 3 Ayl
p=1¢g=1
for certain scalars A, (the coordinates of T in this basis for L(V, W)). Show that
the matrix 4 with entries A(p, ¢) = Ay, is precisely the matrix of T relative to
the pair ®, ®'.
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3.5. Linear Functionals

If V is a vector space over the field F, a linear transformation f from V
into the scalar field F is also called a linear functional on V. If we start
from scrateh, this means that f is a function from V into F such that

flea + B) = cf(@) +1(8)

for all vectors « and 8 in V and all scalars ¢ in F. The concept of linear
functional is important in the study of finite-dimensional spaces because
it helps to organize and clarify the discussion of subspaces, linear equations,
and coordinates.

IExaMpLE 18. Let F be a field and let ay, . . ., a, bescalarsin F. Define
a function f on F» by

f@y...,2) =@z + -+ + Cun.

Then f is a linear functional on F». It is the linear functional which is
represented by the matrix [a; - - - a,] relative to the standard ordered
basis for F» and the basis {1} for F:

a; = f(e;), j=1,...,n
Every linear functional on F~ is of this form, for some scalars ay, . . ., a,.
That is immediate from the definition of linear functional because we define
a; = f(¢;) and use the linearity

. f@y ..., z.) =Ff (? IC:'EJ')
= ,E z;f(e5)

= E a;Tj.
]
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ExampLE 19. Here is an important example of a linear functional.
Let n be a positive integer and F a field. If A is an n X n matrix with
entries in F, the trace of A is the scalar

tI‘A =A11+A22+"' +A1m-

The trace function is a linear functional on the matrix space F™<* because

tr (¢4 + B) = Eﬂl (A + By)

1=

c i Au+ % B
i=1 i=1
=ctrA 4+ tr B.

ExampLE 20. Let V be the space of all polynomial functions from the
field F into itself. Let ¢ be an element of F. If we define

L.(p) = p(®)

then L, is a linear functional on V. One usually describes this by saying
that, for each ¢, ‘evaluation at ¢ is a linear functional on the space of
polynomial funections. Perhaps we should remark that the fact that the
functions are polynomials plays no role in this example. Evaluation at ¢
is a linear functional on the space of all functions from F into F.

ExampLE 21. This may be the most important linear functional in
mathematics. Let [a, b] be a closed interval on the real line and let C([a, b))
be the space of continuous real-valued functions on [a, b]. Then

Lig) = [ g0 dt

defines a linear functional L on C([a, b]).

If V is a vector space, the collection of all linear functionals on V
forms a vector space in a natural way. It is the space L(V, F). We denote
this space by V* and call it the dual space of V:

V* = LV, F).

If V is finite-dimensional, we can obtain a rather explicit description
of the dual space V*. From Theorem 5 we know something about the
space V* namely that

dim V* = dim V.

Let ® = {ay, ..., a,; be a basis for V. According to Theorem 1, there
is (for each 7) a unique linear functional f; on V such that

(3-11) filey) = 8.

In this way we obtain from ® a set of n distinct linear functionalsfy, . . ., fr
on V. These functionals are also linearly independent. For, suppose
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(3-12) =2 ofe
Then
flay) = Z cifila;)
= % Cibij
=1
= Cj.

In particular, if f is the zero functional, f(e;) = 0 for each j and hence
the scalars ¢; are all 0. Now fi, ..., f, are n linearly independent funec-
tionals, and since we know that V* has dimension n, it must be that
®* = {fi,...,fs} is a basis for V*. This basis is called the dual basis
of ®.

Theorem 15. Let V be a finite-dimensional vector space over the field F,

and let ® = {ay, ..., ans be a basis for V. Then there is a unique dual
basis ®* = {fy, ..., f.} for V* such that fi(e;) = 8:;. For each linear func-
tional f on 'V we have
(3-13) = T flan)f;

i=1

and for each vector a in V we have
(3-14) = 3 fil@)a
i=1

Proof. We have shown above that there is a unique basis which is
‘dual’ to ®@. If f is a linear functional on V, then f is some linear combination
(8-12) of the f;, and as we observed after (3-12) the scalars ¢; must be given
by ¢; = f(;). Similarly, if
a = E T

i=1

is a vector in V, then

fila)

EI z:ifi(es)

n
2 zbi;
i=1

so that the unique expression for « as a linear combination of the «; is
n
a= 3 fil@)a |
i=1

Equation (3-14) provides us with a nice way of deseribing what the
dual basis is. It says, if ® = {a1, ..., an} i an ordered basis for V and

99
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®* = {f1,...,f.t is the dual basis, then f; is precisely the function
which assigns to each vector « in V the 7th coordinate of « relative to the
ordered basis ®. Thus we may also call the f; the coordinate functions for
®. The formula (3-13), when combined with (3-14) tells us the following:
If f is in V*, and we let f(a;) = «;, then when

ax = xlal+ c +xnan
we have

(3-15) f(a) = 4T + -+ Apln.

In other words, if we choose an ordered basis & for V and describe each
vector in V by its n-tuple of coordinates (zi, . . ., x,) relative to &, then
every linear functional on V has the form (3-15). This is the natural
generalization of IExample 18, which is the special case V = F* and ® =

{e1, 0 o oy €n).

ExamrLE 22. Let V be the vector space of all polynomial functions
from R into K which have degree less than or equal to 2. Let ¢, ¢, and ¢
be any three distinct real numbers, and let

Li(p) = p(t).

Then Ly, L, and L; are linear functionals on V. These functionals are
linearly independent; for, suppose

L = oLy + ¢sLy + csLs.

IfL = 0,i.e.,if L(p) = Oforeach pin V, then applying L to the particular
polynomial ‘functions’ 1, z, x2, we obtain

at+etea=0
bier + toce + tscs = 0
Bei+ e+ s = 0

From this it follows that ¢; = ¢, = ¢; = 0, because (as a short computation
shows) the matrix

1 1 1

tl tz ta

g 6 8
is invertible when ¢, {;, and ¢ are distinet. Now the L; are independent,
and since V has dimension 3, these functionals form a basis for V*. What
is the basis for V, of which this is the dual? Such a basis {pi, ps, ps} for V
must satisfy

Li(p;) = &

or

pi(ts) = ;.

These polynomial functions are rather easily seen to be
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(@ — b)(@ — &)

Pe) = GG — )

_ @) —t)
PC) = GG = b
pa(x) - (17 — tl)(x —_ tg).

(ts — t)(ts — 1)

The basis {pi, ps, pa} for V is interesting, because according to (3-14) we
have for each p in V

p = p(t)pr + pt)p: + p(ts)ps.

Thus, if ¢1, ¢z, and ¢; are any real numbers, there is exactly one polynomial
function p over R which has degree at most 2 and satisfies p(t;) = ¢;, 7 =
1, 2, 3. This polynomial function is p = cyp1 + cap2 + caps.

Now let us discuss the relationship between linear functionals and
subspaces. If f is a non-zero linear functional, then the rank of f is 1 because
the range of f is a non-zero subspace of the scalar field and must (therefore)
be the scalar field. If the underlying space V is finite-dimensional, the rank
plus nullity theorem (Theorem 2) tells us that the null space N, has
dimension

dimN; =dim V — 1.

In a vector space of dimension 7, a subspace of dimension n — 1 is called
a hyperspace. Such spaces are sometimes called hyperplanes or subspaces
of codimension 1. Is every hyperspace the null space of a linear functional?
The answer is easily seen to be yes. It is not much more difficult to show
that each d-dimensional subspace of an n-dimensional space is the inter-
section of the null spaces of (n — d) linear functionals (Theorem 16 below).

Definition. If V is a vector space over the field ¥ and S is a subset of V,
the annihilator of S is the set S° of linear functionals £ on V such that
f(a) = 0 for every a in S.

It should be clear to the reader that S° is a subspace of V*, whether
S is a subspace of V or not. If S is the set consisting of the zero vector
alone, then S° = V*. If § = V, then S°is the zero subspace of V*. (This is
easy to see when V is finite-dimensional.)

Theorem 16. Let V be a finite-dimensional vector space over the field F,
and let W be a subspace of V. Then

dim W + dim W° = dim V.

Proof. Let k be the dimension of W and {aj, . . ., ax} a basis for
W. Choose vectors ag1, . . ., @, In V such that {ay, ..., a.} is a basis for
V. Let {fi,...,f.} be the basis for V* which is dual to this basis for V.

101
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The claim is that {fi4s, . - ., f2} is a basis for the annihilator W?°. Certainly
fi belongs to W0 for ¢ > k + 1, because

filej) = 8;
and 8;; = 0if ¢ > k + 1 andj < k; from this it follows that, forz > k + 1,
fi(e) = 0 whenever « is a linear combination of o, . . . , a;. The functionals
fiaay . . ., fn are independent, so all we must show is that they span W?,

Suppose f is in V*. Now
§= 2 faf:

so that if f is in W° we have f(a;) = 0 for ¢ < k and

n

f= 2 fla)fs
1=k+1
We have shown that if dim W = k and dim V = n then dim W° =
n—k |}

Corollary. If W is a k-dimensional subspace of an n-dimensional vector
space V, then W 1is the intersection of (n — k) hyperspaces in V.

Proof. This is a corollary of the proof of Theorem 16 rather than
its statement. In the notation of the proof, W is exactly the set of vectors «
such that fi(e) = 0,2 =k +1,...,n Incase k =n — 1, W is the null
space of f,. |

Corollary. If W, and W, are subspaces of a finite-dimensional vector
space, then Wy = W, if and only if W) = W3,

Proof. If Wy = W,, then of course Wi = W3. If Wy = W, then
one of the two subspaces contains a vector which is not in the other.
Suppose there is a vector @ which is in W, but not in W,. By the previous
corollaries (or the proof of Theorem 16) there is a linear functional f such
that f(8) = 0 for all 8 in W, but f(a) ¢ 0. Then f is in W9 but not in W3
and WY = W3, |

In the next section we shall give different proofs for these two corol-
laries. The first corollary says that, if we select some ordered basis for the
space, each k-dimensional subspace can be described by specifying (n — k)
homogeneous linear conditions on the coordinates relative to that basis.

Let us look briefly at systems of homogeneous linear equations from
the point of view of linear functionals. Suppose we have a system of linear
equations,

Apxry + --- + Az, =0

A,,llxl + s + A,,:,,x,, =0
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for which we wish to find the solutions. If we let f;, ¢ = 1,. .., m, be the
linear functional on F» defined by

f,-(:z:l, C ey xn) = Aﬂ:z:l + -+ Ainxn
then we are seeking the subspace of F” of all « such that
f,-(a)-——O, i=1,...,m.

In other words, we are seeking the subspace annihilated by fi, .. ., fa.
Row-reduction of the coefficient matrix provides us with a systematic
method of finding this subspace. The n-tuple (4., ..., Aw) gives the
coordinates of the linear functional f; relative to the basis which is dual
to the standard basis for F». The row space of the coefficient matrix may
thus be regarded as the space of linear functionals spanned by fi, . . ., fa.
The solution space is the subspace annihilated by this space of functionals.

Now one may look at the system of equations from the ‘dual’ point
of view. That is, suppose that we are given m vectors in F»

;= (A, ..., Ai)
and we wish to find the annihilator of the subspace spanned by these
vectors. Since a typical linear functional on F» has the form
J@y .oy @a) = a1 + -+ + Caltn
the condition that f be in this annihilator is that

7
that is, that (i, . . ., ¢.) be a solution of the system AX = 0. From this

point of view, row-reduction gives us a systematic method of finding the
annihilator of the subspace spanned by a given finite set of vectors in F.

n
1A,-,-c,'=0, i=1,...,m

ExampLE 23. Here are three linear functionals on R*:

fl(xl, T2, X3, x4) =T + 211:2 + 2(1}3 + X4
fz(xl, T2, T3, :134) = 22y + 24
f3(x1) T2, X3, x4) = _2371 —_ 42}3 + 3274,

The subspace which they annihilate may be found explicitly by finding the
row-reduced echelon form of the matrix

1 2 21
4 = 0 2 0 1¢f
-2 0 —4 3

A short calculation, or a peek at Example 21 of Chapter 2, shows that

1 0 20
R=]01 0 0f
0 0 01
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Therefore, the linear functionals

91(21, Ta, T3, Ty) = T1 + 213

g2(@1, T2y T3, Ta) = Ty

93(131, T, T3, 234) = T4
span the same subspace of (B4)* and annihilate the same subspace of R*
as do f1, f3, fs. The subspace annihilated consists of the vectors with

r = —2233
T = x4 = 0.

ExamrLE 24. Let W be the subspace of R® which is spanned by the
vectors

ap = (2; —-2,3, 4, _1): ag = (O) 0, —1, _21 3)
a; = (—1,1,2, 5, 2), as = (1, —1,2,3,0).
How does one describe W?, the annihilator of W? Let us form the 4 X 5

matrix A with row vectors ai, az, @3, as, and find the row-reduced echelon
matrix R which is row-equivalent to 4:

2 =2 3 4 -1 1 -1 0 -1 0
—1 1 2 5 2 0 01 2 0
A=t 0 o0 -1 -2 3|”%=lo o0 o 1]
1 -1 2 3 0 0 00 00
If f is a linear functional on R?:
5
f(zl,...,x5)=.21 CiT;
i

then f is in W if and only if f(a;) = 0,4 = 1, 2, 3, 4, i.e., if and only if
5
> 4dic; =0, 1<7< 4,
j=1

This is equivalent to

5
S Riyc; =0, 1<:<3
i=1

or
a—c—ca=0
03+2C4=0
05=0.

We obtain all such linear functionals f by assigning arbitrary values to
¢ and ¢y, say ¢, = a and ¢; = b, and then finding the corresponding ¢; =
a+b, ¢z = —2b, ¢s = 0. S0 W consists of all linear functionals f of the
form

S(@y, T3y 3, 24, 75) = (a + D)2y + azy — 2bx; + bz
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The dimension of W0 is 2 and a basis {fi, fo} for W? can be found by first
takinga = 1, b = 0 and thena = 0, b = 1:

fl(xl, e ,335) =z + T2

fz(xh ey 1?5) =1 — 223 + 24
The above general f in W°is f = af; + bfe.

Exercises

1 In R letas = (1,0,1), a2 = (0,1, =2), a5 = (—1, —1, 0).
(a) If f is a linear functional on R3 such that
fle) =1,  flag) = —1, fle) = 3,
and if @ = (a, b, ¢), find f(a).
(b) Describe explicitly a linear functional f on R® such that
fla) = flaz) = 0 but flaz) # 0.
(c¢) Let f be any linear functional such that
flar) = flag) =0 and flag) # 0.
If a = (2,3, —1), show that f(a) # 0.
2. Let B = {a, a3, oz} be the basis for €3 defined by
a = (1,0, —1), a = (1,1,1), az = (2,2,0).
Find the dual basis of ®.

3. If A and B are n X n matrices over the field ¥, show that trace (4B) = trace
(BA). Now show that similar matrices have the same trace.

4. Let V be the vector space of all polynomial functions p from R into R which

have degree 2 or less:
p(x) = 00 + 1T + coxt
Define three linear functionals on V by
1 2 -1
i) = [[p@ds,  po) = [Pp@de,  fip) = [ p@) da.

Show that {fi, fo, f3} is a basis for V* by exhibiting the basis for ¥ of which it is
the dual.

5. If A and B are n X n complex matrices, show that AB — BA = [ is im-
possible.

6. Let m and n be positive integers and F a field. Let fi, . . ., fm be linear func-
tionals on F». For  in F* define

Ta = (fila), . . ., fale)).
Show that T is a linear transformation from F~ into F™. Then show that every
linear transformation from F= into F™ is of the above form, for some fi, . . ., fm.

7. Leton = (1,0, —1,2) and a2 = (2, 3, 1, 1), and let W be the subspace of R*
spanned by o; and a,. Which linear functionals f:
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(1, 232, 25, :1:4} = ¢1%; + 2% + 3% + Cs24
are in the annihilator of W?
8. Let W be the subspace of R® which is spanned by the vectors

ay = € 4 2e; + ¢, o = € + 3e5 -+ 3¢5 + €
a3 = ¢ + 4e; + bez + 4eq + 6.

Find a basis for W,

9. Let V be the vector space of all 2 X 2 matrices over the field of real numbers,

and let
2 =2
s=[ 1 7T}

Let W be the subspace of V consisting of all 4 such that AB = 0. Let f be a linear
functional on V which is in the annihilator of W. Suppose that f(I) = 0 and
f(C) = 3, where I is the 2 X 2 identity matrix and

c=[5 1}
Find j(B).

10. Let F be a subfield of the complex numbers. We define n linear functionals
on Fr (n > 2) by

fe@y ey 7)) = 551 k—jz;, 1<k<n
P

What is the dimension of the subspace annihilated by fi, . . ., fa?

11. Let W, and W, be subspaces of a finite-dimensional vector space V.
(a) Prove that (W, + Wy)0 = W N W
(b) Prove that (W N Wo)? = W9 4 Wi

12. Let V be a finite-dimensional vector space over the field ¥ and let W be a
subspace of V. If fis a linear functional on W, prove that there is a linear functional
g on V such that g(a) = f(c) for each a in the subspace W.

13. Let F be a subfield of the field of complex numbers and let V be any vector
space over F. Suppose that f and ¢ are linear functionals on V such that the func-
tion A defined by A(a) = f(a)g(e) is also a linear functional on V. Prove that
either f = 0 org = 0.

14. Let F be a field of characteristic zero and let V be a finite-dimensional vector

space over F. If ay, . . ., a, are finitely many vectors in V, each different from the
zero vector, prove that there is a linear functional f on V such that
fle) # 0, i=1...,m

15. According to Exercise 3, similar matrices have the same trace. Thus we can
define the trace of a linear operator on a finite-dimensional space to be the trace
of any matrix which represents the operator in an ordered basis. This is well-
defined since all such representing matrices for one operator are similar.

Now let V be the space of all 2 X 2 matrices over the field F and let P be a
fixed 2 X 2 matrix. Let T be the linear operator on V defined by T(4) = PA.
Prove that trace (T') = 2 trace (P).
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16. Show that the trace functional on n X n matrices is unique in the following
sense, If W is the space of n X n matrices over the field ¥ and if f is a linear func-
tional on W such that f(AB) = f(BA) for each 4 and B in W, then f is a scalar
multiple of the trace function. If, in addition, f(I) = n, then f is the trace function.

17. Let W be the space of n X n matrices over the field ¥, and let W, be the sub-
space spanned by the matrices C' of the form C' = AB — BA. Prove that W, is
exactly the subspace of matrices which have trace zero. (Hint: What is the dimen-
sion of the space of matrices of trace zero? Use the matrix ‘units,’ i.e., matrices with
exactly one non-zero entry, to construct enough linearly independent matrices of
the form AB — BA.)

3.6. The Double Dual

One question about dual bases which we did not answer in the last
section was whether every basis for V* is the dual of some basis for V. One
way to answer that question is to consider V**, the dual space of V*,

If « is a vector in V, then « induces a linear functional L, on V*

defined b
e Lo(f) = fle), [ in V™

The fact that L, is linear is just a reformulation of the definition of linear
operations in V*:

La(cf + g) = (f + 9)(a)

(eN)(a) + g(a)

f(a) + g(a)

cLo(f) + La(9).

If V is finite-dimensional and a # 0, then L, 5 0; in other words, there
exists a linear functional f such that f(a) 0. The proof is very simple
and was given in Section 3.5: Choose an ordered basis ® = {ay, . .., an}
for V such that a; = a and let f be the linear functional which assigns to
each vector in V its first coordinate in the ordered basis ®.

Theorem 17. Let V be a finite-dimenstonal vector space over the field .
For each vector a in 'V define

L) = f(@), f n V*
The mapping « = L, 1s then an isomorphism of V onto V**,

Proof. We showed that for each o the function L, is linear.
Suppose a and g arein V and cisin F, and let v = ca 4+ 8. Then for each f

in V*
Ly(f) = f(x)
flea + 8)
of (@) + £(B)
cLa(f) + Ls(f)

L, = c¢L, + Lg.

Il

and so
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This shows that the mapping « = L, is a linear transformation from V
into V**. This transformation is non-singular; for, according to the
remarks above L, = 0 if and only if « = 0. Now a = L, is a non-gingular
linear transformation from V into V**, and since

dim V** = dim V* = dim V

Theorem 9 tells us that this transformation is invertible, and is therefore
an isomorphism of ¥V onto V**. |

Corollary. Let V be a finite-dimensional vector space over the field F.
If L is a linear functional on the dual space V* of V, then there is a unique
vector a tn 'V such that

L{f) = f(a)

for every f in V¥,

Corollary. Let V be a finite-dimensional vector space over the field F.
Each basts for V* is the dual of some basts for V.

Proof. Let 8* = {fy, ..., f.} be a basis for V*. By Theorem 15,
there is a basis {L,, ..., L,} for V** such that

Li(f;) = 8.
Using the corollary above, for each 7 there is a vector a; in V such that

Li(f) = f(a)

for every f in V*, ie., such that L; = L,. It follows immediately that
{o1, ..., an} is a basis for V and that ®* is the dual of this basis. |

In view of Theorem 17, we usually identify « with L, and say that V
‘is’ the dual space of V* or that the spaces V, V* are naturally in duality
with one another. Each is the dual space of the other. In the last corollary
we have an illustration of how that ean be useful. Here is a further illustra-
tion.

If E is a subset of V*, then the annihilator E° is (technically) a subset
of V**. If we choose to identify ¥V and V** as in Theorem 17, then E° is a
subspace of ¥, namely, the set of all « in V such that f(a) = 0 forallfin E.
In a corollary of Theorem 16 we noted that each subspace W is determined
by its annihilator W°. How is it determined? The answer is that W is the
subspace annihilated by all f in W?, that is, the intersection of the null
spaces of all f’s in W0, In our present notation for annihilators, the answer
may be phrased very simply: W = (W?)°,

Theorem 18. If S is any subset of a finite-dimensional vector space V,
then (8°)° 1s the subspace spanned by S.
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Proof. Let W be the subspace spanned by S. Clearly W° = 8°,
Therefore, what we are to prove is that W = W, We have given one
proof. Here is another. By Theorem 16

dim W + dim W0 = dim V
dim W 4+ dim W% = dim V*

and since dim V = dim V* we have
dim W = dim W,
Since W is a subspace of W, we see that W = Weo, |}

The results of this section hold for arbitrary vector spaces; however,
the proofs require the use of the so-called Axiom of Choice. We want to
avoid becoming embroiled in a lengthy discussion of that axiom, so we shall
not tackle annihilators for general vector spaces. But, there are two results
about linear functionals on arbitrary vector spaces which are so fundamen-
tal that we should include them.

Let V be a vector space. We want to define hyperspaces in V. Unless
V is finite-dimensional, we cannot do that with the dimension of the
hyperspace. But, we can express the idea that a space N falls just one
dimension short of filling out V, in the following way:

1. N is a proper subspace of V;
2. if W is a subspace of V which contains N, then either W = N or
w=1V.

Conditions (1) and (2) together say that N is a proper subspace and there
is no larger proper subspace, in short, N is a maximal proper subspace.

Definition. If V is a vector space, a hyperspace in V 7s a mazimal
proper subspace of V.

Theorem 19. If f is a non-zero linear functional on the vector space V,
then the null space of f is a hyperspace in V. Conversely, every hyperspace in V
1s the null space of a (not unique) non-zero linear functional on V.

Proof. Let f be a non-zero linear functional on ¥V and N, its null
space. Let a be a vector in V which is not in N, i.e., a vector such that
f(a) # 0. We shall show that every vector in V is in the subspace spanned
by N; and a. That subspace consists of all vectors

v + ca, yin Ny, cin F.

Let 8 be in V. Define
_ [(6)
f(a)

c
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which makes sense because f(a) # 0. Then the vector y = 8 — ca is in N,
since
foy) = (B — ca)
= f(8) — of(e)
= 0.

So g is in the subspace spanned by N, and c.

Now let N be a hyperspace in V. Fix some vector & which is not in N.
Since N is a maximal proper subspace, the subspace spanned by N and «
is the entire space V. Therefore each vector 8 in V has the form

B =7+ ca yinN,cin F.
The vector v and the scalar ¢ are uniquely determined by 3. If we have also
6=y'+c'a, 'y’iIlN,CliIlF.
then
(¢ —ca=v—%.
If ¢/ — ¢ # 0, then « would be in N; hence, ¢/ = ¢ and ¥ = y. Another
way to phrase our conclusion is this: If 8 is in V, there is a unique scalar ¢

such that 8 — ca 1s in N. Call that scalar g(g8). It is easy to see that ¢ is a
linear functional on V and that N is the null space of g. ||

Lemma. If f and g are linear functionals on a vector space V, then g
1s a scalar multiple of f if and only if the null space of g contains the null space
of f, that 1s, if and only if f(a) = 0 implies gla) = 0.

Proof. If f =0 then ¢ = 0 as well and ¢ is trivially a scalar
multiple of f. Suppose f 0 so that the null space N/ is a hyperspace in V.
Choose some vector « in V with f(a) 5 0 and let

g(a).

c =+
f(a)
The linear functional h = g — ¢f is 0 on Ny, since both f and ¢ are 0 there,
and h(a) = gle) — ¢f(a) = 0. Thus h is 0 on the subspace spanned by N,
and a—and that subspace is V. We conclude that A = 0, i.e., that g =
o 1

Theorem 20. Let g, fy, . . ., {. be linear functionals on a vector space V
with respective null spaces N, Ny, . . ., N.. Then g is a linear combination of
fi, . . ., £y if and only if N contains the intersection Ny (M - -+ M Ny

Proof. If g = cifi + --- + ¢f and fi(e) = O for each 7, then
clearly g(a) = 0. Therefore, N contains Ny N --- N N.,.

We shall prove the converse (the ‘if’ half of the theorem) by induetion
on the number r. The preceding lemma handles the case 7 = 1. Suppose we
know the result forr = k£ — 1, and let f3, . . . , f be linear functionals with
null spaces Ny, . .., Ni such that Ny - -+ N N, is contained in N, the
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null space of g. Let ¢/, f1, . . ., fi—1 be the restrictions of ¢, fi,..., fi_; to
the subspace Ni. Then ¢’, f1, . . ., fi—1 are linear functionals on the vector
space Ni. Furthermore, if « is a vector in N and fi(a) = 0,4 =1,.. .,
k—1, then ¢ is in Ny --- N Nk and 80 ¢'(e) = 0. By the induction
hypothesis (the case r = k — 1), there are scalars c¢; such that

g’ = le{ + -+ Ck—lfl:—l-
Now let

k—1
(3-16) h = g — z C,'f,'.
i=1

Then h is a linear functional on V and (3-16) tells us that h(a) = 0 for
every « in Ni. By the preceding lemma, & is a scalar multiple of fi. If b =
¢ifx, then

k
g= Zcfi |

=1

Exercises

1. Let n be a positive integer and F a field. Let W be the set of all vectors
(x1,...,2,) in F* such that z; + --- + z, = 0.
(a) Prove that W consists of all linear functionals f of the form

n
flxy ..., 2,) =¢ ‘El T
5=

(b) Show that the dual space W* of W can be ‘naturally’ identified with the
linear functionals
f@y, oo, @) =am+ -0 4 CaZa

on F* which satisfy ¢; + -+- + ¢, = 0.
2. Use Theorem 20 to prove the following. If W is a subspace of a finite-dimen-
sional vector space V and if {gi, .. ., g-} is any basis for W?°, then

W= N N,.
1=1

3. Let S be a set, F a field, and V(S; F) the space of all functions from § into F':
(J+ 9@ = f(z) + g(x)
(ef)(=@) = ().
Let W be any n-dimensional subspace of V(S; F). Show that there exist points
2y, ..., 2, in S and functions fi, . . ., f, in W such that f;(z;) = éi;.

111

3.7. The Transpose of a Linear
Transformation

Suppose that we have two vector spaces over the field F, V, and W,
and a linear transformation 7 from V into W. Then 7T induces a linear
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transformation from W* into V*, as follows. Suppose ¢ is a linear functional
on W, and let

3-17) fl@) = 9(Ta)

for each a in V. Then (3-17) defines a function f from V into F, namely,
the composition of T, a function from V into W, with g, a function from
W into F. Since both T and g are linear, Theorem 6 tells us that f is also
linear, i.e., f is a linear functional on V. Thus T provides us with a rule 7'
which associates with each linear functional ¢ on W a linear functional
f =Tt on V, defined by (3-17). Note also that T is actually a linear
transformation from W* into V*; for, if ¢g; and g, are in W* and ¢ is a scalar

[T*(cg: + g2)](a) = (cgr + g2)(Ta)
cgi(Te) + go(Ta)
c(T'g1) (@) + (T'g2)(a)

so that Tt(cg; + g2) = ¢T'g1 + T'gs. Let us summarize.

Theorem 21. Let V and W be vector spaces over the field F. For each
linear transformation T from V into W, there is a unique linear transformation
T* from W* into V* such that

(T*g)(a) = g(Ta)
for every g in W* and a in V.

We shall call T¢ the transpose of T. This transformation 7' is often
called the adjoint of T'; however, we shall not use this terminology.

Theorem 22. Let V and W be vector spaces over the field ¥, and let T
be a linear transformation from V into W. The null space of T* is the annihi-
lator of the range of T. If V and W are finite-dimensional, then

(1) rank (T*) = rank (T)
(ii) the range of T* is the annithilator of the null space of T.

Proof. If g is in W*, then by definition

(T*9) (@) = g(Ta)

for each a in V. The statement that g is in the null space of 7* means that
g(Ta) = 0 for every « in V. Thus the null space of T is precisely the
annihilator of the range of 7',

Suppose that V and W are finite-dimensional, say dim V = n and
dim W = m. For (i): Let r be the rank of 7, i.e., the dimension of the range
of T. By Theorem 16, the annihilator of the range of T then has dimension
(m — r). By the first statement of this theorem, the nullity of T* must be
(m — r). But then since 7' is a linear transformation on an m-dimensional
space, the rank of T*ism — (m — r) = r, and so T and T'* have the same
rank. For (ii): Let N be the null space of 7. Every functional in the range
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of T"is in the annihilator of N; for, suppose f = T'‘g for some g in W*; then,
ifaisin N
fle) = (T*9)(a) = 9(Ta) = ¢(0) = 0.
Now the range of T" is a subspace of the space N°, and
dim N° = n — dim N = rank (T") = rank (T

so that the range of T* must be exactly N°. ||

Theorem 23. Let V and W be finite-dimensional vector spaces over the
field F. Let ® be an ordered basis for V with dual basis ®*, and let ® be an
ordered basis for W with dual basis ®'*. Let T be a linear transformation

from V into W ; let A be the matriz of T relative to B, ®’ and let B be the matriz
of Tt relative to ®'*, ®*, Then By; = Aj;.

Proof. Let

® = {aly---;an}) ® = {617"')6"‘}}
®* = {fl;---:fﬂ}: ®'* = {gly-":gm}'

By definition,
Te; = ?lA.’jBi, j=1...,n
Tv; = 21 Bfi, j=1...,m

On the other hand,
(T'g;) (i) = gi(Texs)

g; ( g Akiﬁk)
k=1

g Aigi(Be)
k=1

I
I3

Aribje
k=1
= Aj.
For any linear functional f on ¥V
f= ?1 flefs.
If we apply this formula to the functional f = T'%g; and use the fact that
(T'g;)(es) = Aji, we have
T‘g,- = -?1 A_,','f,'

from which it immediately follows that B;; = A;;. |

118
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Definition. If A is an m X n matriz over the field F, the transpose of
A is the n X m matriz At defined by A}, = A;;

Theorem 23 thus states that if T is a linear transformation from V
into W, the matrix of which in some pair of bases is 4, then the transpose
transformation 7' is represented in the dual pair of bases by the transpose
matrix A*

Theorem 24. Let A be any m X n matriz over the field F. Then the
row rank of A s equal to the column rank of A.

Proof. Let ® be the standard ordered basis for F» and ®’ the
standard ordered basis for F™. Let T be the linear transformation from Fr
into I’ such that the matrix of T relative to the pair 8, ®' is 4, i.e.,

T(xl)' . -yxn) = (yh' . 'Jym)
where

yi = T A,
i=1

The column rank of A is the rank of the transformation T, because the
range of T consists of all m-tuples which are linear combinations of the
column vectors of 4.

Relative to the dual bases ®'* and ®*, the transpose mapping T' is
represented by the matrix A°‘ Since the columns of A* are the rows of 4,
we see by the same reasoning that the row rank of A (the column rank of A¢)
is equal to the rank of 7. By Theorem 22, T and T'* have the same rank,
and hence the row rank of A is equal to the column rank of A. |

Now we see that if A is an m X n matrix over F and T is the linear
transformation from F» into F™ defined above, then
rank (7') = row rank (4) = column rank (4)

and we shall call this number simply the rank of 4.

ExampiE 25. This example will be of a general nature—more dis-
cussion than example. Let ¥V be an n-dimensional vector space over the
field F, and let T be a linear operator on V. Suppose & = {a1, . . ., o}
is an ordered basis for V. The matrix of T in the ordered basis ® is defined
to be the n X n matrix A such that

n
Ta; = I Ao
j=1

in other words, A;; is the 7th coordinate of the vector T'a; in the ordered
basis ®. If {fi, ..., f.} is the dual basis of ®, this can be stated simply

Ai; = fi(Tay).
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Let us see what happens when we change basis. Suppose
® = {ai,...,an

is another ordered basis for V, with dual basis {f1, ..., f:}. If B is the
matrix of 7' in the ordered basis ®’, then

Bi; = fi(Ta)).
Let U be the invertible linear operator such that Uq; = «}. Then the

transpose of U is given by UY| = f.. It is easy to verify that since U is
invertible, so is Ut and (U%)~! = (U™ Thusf; = (UV)Y,1=1,...,n.

Therefore,
Bi; = [(U)Y:](Te))

= f{(U'Ta;)

= f{(U'TUq;).
Now what does this say? Well, f,(U'T'Ug;) is the 1, 7 entry of the matrix
of U7TU in the ordered basis &. Our computation above shows that this
scalar is also the 1, 7 entry of the matrix of T in the ordered basis ®'. In
other words

(Tler = [U'TU]g
= [U]a[T]e[Uls
= [Ula'[T]a[Ule

and this is precisely the change-of-basis formula which we derived earlier.

Exercises

1. Let F be a field and let f be the linear functional on 72 defined by f(x1, 22) =
az1 + bzs. For each of the following linear operators T, let ¢ = T, and find
9(1?1, 222).

(a) T(z1,22) = (21, 0);
(b) T(z1, 22) = (—22 20);
() T(my x2) = (31— 22, 21 + 7).

2. Let V be the vector space of all polynomial functions over the field of real
numbers. Let a and b be fixed real numbers and let f be the linear functional on V
defined by

b
1® = [ p@ e,
If D is the differentiation operator on V, what is Dif?

3. Let V be the space of all n X n matrices over a field F and let B be a fixed
n X n matrix. If T is the linear operator on V defined by T(A) = AB — BA,
and if f is the trace function, what is T?

4. Let V be a finite-dimensional vector space over the field F and let T be a
linear operator on V. Let ¢ be a scalar and suppose there is a non-zero vector «
in V such that Ta = ca. Prove that there is a non-zero linear functional f on V
such that T4 = ¢f.
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5. Let A be an m X n matrix with real entries. Prove that A = 0 if and only
if trace (At4) = 0.

6. Let n be a positive integer and let V be the space of all polynomial functions
over the field of real numbers which have degree at most 7, i.e., functions of the
form

J@)=cotaz+ -+ caz™

Let D be the differentiation operator on V. Find a basis for the null space of the
transpose operator D*.

7. Let V be a finite-dimensional vector space over the field . Show that T — T*
is an isomorphism of L(V, V) onto L(V*, V*).
8. Let V be the vector space of n X n matrices over the field 7.
(a) If B is a fixed n X n matrix, define a function fz on V by fa(4) = trace
(B*4). Show that fp is a linear functional on V.
(b) Show that every linear functional on V is of the above form, i.e., is fp
for some B.
(c¢) Show that B — f5 is an isomorphism of V onto V*,



4. Polynomials

4.1. Algebras

The purpose of this chapter is to establish a few of the basic prop-
erties of the algebra of polynomials over a field. The discussion will be
facilitated if we first introduce the concept of a linear algebra over a field.

Definition. Let F be a field. A linear algebra over the field I s
vector space G over ¥ with an additional operation called multiplication of
vectors which associales with each pair of vectors a, 8 in @ a veclor aff in
@ called the produet of a and 8 in such a way that

(a) multiplication is associalive,
a(By) = (aB)y
(b) multiplication s distributive with respect to addition,
aB+v) =aef+ oy and (a+ B)y = v + By
(¢) for each scalar ¢ in F,
c(aB) = (ca)B = a(ch).
If there is an element 1 in @ such that la = al = « for each a in @,

we call @ a linear algebra with identity over I, and call 1 the identity
of G. The algebra @ is called commutative if o = Ba for all a and 8 in Q.

Exampre 1. The set of n X » matrices over a field, with the usual
operations, is a linear algebra with identity; in particular the field itself
i1s an algebra with identity. This algebra is not commutative if n > 2.
The field itself is (of course) commutative.

117



118

Polynomzals Chap, 4

ExampLe 2. The space of all linear operators on a vector space, with
composition as the product, is a linear algebra with identity. It is com-
mutative if and only if the space is one-dimensionai.

The reader may have had some experience with the dot product and
cross product of vectors in R3. If so, he should observe that neither of
these products is of the type described in the definition of a linear algebra.
The dot produet is a ‘scalar product,’ that is, it associates with a pair of
vectors a scalar, and thus it is certainly not the type of product we are
presently discussing. The cross product does associate a vector with each
pair of vectors in R?3; however, this is not an associative multiplication.

The rest of this section will be devoted to the construction of an
algebra which is significantly different from the algebras in either of the
preceding examples. Let F be a field and S the set of non-negative in-
tegers. By Example 3 of Chapter 2, the set of all functions from S into
F is a vector space over F. We shall denote this vector space by F=. The
vectors in F* are therefore infinite sequences f = (fo, fi, fo, . . .) of scalars
fiin F.If g = (90,91, 9 - . .), g« In F, and a, b are scalars in F, af + bg is
the infinite sequence given by

(4-1) af +bg = (afo + bgo, afs + bgy, afe + bgs, . . ).
We define a product in F* by associating with each pair of vectors f and
g in F* the vector fg which is given by

(4-2) U = Z figniy  m=0,1,2,....
Thus
fg = (fogo, fog1 + figo, fog2 + figr + fego, - - )
and as
e = E:Ogifn—i = Eofign—i = (fg)=
forn =0,1,2,...,itfollows that multiplication is commutative, fg = gf.

If » also belongs to F=, then

n

[(fp)h)s = EO (fg)ihn—i

Il
M=
< ~
A
[=]
o
<
d
~—
=
i

i
M=
]
OM‘
P
L~
I.
=~
&
i

n—j

z fJ' 2 g'ihn—i—i
i=0"" i=0

2 1ghs = L))
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forn=0,1,2,..., so that

(4-3) (Jo)h = f(gh).

We leave it to the reader to verify that the multiplication defined by (4-2)
satisfies (b) and (c¢) in the definition of a linear algebra, and that the
vector 1 = (1,0, 0, . ..) serves as an identity for F*. Then F=, with the
operations defined above, is a commutative linear algebra with identity
over the field F.

The vector (0,1,0,...,0,...) plays a distinguished role in what
follows and we shall consistently denote it by x. Throughout this chapter
z will never be used to denote an element of the field . The product of z
with itself n times will be denoted by z» and we shall put z° = 1. Then

22 =(0,0,1,0,...), 2*=1(0,0,0,1,0,...)

and in general for each integer £ > 0, (z¥); = 1 and (z*),, = 0 for all non-
negative integers n # k. In concluding this section we observe that the
set consisting of 1, x, 22, . .. is both independent and infinite. Thus the
algebra F= is not finite-dimensional.

The algebra F* is sometimes called the algebra of formal power
series over F. The element f = (fy, f1, fo, . . .) is frequently written

(4-4) f= éo fu.

This notation is very convenient for dealing with the algebraic operations.
When used, it must be remembered that it is purely formal. There are no
‘infinite sums’ in algebra, and the power series notation (4-4) is not in-
tended to suggest anything about convergence, if the reader knows what
that is. By using sequences, we were able to define carefully an algebra
in which the operations behave like addition and multiplication of formal
power series, without running the risk of confusion over such things as
infinite sums.

119

4.2, The Algebra of Polynomials

We are now in a position to define a polynomial over the field F.

Definition. Let F[x] be the subspace of ¥ spanned by the vectors
1, x, X% ....An element of F[x] s called a polynomial over F.

Since F[z] consists of all (finite) linear combinations of & and its
powers, a non-zero vector f in F* is a polynomial if and only if there is
an integer n > 0 such that f, ¢ 0 and such that fi = 0 for all integers
k > n; this integer (when it exists) is obviously unique and is called the
degree of f. We denote the degree of a polynomial f by deg f, and do
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not assign a degree to the 0-polynomial. If f is a non-zero polynomial of
degree n it follows that

(4-5) f=fx®+ fix + fox + -+ + faz®,  fo#O0.

The scalars fo, f1, . . ., f» are sometimes called the coefficients of f, and
we may say that f is a polynomial with coefficients in F. We shall call
polynomials of the form cz’ scalar polynomials, and frequently write ¢
for cz®. A non-zero polynomial f of degree n such that f, = 1 is said to
be a monic polynomial.

The reader should note that polynomials are not the same sort of
objects as the polynomial functions on F which we have discussed on
several occasions. If F contains an infinite number of elements, there is a
natural isomorphism between F[z] and the algebra of polynomial func-
tions on F. We shall discuss that in the next section. Let us verify that
F[z] is an algebra.

Theorem 1. Let f and g be non-zero polynomsials over F. Then

(i) fg s a non-zero polynomial;
(ii) deg (fg) = deg f + deg g;
(iii) fg 7s @ monic polynomial if both f and g are monic polynomials;
(iv) fg is a scalar polynomial if and only if both f and g are scalar
polynomials;
V) ff+g=0,

deg (f + g) < maz (deg {, deg g).

Proof. Suppose f has degree m and that ¢ has degree n. If k is a
non-negative integer,
m+ntk
(@ minsr = 2z fgminii-s

In order that figmi.—; # 0, it is necessary that ¢ < m and m + n +
k — 1 < n. Hence it is necessary that m + k < 7 < m, which implies
k = 0 and 7 = m. Thus

(4'6) (fg)m+n = fmgn
and
(4'7) (fg)m+n+k =0, k>0.

The statements (i), (i), (iil) follow immediately from (4-6) and (4-7),
while (iv) is a consequence of (i) and (ii). We leave the verification of (v)
to the reader. |

Corollary 1. The set of all polynomials over a given field F equipped
with the operations (4-1) and (4-2) is a commutative linear algebra with
identity over F.
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Proof. Since the operations (4-1) and (4-2) are those defined in
the algebra F=* and since F[z] is a subspace of F*, it suffices to prove that
the product of two polynomials is again a polynomial. This is trivial when
one of the factors is 0 and otherwise follows from (i). ||

Corollary 2. Suppose £, g, and h are polynomials over the field F such
that f # 0 and fg = fh. Then g = h.
Proof. Since fg = fh, f(g — h) = 0, and as f = 0 it follows at
once from (i) that g — A = 0. |

Certain additional facts follow rather easily from the proof of Theorem
1, and we shall mention some of these.
Suppose

f=2fat and ¢g= T ga
i=0 i=0
Then from (4-7) we obtain,

(4-8) f="% (E frga_r)x“.

s=0 =0

The reader should verify, in the special case f = ¢x™, ¢ = dz™ with ¢, d in
F, that (4-8) reduces to

(4-9) (cz™) (dz™) = cdx™tn.

Now from (4-9) and the distributive laws in F[z], it follows that the
product in (4-8) is also given by

(4-10) Z fagatt
13

where the sum is extended over all integer pairs 7, j such that 0 < 7 < m,
and 0 < j < mn.

Definition. Let G be a linear algebra with identity over the field F. We
shall denote the identity of @ by 1 and make the convention that o® = 1 for

n
each o tn Q. Then to each polynomial f = 3 {ix' over F and o in @ we asso-

i=0

ciate an element f(o) in @ by the rule
f@ = 3 fie

ExampLe 3. Let C be the field of complex numbers and let f = 22 4 2.
(a) If @ = C and z belongs to C, f(z) = 22 4+ 2, in particular f(2) = 6

() -

and
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(b) If @ is the algebra of all 2 X 2 matrices over C and if

o[
5B =2 2]+[_} g]{_i o)

(¢) If @ is the algebra of all linear operators on C? and 7 is the ele-
ment of @ given by

T(ey, cay 05) = (EV2 01, €3, 1V2 €3)
then f(7') is the linear operator on €3 defined by
f(T)(Cl) Coy C3) = (O, 362, O)

(d) If @ is the algebra of all polynomials over C and g = z* + 3¢,
then f(g) is the polynomial in @ given by

flg) = =7 + 6ix* + 2
The observant reader may notice in connection with this last example

that if f is a polynomial over any field and z is the polynomial (0, 1,0, . . .)
then f = f(x), but he is advised to forget this fact.

then

Theorem 2. Let T be a field and Q be a linear algebra with identity
over F. Suppose f and g are polynomials over ¥, that a is an element of @,
and that ¢ belongs to . Then

(@) (cf + g)(a) = cf(a) + g(a);

(i) (fg)(a) = f(a)g(a).

Proof. As (1) is quite easy to establish, we shall only prove (ii).

Suppose

f=

Ltsz

1

fai and g = f; g;xi.
=0
By (4-10), ) ,J
fg = 2 figxt?
%)

and hence by (i), o

(f9) (@) = Z figieti

(¥

= (&) (2,0
= fle)g(a). N
Exercises

1. Let F be a subfield of the complex numbers and let 4 be the following 2 X 2

matrix over I
21
a=[1 )
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For each of the following polynomials f over F, compute f(4).
@ f=c—2+2
(b) f=2*—1;
() f=a2—-5x+ 7.

2. Let T be the linear operator on R?® defined by
T(x1, T2, 3) = (21, T3, — 272 — T3).
Let f be the polynomial over R defined by f = —z% + 2. Find f(T).

3. Let A be an n X n diagonal matrix over the field F, i.e., a matrix satisfying
A;; = 0for ¢t # j. Let f be the polynomial over F defined by

f=@—A4n) - (x — 4nn).
What is the matrix f(4)?

4. If f and ¢ are independent polynomials over a field F and % is a non-zero
polynomial over F, show that fh and gh are independent.

5. If Fis a field, show that the product of two non-zero elements of F* is non-zero.

6. Let S be a set of non-zero polynomials over a field F. If no two elements of S
have the same degree, show that S is an independent set in F[z].

7. If @ and b are elements of a field ¥ and a # 0, show that the polynomials 1,
az + b, (ax + b)%, (ax + b)3, . . . form a basis of F[z].

8. If F is a field and A is a polynomial over F of degree > 1, show that the map-
ping f ~> f(h) is a one-one linear transformation of F[z] into F[z]. Show that this
transformation is an isomorphism of F[z] onto F[x] if and only if deg o = 1.

9. Let F be a subfield of the complex numbers and let T, D be the transformations

on F[r] defined by
T ( % c.-x") =
i=0

1
n . n . .
D( 3 czi)= 3 1e;a* L.
i=0 i=1

Ci
ol +1

ian)

AL

and

(a) Show that T is a non-singular linear operator on F[z]. Show also that T'
is not invertible.

(b) Show that D is a linear operator on F[z] and find its null space.

(¢) Show that DT = I, and TD # I.

(d) Show that T[(Tf)g] = (Tf)(Tg) — T[f(Tg)] for all f, g in F[z].

(e) State and prove a rule for D similar to the one given for T in (d).

(f) Suppose V is a non-zero subspace of F[z] such that Tf belongs to V for
each f in V. Show that V is not finite-dimensional.

(g) Suppose V is a finite-dimensional subspace of F[z]. Prove there is an
integer m > 0 such that D™f = 0 for each fin V.
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4.3. Lagrange Interpolation

Throughout this section we shall assume F is a fixed field and that
fo, b, . . ., t, are n + 1 distinct elements of F. Let V be the subspace of
F[x] consisting of all polynomials of degree less than or equal to n (to-
gether with the 0-polynomial), and let L, be the function from V into F
defined for f in V by

L) =ft), 0<iln
By part (i) of Theorem 2, each L; is a linear functional on V, and one of
the things we intend to show is that the set consisting of Lo, Ly, . . ., L,
is a basis for V*, the dual space of V.

Of course in order that this be so, it is sufficient (¢f. Theorem 15 of
Chapter 3) that {Ly, Ly, . . ., L.} be the dual of a basis {Py, Py, ..., Pa}
of V. There is at most one such basis, and if it exists it is characterized by
(4-11) L;i(P;) = Pi(t;) = 8.

The polynomials

b)) @ — )@ — ) oo (2 — )
(4-12) Pi= (s —=to) v+ (b — b)) (b — tig) =+ (& — ta)

_ T - t,-)
:Ei (ti — i
are of degree n, hence belong to V, and by Theorem 2, they satisfy (4-11).
If f = Z ¢:Py, then for each j

(4-13) @) = Z e:Pi(ty) = cj.

Since the 0-polynomial has the property that 0(t) = O for each ¢ in F, it
follows from (4-13) that the polynomials Py, Py, . . ., P, are linearly in-
dependent. The polynomials 1, z, . . ., z* form a basis of ¥V and hence the
dimension of V is (n + 1). So, the independent set {Py, Py, ..., P.}
must also be a basis for V. Thus for each fin V

(+14) f=Z feP.

The expression (4-14) is called Lagrange’s interpolation formula. Set-
ting f = z in (4-14) we obtain
v = 2 ()P
Now from Theorem 7 of Chapter 2 it follows that the matrix
1t 8§ - &
(4-15) Lt -

1 ¢, & .-
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is invertible. The matrix in (4-15) is called a Vandermonde matrix; it
is an interesting exercise to show directly that such a matrix is invertible,
when &, t1, . . ., t, are n + 1 distinet elements of F.

If f is any polynomial over F we shall, in our present discussion, de-
note by f~ the polynomial function from F into F taking each ¢ in F into
f(@). By definition (cf. Example 4, Chapter 2) every polynomial function
arises in this way; however, it may happen that f~ = g~ for two poly-
nomials f and ¢ such that f > g. Fortunately, as we shall see, this un-
pleasant situation only occurs in the case where F is a field having only
a finitc number of distinct elements. In order to describe in a precise way
the relation between polynomials and polynomial functions, we need to
define the product of two polynomial functions. If f, ¢ are polynomials
over F, the product of f~ and ¢~ is the function f~¢~ from F into F given by

(4-16) FgH®) =g (®), ¢tinkF.
By part (i) of Theorem 2, (fg)(t) = f(t)g(t), and hence

(fg)=®) = (g~ (®
for each ¢ in F. Thus f~¢~ = (fg)~, and is a polynomial function. At this
point it is a straightforward matter, which we leave to the reader, to verify
that the vector space of polynomial functions over F becomes a linear
algebra with identity over F if multiplication is defined by (4-16).

Definition. Let T be a field and let @ and G~ be lincar algebras over F.
The algebras @ and G~ are said to be isomorphic if there is a one-to-one map-
ping a = o~ of @ onto @~ such that

(a) (ca + df)~ = ca™ + dp~

(b) (aB)™ = a™B~
for all e, B in @ and all scalars ¢, d in F. The mapping « = o~ s called an
isomorphism of @ onto @~. An isomorphism of @ onto @~ s thus a vector-

space isomorphism of @ onto Q@™ which has the additional property (b) of
‘preserving’ products.

ExamrLE 4. Let V be an n-dimensional vector space over the field F.
By Theorem 13 of Chapter 3 and subsequent remarks, each ordered basis
® of V determines an isomorphism 7 — [T]g of the algebra of linear
operators on V onto the algebra of n X n matrices over F. Suppose now
that U is a fixed linear operator on V and that we are given a polynomial

n o
f= 2 cxt
i=0
with coeflicients ¢; in F. Then

W) = 2 ol
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and since T~ [T]g is a linear mapping

()]s = 'Eo iUl
Now from the additional fact that

[T\ Tale = [Thle[T:]e
for all Ty, Ty in L(V, V) it follows that

Uile = (Ule)', 2<L7<n

As this relation is also valid for ¢ = 0, 1 we obtain the result that
(4-17) ()]s = f([U]a).
In words, if U is a linear operator on V, the matrix of a polynomial in U,

in a given basis, is the same polynomial in the matrix of U.

Theorem 3. If ¥ 1s a field containing an infinite number of distinct
elements, the mapping f = £~ 1s an tsomorphism of the algebra of polynomials
over F onto the algebra of polynomial functions over F.

Proof. By definition, the mapping is onto, and if f, g belong to
Flz] it is evident that

(¢f + dg)~ = df~ + dg~

for all scalars ¢ and d. Since we have already shown that (fg)~ = f~¢g~, we
need only show that the mapping is one-to-one. To do this it suffices by
linearity to show that f~ = 0 implies f = 0. Suppose then that f is a poly-
nomial of degree % or less such that f' = 0. Let &, &, .. .,t.beany n + 1
distinet elements of F. Since f~ = 0, f(¢;) = 0for i =0,1,...,n, and it
is an immediate consequence of (4-14) that f = 0. ||

From the results of the next section we shall obtain an altogether
different proof of this theorem.

Exercises

1. Use the Lagrange interpolation formula to find a polynomial f with real co-
efficients such that f has degree < 3 and f(~1) = —6, f(0) = 2, f(1) = —2,
f(2) = 6.

2. Leta, B, 7, 6 be real numbers. We ask when it is possible to find a polynomial f
over R, of degree not more than 2, such that f(—1) = o, f(1) =8, f(3) = v and
f(0) = 6. Prove that this is possible if and only if

3o+ 68 —v —8 =0.
3. Let F be the field of real numbers,
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2 0 0 0
10 2 0 0
A_0030

0 0 01

p=(x—2)(z~3(x—1).

(a) Show that p(A) = 0.

(b) Let Py, P;, P; be the Lagrange polynomials for ¢ = 2, t, = 3, t; = 1.
Compute E; = P;(4),71 =1, 2, 3.

(c) Show that B, + E, + E; = I, E.E; = 0if 1 # j, E? = ..

(d) ShOW that A= 2E1 + 3E2 + Ea.

4. Let p = (x — 2)(@ — 3)(@ — 1) and let T be any linear operator on R* such
that p(T) = 0. Let Py, P;, P; be the Lagrange polynomials of Exercise 3, and let
B = Py(T),1 =1, 2, 3. Prove that

B+ B+ Ey=1, EE; =0 if i
E,-Z-':E{, and T=2E1+3E2+E3

5. Let n be a positive integer and F a field. Suppose 4 is an n X n matrix over F
and P is an invertible n X n matrix over F. If f is any polynomial over F, prove
that

f(P1AP) = P7Y(A)P.

6. Let F be a field. We have considered certain special linear functionals on F[x]
obtained via ‘evaluation at ¢':

L(f) = f®.

Such functionals are not only linear but also have the property that L(fg) =
L(f)L(g). Prove that if L is any linear functional on F[x] such that

L(fg) = L(f)L(g)
for all f and g, then either L = 0 or there is a ¢ in F such that L(f) = f(t) for all f.

4.4. Polynomial Ideals

In this section we are concerned with results which depend primarily
on the multiplicative structure of the algebra of polynomials over a field.

Lemma. Suppose f and d are non-zero polynomials over a field ¥ such
that deg d < deg f. Then there exists a polynomial g in F[x] such that either
f—dg=0 or deg (f —dg) < degf.

Proof. Suppose
[ = anz™ + mil a.x’, an # 0
and that 0
d = ba + iol b, b 0.
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Then m > n, and

= (&)t =0 o et (E)er] <t

Thus we may take g = (Z—"’) v |

Using this lemma we can show that the familiar process of ‘long
division’ of polynomials with real or complex coefficients is possible over
any field.

Theorem 4. If f, d are polynomials over a field ¥ and d is different
from O then there exist polynomials q, r in F[x] such that

(i) f =dq+r.

(ii) etther r = O or deg r < deg d.
The polynomaials q, r satisfying (1) and (i) are unique.

Proof. If fisOor deg f < deg d we may takeqg = Oandr = f. In

case f # 0 and deg f > deg d, the preceding lemma shows we may choose
a polynomial ¢ such that f —dg =0 or deg (f — dg) < deg f. If f—

dg # 0 and deg (f — dg) > deg d we choose a polynomial - such that
(f—dg) —dh =0or

deg [f — d(g + h)] < deg (f — dg).

Continuing this process as long as necessary, we ultimately obtain poly-
nomials ¢, 7 such that r = 0 or deg r < deg d, and f = dg 4 r. Now sup-
pose we also have f = dg1 + r where 7 = 0 or deg r, < degd. Then
dg +r=dg +r,andd(q — q1) = — r. If g — g1 ## Othend(q — ¢:) #
0 and

deg d + deg (¢ — q) = deg (rn — 7).

But as the degree of r; — r is less than the degree of d, this is impossible
and ¢ — ¢1 = 0. Hence alsory, —r = 0. ||

Definition. Let d be a non-zero polynomial over the field ¥. If f is in
F[x], the preceding theorem shows there is at most one polynomial q tn F[x]
such that f = dq. If such a q exists we say that d divides f, that f is divisible
by d, that f is a multiple of d, and call q the quotient of f and d. We
also write q = f/d.

Corollary 1. Let f be a polynomial over the field ¥, and let ¢ be an ele-
ment of F. Then f is divisible by x — ¢ if and only if f(c) = 0.

Proof. By the theorem, f = (x — ¢)q + r where r is a scalar
polynomial. By Theorem 2,

f(e) = 0g(e) + r(e) = r(c).



Sec. 4.4 Polynomial Ideals
Hence r = 0 if and only if f(¢) = 0. |

Definition. Let ¥ be a field. An element ¢ in F is said to be a root or
a zero of a given polynomial f over ¥ if 1(c) = 0.

Corollary 2. A polynomial f of degree n over a field ¥ has at most n roots
n F.

Proof. The result is obviously true for polynomials of degree 0
and degree 1. We assume it to be true for polynomials of degree n — 1. If
a is a root of f, f = (x — a)q where ¢ has degree n — 1. Since f(b) = 0 if
and only if @ = b or ¢(b) = 0, it follows by our inductive assumption that
f has at most n roots. |

The reader should observe that the main step in the proof of Theorem
3 follows immediately from this corollary.

The formal derivatives of a polynomial are useful in discussing mul-
tiple roots. The derivative of the polynomial

f=c+oar+ - +car
is the polynomial
ff=c 4+ 20+ - + nezv
We also use the notation Df = f’. Differentiation is linear, that is, D is a

linear operator on F[x]. We have the higher order formal derivatives
f" = D2, f® = D3, and so on.

Theorem 5 (Taylor’s Formula). Let ¥ be a field of characteristic
zero, ¢ an element of I, and n a positive integer. If f 4s a polynomial over f
with deg f < n, then

n k
=3 D0 - o
k=0 k!
Proof. Taylor’s formula is a consequence of the binomial theorem
and the linearity of the operators D, D2, ..., D* The binomial theorem

is easily proved by induction and asserts that

@+bm= 3 (’Z) ant bt
k=0

where

(m)_ m! _mm—=1)--- (m—k+1)
k) kllm —k)! 1-2---k
is the familiar binomial coefficient giving the number of combinations of
m objects taken k at a time. By the binomial theorem

e+ @ —9gl

= Eo (?) "z — c)F

k=

Im

e+ memtx—c)+ - + @ — o

1
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and this is the statement of Taylor’s formula for the case f = z™. If

n

f= AnZ™
m=0
then
D¥(c) = Z an(D*z™)(c)
and
B e L ALt
= Sa3 P @ — o
= 2 Qnt™

It should be noted that because the polynomials 1, (x — ¢),.. .,
(x — ¢)» are linearly independent (cf. Exercise 6, Section 4.2) Taylor’s
formula provides the unique method for writing f as a linear combination
of the polynomials (z — ¢)* (0 < k < n).

Although we shall not give any details, it is perhaps worth mentioning
at this point that with the proper interpretation Taylor’s formula is also
valid for polynomials over fields of finite characteristic. If the field F has
finite characteristic (the sum of some finite number of 1’s in F is 0) then
we may have k! = 0 in F, in which case the division of (D*f) (c¢) by k! is
meaningless. Nevertheless, sense can be made out of the division of D*f
by k!, because every coefficient of D*f is an element of F multiplied by an
integer divisible by k! If all of this seems confusing, we advise the reader
to restrict his attention to fields of characteristic O or to subfields of the
complex numbers.

If ¢ is a root of the polynomial f, the multiplicity of ¢ as a root of
f is the largest positive integer » such that (z — ¢)” divides f.

The multiplicity of a root is clearly less than or equal to the degree
of f. For polynomials over fields of characteristic zero, the multiplicity
of ¢ as a root of f is related to the number of derivatives of f that are 0 at c.

Theorem 6. Let F be a field of characteristic zero and f a polynomial
over F with deg f < n. Then the scalar ¢ is a root of { of multiplicity r if and
only of

D¥)e) =0, 0Lk<Lr—1
(Df)(c) # 0.

Proof. Suppose that r is the multiplicity of ¢ as a root of f. Then
there is a polynomial ¢ such that f = (z — ¢)’g and g(c) # 0. For other-
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wise f would be divisible by (z — ¢)"+!, by Corollary 1 of Theorem 4. By
Taylor’s formula applied to ¢

1= -2 L0 e - or]
"S7 (D7g)

— —_— +
—,,,éo m! (& — o)+

Sinee there is only one way to write f as a linear combination of the powers
(x — ¢)* (0 < k < n) it follows that

0if0<k<r—1
DN _

kT 1 DFg(o)

k—n)!

Therefore, D¥f(c) =0 for 0 <k <r — 1, and D7f(c) = g(c) # 0. Con-

versely, if these conditions are satisfied, it follows at once from Taylor's

formula that there is a polynomial ¢ such that f = (z — ¢)7g and g(c) # 0.

Now suppose that r is not the largest positive integer such that (z — ¢)”

divides f. Then there is a polynomial A such that f = (z — ¢)*+'h. But

this implies ¢ = (x — ¢)h, by Corollary 2 of Theorem 1; hence g(c) = 0,
a contradiction. J

ifr<k<n

Definition. Let ¥ be a field. An ideal in F[x] is a subspace M of
F[x] such that fg belongs to M whenever f is in ¥ [x] and g is in M.

ExampLE 5. If F is a field and d is a polynomial over F, the set
M = dF[z], of all multiples df of d by arbitrary f in F[z], is an ideal. For
M is non-empty, M in fact contains d. If f, g belong to F[z] and ¢ is a
scalar, then
c(df) — dg = d(¢f — g)
belongs to M, so that M is a subspace. Finally M contains (df)g = d(fg)
as well. The ideal M is called the principal ideal generated by d.

ExampLe 6. Let dy, . . ., d, be a finite number of polynomials over F.
Then the sum M of the subspaces d.F[z] is a subspace and is also an ideal.
For suppose p belongs to M. Then there exist polynomials fy, ..., f. in
F[z] such that p = difi + +-- + dufs. If ¢ is an arbitrary polynomial
over F, then

pg = di(fig) + -+ + dulfug)
so that pg also belongs to M. Thus M is an ideal, and we say that M is the
ideal generated by the polynomials, dy, . . ., da.
ExampLE 7. Let F be a subfield of the complex numbers, and con-

sider the ideal
M = (z 4+ 2)F[z] 4 (2 + 8z + 16)F[x].

131
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We assert that M = F[z]. For M contains
2+ 8r+ 16 — z(x + 2) = 6z + 16

and hence M contains 6x + 16 — 6(z 4 2) = 4. Thus the scalar poly-
nomial 1 belongs to M as well as all its multiples.

Theorem 7. If F is a field, and M is any non-zero ideal in F[x], there
s a unique monic polynomial d in F[x] such that M is the principal ideal
generated by d.

Proof. By assumption, M contains a non-zero polynomial; among
all non-zero polynomials in M there is a polynomial d of minimal degree.
We may assume d is monie, for otherwise we can multiply d by a scalar to
make it monic. Now if f belongs to M, Theorem 4 shows that f = dq + r
where r = 0 or deg r < deg d. Since d is in M, dq and f — dg = r also
belong to M. Because d is an element of M of minimal degree we cannot
have deg r < deg d, so r = 0. Thus M = dF[z]. If ¢ is another monic
polynomial such that M = gF[z], then there exist non-zero polynomials
p, q such that d = gp and ¢ = dq. Thus d = dpgq and

degd = degd + deg p + degq.

Hence degp = degq = 0, and as d, g are monic, p = ¢ = 1. Thus
d=yg. |

It is worth observing that in the proof just given we have used a
special case of a more general and rather useful fact; namely, if p is a non-
zero polynomial in an ideal M and if f is a polynomial in M which is not
divisible by p, then f = pq + r where the ‘remainder’ r belongs to M, is
different from 0, and has smaller degree than p. We have already made
use of this fact in Example 7 to show that the scalar polynomial 1 is the
monic generator of the ideal considered there. In principle it is always
possible to find the moniec polynomial generating a given non-zero ideal.
For one can ultimately obtain a polynomial in the ideal of minimal degree
by a finite number of successive divisions.

Corollary. If py, ..., pn are polynomials over a field ¥, not all of
which are 0, there is a unique monic polynomial d in ¥ [x] such that

(a) d s in the ideal generated by pi, . . . , Pn;

(b) d divides each of the polynomials p;.
Any polynomial satisfying (a) and (b) necessarily satisfies

(e) d s dwisible by every polynomial which divides each of the poly-
nomials py, . . ., Pa

Proof. Let d be the monic generator of the ideal
piF(z] + -+ + paFz].
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Every member of this ideal is divisible by d; thus each of the polynomials
p: is divisible by d. Now suppose f is a polynomial which divides each of
the polynomials pi, ..., p.. Then there exist polynomials gy, ..., g¢.
such that p; = fg;, 1 <7 < n. Also, since d is in the ideal

pFz] + - + poFz],
there exist polynomials gy, . . ., ¢, in Fz] such that

d=pq+ -+ + Pagn.
Thus

d= f[91Q1 + -+ gnQn]-

We have shown that d is a monie polynomial satisfying (a), (b), and (c).
If d’ is any polynomial satisfying (a) and (b) it follows, from (a) and the
definition of d, that d' is a scalar multiple of d and satisfies (¢) as well.
Finally, in case d’ is a monic polynomial, we have d’ = d. ||

Definition. If py, ..., pa are polynomials over a field ¥, not all of
which are 0, the monic generator d of the ideal

piF[x] + -+ + paF[x]

18 called the greatest common divisor (g.c.d.) of py, ..., pa. This
terminology s justified by the preceding corollary. We say thal the poly-
nomials py, . . ., Pa are relatively prime if their greatest common divisor
s 1, or equivalently if the ideal they generate is all of F[x].

ExamrLe 8. Let C be the field of complex numbers. Then

(a) g.ed. (x + 2, 22 4 8z + 16) = 1 (see Example 7);
() ged. ((x — 2)¥z +12), (x —2)(2* + 1)) = (z — 2)(z + 7). For,
the ideal

(@ — 2)%(z + )F[z] + (= — 2)(2* + DF[z]
contains
=22+ —@—2)+1) =(—2)(x+9)FE—2).
Hence it contains (x — 2)(z + %), which is monic and divides both
x—22(xz+17) and (x — 2)@2+1).
ExampLE 9. Let F be the field of rational numbers and in F[z] let
M be the ideal generated by
(z — D=z + 2)7 (x + 2)%(z — 3), and (z — 3).
Then M contains
e+ 2z —1) —(@—3)]=(@+2):

and since

@+22=@@-3Nx+7) - 17
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M contains the scalar polynomial 1. Thus M = F[z] and the polynomials
(z — D(x + 2)2, (@ + 2)%(x — 3), and (x — 3)

are relatively prime.

Exercises

1. Let @ be the field of rational numbers, Determine which of the following subsets
of Q[z] are ideals. When the set is an ideal, find its monic generator.
(a) all f of even degree;
(b) all f of degree > 5;
(c) all f such that f(0) = 0;
(d) all f such that f(2) = f(4) = 0;
(e) all f in the range of the linear operator T defined by
T i i Zn; G i
1'=Oc,:c =2t 7T
2. Find the g.c.d. of each of the following pairs of polynomials
(a) 22° —~ 28 — 322 — 6z + 4, 2 + 23 — 22 — 22 — 2;
(b) 3z* 4+ 8z — 3, 2% + 222 4 3z + 6;
(c) 24 — 223 — 222 — 22 — 3, 2% 4+ 622+ 72 + 1.
3. Let A be an n X % matrix over a field F. Show that the set of all polynomials
f in F[z] such that f(4) = 0 is an ideal.

4, Let F be a subfield of the complex numbers, and let

1 -2
4= [0 3]‘
Find the monic generator of the ideal of all polynomials f in F[z] such that
f4) =0.
5. Let F be a field. Show that the intersection of any number of ideals in F[z]
is an ideal.

6. Let F be a field. Show that the ideal generated by a finite number of poly-
nomials fi, ..., f, in F[z] is the intersection of all ideals containing fi, . . ., fa.

7. Let K be a subfield of a field 7, and suppose f, g are polynomials in K[z].
Let M k be the ideal generated by fand g in K[z] and Mr be the ideal they generate
in F[z]. Show that Mk and M have the same monic generator.

4.5. The Prime Factorization

of a Polynomial

In this section we shall prove that each polynomial over the field F
can be written as a product of ‘prime’ polynomials. This factorization
provides us with an effective tool for finding the greatest common divisor
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of a finite number of polynomials, and in particular, provides an effective
means for deciding when the polynomials are relatively prime.

Definition. Let ¥ be a field. A polynomial f in ¥[x] 1s said to be
reducible over ¥ if there exist polynomials g, h in ¥[x] of degree > 1 such
that £ = gh, and if not, f 1s said to be irreducible over ¥. A non-scalar
wrreducible polynomaal over I 1s called a prime polynomial over ¥, and we
sometimes say it 7s a prime in F[x].

Exampre 10. The polynomial z2 + 1 is reducible over the field C of
complex numbers. For

224+ 1= (x+2)x—1)

and the polynomials z + 7, x — 7 belong to C[z]. On the other hand,
2? 4 1 is irreducible over the field R of real numbers. For if

224+ 1 = (ax + b)(@’x + b")
with a, @/, b, b’ in R, then
aa’ =1, ab’ + ba’ = 0, b = 1.

These relations imply a? 4+ b2 = 0, which is impossible with real numbers
a and b, unless a = b = 0.

Theorem 8. Let p, f, and g be polynomials over the field ¥. Suppose
that p 1s a prime polynomial and that p divides the product fg. Then either p
divides £ or p divides g.

Proof. 1t is no loss of generality to assume that p is a monic prime
polynomial. The fact that p is prime then simply says that the only monic
divisors of p are 1 and p. Let d be the g.c.d. of f and p. Then either
d = 1 or d = p, since d 1s a monic polynomial which divides p. If d = p,
then p divides f and we are done. So suppose d = 1, i.e., suppose f and p
are relatively prime. We shall prove that p divides g. Since (f, p) = 1,
there are polynomials fy and p, such that 1 = fof + pep. Multiplying by ¢,
we obtain

g = fofg + popg
= (fg)fo + p(pog).

Since p divides fg it divides (fg)fo, and certainly p divides p(pog). Thus
p dividesg. |}

Corollary. If p is a prime and divides a product f, - - - f,, then p divides
one of the polynomials f,, . . ., f..

Proof. The proof is by induetion. When n = 2, the result is simply
the statement of Theorem 6. Suppose we have proved the corollary for
n =k, and that p divides the product f; - - - fis: of some (k + 1) poly-
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nomials. Since p divides (fi - -+ fi)fr41, either p divides fry1 or p divides
f1+++ fi. By the induction hypothesis, if p divides f; - - - fi, then p divides
fifor some j, 1 < 7 < k. So we see that in any case p must divide some f;,
1<j<k+1 |

Theorem 9. If F 1s a field, a non-scalar monic polynomial in F{x] can
be factored as a product of monic primes in ¥ [x] in one and, except for order,
only one way.

Proof. Suppose f is a non-scalar monic polynomial over F. As
polynomials of degree one are irreducible, there is nothing to prove if
deg f = 1. Suppose f has degree n > 1. By induction we may assume the
theorem is true for all non-scalar monic polynomials of degree less than n.
If f is irreducible, it is already factored as a product of monic primes, and
otherwise f = gh where ¢ and h are non-scalar monic polynomials of
degree less than n. Thus g and h can be factored as products of monic
primes in F[z] and hence so can f. Now suppose

f=p1 .. pm=q1 e Qn
where pi, ..., pn and @, ..., ¢, are monic primes in F[z]. Then p,

divides the product ¢ - -+ ¢.. By the above corollary, p, must divide
some ¢;. Since ¢; and p,, are both monic primes, this means that

(4-16) gi = Dm
From (4-16) we see that m = n = 1 if either m = 1 or n = 1. For

degf = '21 deg p; = '§1 deg g;.
i= i=

In this case there is nothing more to prove, so we may assume m > 1 and
n > 1. By rearranging the ¢’s we can then assume p, = ¢, and that

pl Tt pm—lpm =q - Qn—lpm.
Now by Corollary 2 of Theorem 1 it follows that

DL Pma =@ Gno.
As the polynomial p; --- pn_1 has degree less than =, our inductive
assumption applies and shows that the sequence ¢, . . ., gn1 is at most
a rearrangement of the sequence pi, . . ., pm-1. This together with (4-16)
shows that the factorization of f as a product of monic primes is unique
up to the order of the factors. |

In the above factorization of a given non-scalar monic polynomial f,
some of the monic prime factors may be repeated. If py, p, . . ., p- are
the distinct monic primes occurring in this factorization of f, then

(4-17) f=pi'p% - pr,

the exponent n; being the number of times the prime p; occurs in the
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factorization. This decomposition is also clearly unique, and is called
the primary decomposition of f. It is easily verified that every monic
divisor of f has the form

(4-18) plips” - P, 0 < m; < n.

From (4-18) it follows that the g.c.d. of a finite number of non-scalar

monic polynomials fi, ..., f, is obtained by combining all those monic

primes which occur simultaneously in the factorizations of fi, ..., f.
The exponent to which each prime is to be taken is the largest for which
the corresponding prime power is a factor of each f;. If no (non-trivial)
prime power is a factor of each f;, the polynomials are relatively prime.

ExampLe 11. Suppose F is a field, and let a, b, ¢ be distinet elements
of F. Then the polynomials z — a, x — b, z — ¢ are distinct monic primes
in Flz]. If m, n, and s are positive integers, (z — ¢)® is the g.c.d. of the
polynomials.

(@ —b)"(z —c)* and (z — a)™(x — ¢)°
whereas the three polynomials
@—-b—0c, G@G-a"@@-0o" c—-a™z—-b"

are relatively prime.

Theorem 10. Let { be a non-scalar monic polynomial over the field F
and let
f=pi. - p&
be the prime factorization of f. For each j, 1 <j < k, let
fi = {/p = II pi*
i
Then £y, . . ., fix are relatively prime.

Proof. We leave the (easy) proof of this to the reader. We have
stated this theorem largely because we wish to refer to it later. |

Theorem 11. Let f be a polynomial over the field ¥ with derivative {'.
Then f 18 a product of distinct vrreducible polynomials over ¥ of and only +f
f and ' are relatively prime.

Proof. Suppose in the prime factorization of f over the field P
that some (non-scalar) prime polynomial p is repeated. Then f = p?h for
some h in F(z]. Then

J'= ' + 2pp’h
and p is also a divisor of f. Hence f and f” are not relatively prime.
Now suppose f = pr - - - P, where py, . . ., pr are distinct non-scalar
irreducible polynomials over F. Let f; = f/p;. Then

" =pifi+pifo+ -+ + pife

137
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Let p be a prime polynomial which divides both f and f’. Then p = p, for
some 7. Now p; divides f; for 7 # ¢, and since p; also divides

k
= z pifi
7=1

we see that p; must divide pif.. Therefore p; divides either f; or pi. But p;
does not divide f; since py, . . ., pr are distinet. So p; divides p;. This is
not possible, since p; has degree one less than the degree of p;. We con-
clude that no prime divides both f and f’, or that, f and f’ are relatively
prime. |

Definition. The field F s called algebraically closed if every prime
polynomial over F has degree 1.

To say that I is algebraically closed means every non-scalar irreduc-
ible monic polynomial over F is of the form (x — ¢). We have already
observed that each such polynomial is irreducible for any F. Accordingly,
an equivalent definition of an algebraically closed field is a field F such
that cach non-scalar polynomial f in F[z] can be expressed in the form

f=ca—c)m--- (& — )™

where ¢ is a scalar, ¢, . . ., ¢ are distinct elements of F, and ny, ..., m
are positive integers. Still another formulation is that if f is a non-scalar
polynomial over F, then there is an element ¢ in ¥ such that f(¢) = 0.

The field R of real numbers is not algebraically closed, since the poly-
nomial (22 + 1) is irreducible over R but not of degree 1, or, because
there is no real number ¢ such that ¢2 4+ 1 = 0. The so-called Funda-
mental Theorem of Algebra states that the field C of complex numbers is
algebraically closed. We shall not prove this theorem, although we shall
use it somewhat later in this book. The proof is omitted partly because
of the limitations of time and partly because the proof depends upon a
‘non-algebraic’ property of the system of real numbers. For one possible
proof the interested reader may consult the book by Schreier and Sperner
in the Bibliography.

The Fundamental Theorem of Algebra also makes it clear what the
possibilities are for the prime factorization of a polynomial with real
coefficients. If f is a polynomial with real coefficients and ¢ is a complex
root of f, then the complex conjugate ¢ is also a root of f. Therefore, those
complex roots which are not real must occur in conjugate pairs, and the
entire set of roots has the form {t1, . . ., &, 01, €, . - -, Cry G} Wherely, . . ., U
arereal and ¢y, . . ., ¢, are non-real complex numbers. Thus f factors

f= c(x—tl) e (x——tk)pl <o Dr
where p; is the quadratic polynomial

pi = (& — ¢;)(x — Ty).
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These polynomials p; have real coefficients. We conclude that every
irreducible polynomial over the real number field has degree 1 or 2. Each
polynomial over R is the product of certain linear factors, obtained from
the real roots of f, and certain irreducible quadratic polynomials.

FExercises

1. Let p be a monic polynomial over the field F, and let f and ¢ be relatively
prime polynomials over F. Prove that the g.c.d. of pf and pg is p.

2. Assuming the Fundamental Theorem of Algebra, prove the following. If f and
g are polynomials over the field of complex numbers, then g.c.d. (f,¢g) = 1 if and
only if f and g have no common root.

3. Let D be the differentiation operator on the space of polynomials over the
field of complex numbers. Let f be a monic polynomial over the field of complex
numbers. Prove that

f=@—ca)- " @—a
where ¢;, . . ., ¢k are distinet complex numbers if and only if f and Df are relatively
prime. In other words, f has no repeated root if and only if f and Df have no com-
mon root. (Assume the Fundamental Theorem of Algebra.)

4. Prove the following generalization of Taylor’s formula. Let f, g, and & be
polynomials over a subfield of the complex numbers, with deg f < n. Then

1@ = B 5 rom = b

(Here f(g) denotes ‘f of ¢.")

For the remaining exercises, we shall need the following definition. If f, g,
and p are polynomials over the field F with p % 0, we say that f is congruent to g
modulo p if (f — g) is divisible by p. If f is congruent to ¢ modulo p, we write

f = gmod p.
5. Prove, for any non-zero polynomial p, that congruence modulo p is an equiva-
lence relation.

(a) It is reflexive: f = f mod p.

(b) It is symmetric: if f = g mod p, then ¢ = f mod p.

(c) Tt is transitive: if f = g mod p and ¢ = » mod p, then f = 2 mod p.

6. Suppose f = g mod p and f, = g mod p.
(a) Prove that f + fi = ¢ + ¢ mod p.
(b) Prove that ffi = gg mod p.

7. Use Exercise 7 to prove the following. If f, g, &, and p are polynomials over the
field F and p # 0, and if f = g mod p, then A(f) = h(g) mod p.

8.If p is an irreducible polynomial and fg = 0 mod p, prove that either
f=0mod p or g = 0mod p. Give an example which shows that this is false if p
1s not irreducible.
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5.1. Commutative Rings

In this chapter we shall prove the essential facts about determinants
of square matrices. We shall do this not only for matrices over a field, but
also for matrices with entries which are ‘scalars’ of a more general type.
There are two reasons for this generality. First, at certain points in the
next chapter, we shall find it necessary to deal with determinants of
matrices with polynomial entries. Second, in the treatment of determi-
nants which we present, one of the axioms for a field plays no role, namely,
the axiom which guarantees a multiplicative inverse for each non-zero
element. For these reasons, it is appropriate to develop the theory of
determinants for matrices, the entries of which are elements from a com-
mutative ring with identity.

Definition. A ring is a set K, together with two operations (x,y) —
x + y and (x, y) = Xy satisfying

(a) K is a commutative group under the operation (x,y) =x +y (K
is a commutative group under addition);

(b) (xy)z = x(yz) (multiplication is associative);

(¢) x(y +2z) =xy +xz; (y +2)x =yx + zx (the two distributive
laws hold).

Ifxy = yx for all x and y in K, we say that the ring K is commutative.
If there is an element 1 in K such that 1x = x1 = x for each x, K is said
to be a ring with identity, and 1 is called the identity for K.

140
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We are interested here in commutative rings with identity. Such a
ring can be described briefly as a set K, together with two operations
which satisfy all the axioms for a field given in Chapter 1, except possibly
for axiom (8) and the condition 1 £ 0. Thus, a field is a commutative
ring with non-zero identity such that to each non-zero z there corresponds
an element x~! with zz—! = 1. The set of integers, with the usual opera-
tions, is a commutative ring with identity which is not a field. Another
commutative ring with identity is the set of all polynomials over a field,
together with the addition and multiplication which we have defined for
polynomials.

If K is a commutative ring with identity, we define an m X n matrix
over K to be a function A from the set of pairs (7, j) of integers, 1 < 7 < m,
1 < j < n, into K. As usual we represent such a matrix by a rectangular
array having m rows and n columns. The sum and produet of matrices
over K are defined as for matrices over a field

(A + B)ij = Ay + By;
(AB)ij = %AikBkj

the sum being defined when 4 and B have the same number of rows and
the same number of columns, the product being defined when the number
of columns of A is equal to the number of rows of B. The basic algebraic
properties of these operations are again valid. For example,

AB 4+ C) = AB + AC, (AB)C = A(BC), ete.

As in the case of fields, we shall refer to the elements of K as scalars.
We may then define linear combinations of the rows or columns of a
matrix as we did earlier. Roughly speaking, all that we previously did for
matrices over a field is valid for matrices over K, excluding those results
which depended upon the ability to ‘divide’ in K.

5.2. Determinant Functions

Let K be a commutative ring with identity. We wish to assign to
each n X n (square) matrix over K a scalar (element of K) to be known
as the determinant of the matrix. It is possible to define the determinant
of a square matrix A by simply writing down a formula for this determi-
nant in terms of the entries of A. One can then deduce the various prop-
erties of determinants from this formula. However, such a formula is
rather complicated, and to gain some technical advantage we shall proceed
as follows. We shall define a ‘determinant function’ on K™ as a function
which assigns to each n X n matrix over K a scalar, the function having
these special properties. It is linear as a function of each of the rows of the
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matrix: its value is O on any matrix having two equal rows; and its value
on the n X n identity matrix is 1. We shall prove that such a function
exists, and then that it is unique, i.e., that there is precisely one such
function. As we prove the uniqueness, an explicit formula for the determi-
nant will be obtained, along with many of its useful properties.

This section will be devoted to the definition of ‘determinant function’
and to the proof that at least one such function exists.

Definition. Let K be a commutative ring with identity, n a positive
integer, and let D be a function which assigns to each n X n matriz A over K
a scalar D(A) in K. We say that D is n-linear if for each 1, 1 <1 < n,
D 4s a linear function of the ith row when the other (n — 1) rows are held fixed.

This definition requires some clarification. If D is a function from
K~ into K, and if ay, . .., a, are the rows of the matrix A, let us also
write

D(A) = D(auy . . ., an)

that is, let us also think of D as the function of the rows of A. The state-
ment that D is n-linear then means
(5-1) Dlau,...,coi+aly...,a,) =cD(ar, ..., a5...,an

+ Doy, ... 08 ..., ay).
If we fix all rows except row 7 and regard D as a function of the 4th row,
it 1s often convenient to write D(«;) for D(A). Thus, we may abbreviate
(5-1) to

D(Cai + a;) = CD(C!,') + D(aﬁ)

so long as it is clear what the meaning is.

Exampre 1. Let ki, ..., %k, be positive integers, 1 < k; < n, and
let @ be an element of K. For cach n X n matrix A over K, define
(5-2) D(4) = ad(1, k) - -+ A(n, k).

Then the function D defined by (5-2) is n-linear. For, if we regard D as a
function of the zth row of A, the others being fixed, we may write

D(a;) = A3, k)b

where b is some fixed element of K. Let of = (44, ..., Air). Then we
have
D(ca; + ait) = [cA@, k) + A3, k)b

eD(a:) + D(al).

Thus D is a linear function of each of the rows of A.
A particular n-linear function of this type is

D(A) = Aquz AL A,m.
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In other words, the ‘product of the diagonal entries’ is an n-linear function
on K»x»,

ExampLE 2. Let us find all 2-linear functions on 2 X 2 matrices over
K. Let D be such a function. If we denote the rows of the 2 X 2 identity
matrix by e, e, we have
D(A) = D(Anea + Ane, Anea + Axe).
Using the fact that D is 2-linear, (5-1), we have
D(A) = A11D(€1, Aner + Ager) + AD(e, Aner + Aner)
= AyAnD(e, a) + AudanD(e, )
+ ApdaD(e, &) + ApAdnD(e, ).
Thus D is completely determined by the four scalars
D(e,e), D(a,e), Dieea), and  D(e, e).
The reader should find it easy to verify the following. If a, b, ¢, d are any
four scalars in K and if we define
D(A) = AnAna + AnAanb + Apndac + ApAxd
then D is a 2-linear function on 2 X 2 matrices over K and
D(Gl, 61) = a, D(Gl, 62) = b
D(eg, 61) = c, D(Ez, 62) =d.

Lemma. A linear combination of n-linear functions is n-linear.
Proof. 1t suffices to prove that a linear combination of two
n-linear functions is n-linear. Let D and E be n-linear functions. If ¢ and b
belong to K, the linear combination aD + bE is of course defined by
(aD + bE)(A) = aD(A) + bE(A).

Hence, if we fix all rows except row ¢

(aD + bE)(ca; + o)) = aD(ca; + i) + bE(ca; + ai)
acD(a;) + aD(a) + beE(a;) + bE (o))
claD + bE)(a;) + (aD + bE) (o). |

If K is a field and V is the set of n X n matrices over K, the above
lemma says the following. The set of n-linear functions on V is a subspace
of the space of all functions from V into K.

Ii

ExampLE 3. Let D be the function defined on 2 X 2 matrices over
K by

(5‘3) D(A) = Andas — ApAa.
Now D is the sum of two functions of the type deseribed in Example 1:
D =D+ D,

Dl(A) = And,
Dz(A) = —ApAan.
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By the above lemma, D is a 2-linear function. The reader who has had
any experience with determinants will not find this surprising, since he
will recognize (5-3) as the usual definition of the determinant of a 2 X 2
matrix. Of course the function D we have just defined is not a typical
2-linear function. It has many special properties. Let us note some of these
properties. First, if [ is the 2 X 2 identity matrix, then D(I) = 1, i.e.,
D(e, e2) = 1. Second, if the two rows of A are equal, then

D(A) = AnAyp — ApAn = 0.

Third, if A’ is the matrix obtained from a 2 X 2 matrix 4 by interchang-
ing its rows, then D(A’) = —D(A); for

D(A") = Al1A35: — ALAn
= A21A12 - A22Au
= —D(A).

Definition. Let D be an n-linear function. We say D ¢s alternating
(or alternate) if the following two conditions are satisfied:

(a) D(A) = 0 whenever two rows of A are equal.
(b) If A’ is a matriz obtained from A by interchanging two rows of A,
then D(A’) = —D(A).

We shall prove below that any n-linear function D which satisfies (a)
automatically satisfies (b). We have put both properties in the definition
of alternating n-linear function as a matter of convenience. The reader
will probably also note that if D satisfies (b) and A is a matrix with two
equal rows, then D(A) = —D(A). It is tempting to conclude that D
satisfies condition (a) as well. This is true, for example, if K is a field in
which 1 4+ 1 # 0, but in general (a) is not a consequence of (b).

Definition. Let K be a commutative ring with identity, and let n be a
posttive integer. Suppose D is a function from n X n matrices over K 2nio
K. We say that D is a determinant function if D s n-linear, alternating,
and D(I) = 1.

As we stated earlier, we shall ultimately show that there is exactly
one determinant function on n X n matrices over K. This is easily seen
for 1 X 1 matrices A = [a] over K. The function D given by D(4) = a
is a determinant function, and clearly this is the only determinant func-
tion on 1 X 1 matrices. We are also in a position to dispose of the case
n = 2. The function

D(A) = ApnAg — A1pda

was shown in Example 3 to be a determinant funetion. Furthermore, the
formula exhibited in Example 2 shows that D is the only determinant
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function on 2 X 2 matrices. For we showed that for any 2-linear function D

D(A) = AndaD(ea, a) + AudanD(a, &)
+ ApAnD (e, @) + ApdnD(e, &).
If D is alternating, then

D(el, 61) = D(eg, 62) = 0
and
D((:g, 61) = ——D(el, 62) = —D<I)

If D also satisfies D(I) = 1, then
D(A) = A11A22 - A12A21-

ExampLe 4. Let F be a field and let D be any alternating 3-linear
function on 3 X 3 matrices over the polynomial ring Flz].

Let
x 0 —x?
A=[0 1 0 }
1 0 x3

If we denote the rows of the 3 X 3 identity matrix by e, €, €, then
D(A) = D(.”Cél - .’E263, €2, € + .’Eaeg).
Since D is linear as a function of each row,

D(A) = zD(e, &, & + xe:) — 22D(e3, €, &1 + 2%;)
zD{e, &, &) + 2D (e, €, &) — 22D(e3, €2, &1) — 2°D(e3, €3, &).

Because D is alternating it follows that
D(4) = (2* + 29)D(a, &, «).

Lemma. Let D be a 2-linear function with the property that D(A) = 0
for all 2 X 2 matrices A over K having equal rows. Then D is alternating.

Proof. What we must show is that if A isa 2 X 2 matrix and A’
is obtained by interchanging the rows of A, then D(A’) = —D(A). If the
rows of A are o and 8, this means we must show that D(8, a) = —D(a, 8).
Since D is 2-linear,

D(a + 8, e+ B) = D(o, @) + D(e, B) + D(B, @) + D(B, B)
By our hypothesis D(a + 8, @ + 8) = D(a, @) = D(B,8) = 0. So

0 = D(e, B) + D(B, ). 1

Lemma. Let D be an n-linear function on n X n matrices over K.
Suppose D has the property that D(A) = 0 whenever two adjacent rows of
A are equal. Then D is alternating.

Proof. We must show that D(4) = 0 when any two rows of A
are equal, and that D(A’) = —D(4) if A’ is obtained by interchanging
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some two rows of A. First, let us suppose that A’ is obtained by inter-
changing two adjacent rows of A. The reader should see that the argument
used in the proof of the preceding lemma extends to the present case and
gives us D(A") = —D(A4).

Now let B be obtained by interchanging rows ¢ and j of A, where
1 < j. We can obtain B from 4 by a succession of interchanges of pairs of
adjacent rows. We begin by interchanging row ¢ with row (¢ + 1) and
continue until the rows are in the order

Oy o v vy Oy Oligdy o o vy Oy Oy Oljayy o o vy Oy,

This requires k = j — ¢ interchanges of adjacent rows. We now move «;
to the ¢th position using (k¥ — 1) interchanges of adjacent rows. We have
thus obtained B from A by k + (b — 1) = 2k — 1 interchanges of adja~
cent rows. Thus

D(B) = (—1)%1D(4) = —D(A).

Suppose A is any n X n matrix with two equal rows, say a; = o;
with ¢ < 7. If j = 7+ 1, then A has two equal and adjacent rows and
D(A) =0. If j > ¢+ 1, we interchange a;41 and «; and the resulting
matrix B has two equal and adjacent rows, so D(B) = 0. On the other
hand, D(B) = —D(4), hence D(4) = 0. §

Definition. If n > 1 and A is an n X n matriz over X, we let A(i]j)
denote the (n — 1) X (n — 1) matriz obtained by deleting the ith row and
jth column of A. If D 48 an (n — 1)-linear function and A 48 an n X n
mairez, we put Di;(A) = D[A®]})].

Theorem 1. Let n > 1 and let D be an alternating (n — 1)-linear
Junetion on (n — 1) X (n — 1) matrices over K. For each j, 1 <j<n,

the function E; defined by

(5-4) Ef4) = 3 (~1)*AuDu(A)

is an alternating n-linear function on n X n mairices A. If D is a determi-

nant function, so is each V.

Proof. If A is an n X n matrix, D;;(4) is independent of the 7th
row of A. Since D is (n — 1)-linear, it is clear that D,; is linear as a func-
tion of any row except row 4. Therefore 4,,D:;(A) is an n-linear function
of A. A linear combination of n-linear functions is n-linear; hence, Z; is
n-linear. To prove that E; is alternating, it will suffice to show that
E;(A) = 0 whenever A has two equal and adjacent rows. Suppose oy =
orqa. If 7% k and 7 % k + 1, the matrix A(z]7) has two equal rows, and
thus D;;(A) = 0. Therefore

Ej Ay = (=L*A;D(A) + (=1 A gD gy (4).
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Since o = Okyl,
Ay = Aws; and  A(kl)) = Ak + 1]5).
Clearly then E;(4) = 0.

Now suppose D is a determinant function. If 7™ is the n X n identity
matrix, then I™(j|7) is the (n — 1) X (n — 1) identity matrix I¢D,
Since IfP = 35, it follows from (5-4) that
(5-5) E,(I™) = D(I~D),

Now DI V) =1, so that E;(I®™) = 1 and E; is a determinant func-
tion. |

Corollary. Let K be a commutative ring with identity and let n be a
posttive integer. There exists at least one determinant function on K.
Proof. We have shown the existence of a determinant function
on 1 X 1 matrices over K, and even on 2 X 2 matrices over K. Theorem 1
tells us explicitly how to construct a determinant function on n X n
matrices, given such a function on (n — 1) X (n — 1) matrices. The
corollary follows by induction. |}

ExampLE 5. If B is a 2 X 2 matrix over K, we let

IB[ = BuBs — B2Bo.

Then |B| = D(B), where D is the determinant function on 2 X 2 matrices.
We showed that this function on K?<? is unique. Let

Ay A Ay
A=|An Ax Ax

Ay A Ay
be a 3 X 3 matrix over K. If we define E,, E,, £, as in (5-4), then
B0 B = i G- Ay LAl
s R /W R v
9 - ad G-l 3]

1t follows from Theorem 1 that E,, E,, and E; are determinant functions.
Actually, as we shall show later, E; = E, = E;, but this is not yet appar-
ent even in this simple case. It could, however, be verified directly, by
expanding each of the above expressions. Instead of doing this we give
some specific examples.

(a) Let K = R[z] and

z—1 2 3
A= 0 r—2 1 .
0 0 z— 3
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Then
B@-e-0f ;% 1l-e-ne-26-3
1 = (T 0 x_3-:1: x T
0 1 z—1 z3
—_ a2 —
B =) lre-of gt 7,
=@ — 1 —2)(x—3)
and
_ .0 z=2/ -1 2? e —1 2
Ba(d) =2ty l 0o ol TE= x—J
=(x— D —2)x — 3).
(b) Let K = R and
010
A=]0 0 1}
1 00
Then
1 0
E\(4) = 0 1—1
01
Eg(A)——1 0—1
01
By(d) = —|| o =1
Exercises

1. Each of the following expressions defines a function D on the set of 3 X 3
matrices over the field of real numbers. In which of these cases is D a 3-linear
function?

(8) D(A4) = An + An + As;

(b) D(A) = (Au)2 =+ 3A11A22;

(c) D(A) = AnApds;

(d) D(A) = ApApds + 5Apdndy;
(e) D(4) = 0;

() D(A) = 1.

2. Verify directly that the three functions Ey, E,, E; defined by (5-6), (5-7), and
(5-8) are identical.

3. Let K be a commutative ring with identity. If 4 is a 2 X 2 matrix over K,
the classical adjoint of A4 is the 2 X 2 matrix adj A defined by

. An —Am]
djA = .
ad) [—Am An

If det denotes the unique determinant function on 2 X 2 matrices over K, show
that
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(a) (adj A)A = A(adj A) = (det A)I;
(b) det (adj A) = det (4);
(c) adj (4% = (adj 4)*.

(A* denotes the transpose of 4.)

4. Let A be a 2 X 2 matrix over a field F. Show that 4 is invertible if and only
if det A £ 0. When A is invertible, give a formula for 471

5. Let A be a 2 X 2 matrix over a field F, and suppose that 4% = 0. Show for
each scalar ¢ that det (¢ — A) = c2

6. Let K be a subfield of the complex numbers and n a positive integer. Let
Ji, «+«, Jn and ki, ..., k, be positive integers not exceeding n. For an n X n
matrix A over K define

D(4) = A(jy, k)A(Gs, ko) -+ A(Gn, k).
Prove that D is n-linear if and only if the integers jy, . . ., 7. are distinct.

7. Let K be a commutative ring with identity. Show that the determinant fune-
tion on 2 X 2 matrices 4 over K is alternating and 2-linear as a function of the
columns of A.

8. Let K be a commutative ring with identity. Define a function D on 3 X 3
matrices over K by the rule

_ An Ax] _ Ay Ay An Ax],
D{4) = Ay det [Aaz Aaa] A det [Aal Aaa] + Au det [Aal Aaz]

Show that D is alternating and 3-linear as a function of the columns of 4.

9. Let K be a commutative ring with identity and D an alternating n-linear
function on n X n matrices over K. Show that
(a) D(A) = 0, if one of the rows of 4 is 0.
(b) D(B) = D(A), if B is obtained from 4 by adding a scalar multiple of
one row of A to another.

10. Let F be a field, 4 a 2 X 3 matrix over F, and (cy, ¢y, ¢5) the vector in F?
defined by

AlZ AlB
AZZ A23

AIB All
An Ay

All Al2
An A

G = = =

] Cc3 =

’ Co

Show that

(a) rank (A) = 2 if and only if (¢, ¢35, ¢3) #= 0;

(b) if A has rank 2, then (¢, ¢, ¢;) is a basis for the solution space of the
system of equations 4X = 0.

11. Let K be a commutative ring with identity, and let D be an alternating 2-linear
funetion on 2 X 2 matrices over K. Show that D(4) = (det A)D({I) for all A.
Now use this result (no computations with the entries allowed) to show that
det (AB) = (det A)(det B) for any 2 X 2 matrices 4 and B over K.

12. Let F be a field and D a function on n X n matrices over F (with values in F).
Suppose D(AB) = D(A)D(B) for all A, B. Show that either D(4) = 0 for all 4,
or D(I) = 1. In the latter case show that D(4) 0 whenever A is invertible.

13. Let R be the field of real numbers, and let D be a function on 2 X 2 matrices
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over R, with values in R, such that D(4AB) = D(4)D(B) for all A, B. Suppose
also that
. 01 10
o([7 o])=2 (o 1))
Prove the following.
(a) D) = 0;

(b) D(4) =0if 42 = 0;

(¢) D(B) = —D(4) if B is obtained by interchanging the rows (or columns)
of 4;

(d) D(4) = 0 if one row (or one column) of 4 is 0;

(e) D(A4) = 0 whenever A is singular.

14. Let A be a 2 X 2 matrix over a field #. Then the set of all matrices of the
form f(A), where f is a polynomial over F, is a commutative ring K with identity.
If Bisa 2 X 2 matrix over K, the determinant of B is then a 2 X 2 matrix over F,
of the form f(A4). Suppose I is the 2 X 2 identity matrix over ¥ and that B is the

2 X 2 matrix over K
B _ [A et Au[ —Anl ].
- — Ayl A — Apl

Show that det B = f(A), where f = 22 — (411 + Aw)x + det A, and also that
f(4) = 0.

5.3. Permutations and the Uniqueness

of Determinants

In this section we prove the uniqueness of the determinant function
on n X n matrices over K. The proof will lead us quite naturally to con-
stder permutations and some of their basic properties,

Suppose D is an alternating n-linear function on n X n matrices over

K. Let 4 be an n X n matrix over K with rows ay, ag, - -+ , an. If we de-
note the rows of the n X n identity matrix over K by e, e, * -+ , €, then
(5-9) ai = T A®, e, 1 <7< n.

i=1
Hence

D) = D (340,96 a0
7
= Z A(Lj)D(EJ') Qe ey Q).
J
If we now replace ax by T A (2, k)er, we see that
k

D(ej 09, . . ., an) = %]A(Z, B)D(ejy €, . . .y an).

Thus
D(A) = %A(l,j)A 2, BYD(ej, €xy « - . , @n).
I
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In D(ejy &, . - . , @) We next replace a3 by = A (3, l)e; and so on. We finally
obtain a complicated but theoretically important expression for D(A),
namely

(5-10) D(4) =
p . A(l, kl)A (21 k2) e A(n) kn)D(Gku €kay o v oy 6kn)'

ki, k2, ...,

In (5-10) the sum is extended over all sequences (ki, ks, . . ., k.) of positive
integers not exceeding n. This shows that D is a finite sum of functions of
the type described by (5-2). It should be noted that (5-10) is a consequence
just of assumption that D is n-linear, and that a special case of (5-10) was
obtained in Example 2. Since D is alternating,

D(ékl, €kay + » oy éku) = 0

whenever two of the indices k; are equal. A sequence (ki ks, . . ., k)
of positive integers not exceeding n, with the property that no two of
the k; are equal, is called a permutation of degree n. In (5-10) we need
therefore sum only over those sequences which are permutations of
degree n.

Since a finite sequence, or n-tuple, is a function defined on the first n
positive integers, a permutation of degree n may be defined as a one-one

function from the set {1,2,..., n} onto itself. Such a function ¢ corre-
sponds to the n-tuple (¢1, 02, . . ., on) and is thus simply a rule for order-
ing 1,2, ..., nin some well-defined way.

If D is an alternating n-linear function and A is an n X n matrix
over K, we then have

(5-11) DA) =2 A1,01) -+« A(n, on)D(es1, . . . , €on)

where the sum is extended over the distinct permutations o of degree n.
Next we shall show that

(5-12) Dieg, ..., €m) = ED(e, ..., €)

where the sign + depends only on the permutation ¢. The reason for this
is as follows. The sequence (¢1, ¢2, ..., on) can be obtained from the
sequence (1,2,...,7n) by a finite number of interchanges of pairs of
elements. For example, if ¢1 1, we can transpose 1 and ¢l, obtaining
(¢1,...,1,...). Proceeding in this way we shall arrive at the sequence
(¢1,. .., on) after n or less such interchanges of pairs. Since D is alter-
nating, the sign of its value changes each time that we interchange two
of the rows ¢; and ¢;. Thus, if we passfrom (1, 2, . . ., n) to (1, 02, ..., 0n)
by means of m interchanges of pairs (7, j), we shall have

Dieqy ...y 60) = (=1)"D(er, . . ., €).
In particular, if D is a determinant function
(6-13) D(fvlr c ey €n) = (_l)m
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where m depends only upon ¢, not upon D. Thus all determinant func-
tions assign the same value to the matrix with rows e, . . ., €y, and this
value is either 1 or —1.

Now a basic fact about permutations is the following. If ¢ is a per-
mutation of degree n, one can pass from the sequence (1,2,...,n) to
the sequence (g1, 02, ..., 0n) by a succession of interchanges of pairs,
and this can be done in a variety of ways; however, no matter how it is
done, the number of interchanges used is either always even or always
odd. The permutation is then called even or odd, respectively. One
defines the sign of a permutation by

sgn o = { 1, if ais even
—1, ifoisodd
the symbol ‘1’ denoting here the integer 1.

We shall show below that this basic property of permutations can be
deduced from what we already know about determinant functions. Let
us assume this for the time being. Then the integer m occurring in (5-13)

is always even if ¢ is an even permutation, and is always odd if ¢ is an odd
permutation. For any alternating n-linear function D we then have

D(essy .« oy €m) = (Sgn U)D(elr ceey 6")
and using (5-11)

(5-14)  D(4) = [z (san )AL, 1) -+ A(n, an)] D).

Of course I denotes the n X n identity matrix.
From (5-14) we see that there is precisely one determinant function
on n X n matrices over K. If we denote this function by det, it is given by

(5-15) det (4) = X (sgne)A(1, gl) -+ A(n, on)

the sum being extended over the distinct permutations ¢ of degree n. We
can formally summarize as follows.

Theorem 2. Let K be a commutative ring with identity and let n be a
positive integer. There is precisely one determinant function on the set of
n X n mairices over K, and 1t 1s the function det defined by (6-15). If D s
any alternating n-linear function on K<, then for each n X n matriz A

D(A) = (det A)D(I).

This is the theorem we have been seeking, but we have left a gap in
the proof. That gap is the proof that for a given permutation s, when we
pass from (1,2,...,n) to (¢l,02,...,on) by interchanging pairs, the
number of interchanges is always even or always odd. This basic com-
binatorial fact can be proved without any reference to determinants;
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however, we should like to point out how it follows from the exristence of
a determinant function on 7 X n matrices.
Let us take K to be the ring of integers. Let D be a determinant

function on n X n matrices over K. Let ¢ be a permutation of degree n,

and suppose we pass from (1,2,...,n) to (¢1,¢2,..., on) by m inter-
changes of pairs (7, §), ¢ # 7. As we showed in (5-13)

(=™ = D(esy . « - y€on)

that is, the number (—1)™ must be the value of D on the matrix with
TOWS €1, - . .+ , €on. If
Diea, . .., €m) =1,
then m must be even. If
D(qu, sy eqn) = -‘1,
then m must be odd.

Since we have an explicit formula for the determinant of an n X n
matrix and this formula involves the permutations of degree n, let us
conclude this section by making a few more observations about permu-
tations. First, let us note that there are precisely n! = 1+ 2 .- n permu-
tations of degree n. For, if ¢ is such a permutation, there are n possible
choices for ¢1; when this choice has been made, there are (n — 1) choices
for 02, then (n — 2) choices for ¢3, and so on. So there are

nn—Dn—2)---2.-1=n!

permutations ¢. The formula (5-15) for det (4) thus gives det (4) as a
sum of n! terms, one for each permutation of degree n. A given term is a
product
AL, ol) --- A(n, on)

of n entries of A, one entry from each row and one from each column,
and is prefixed by a ‘+’ or ‘—’ sign according as ¢ is an even or odd
permutation.

When permutations are regarded as one-one functions from the set
{1,2,...,n} onto itself, one can define a product of permutations. The
product of ¢ and = will simply be the composed function o7 defined by

(07)(7) = a(7(2)).
If € denotes the identity permutation, e(¢) = 7, then each ¢ has an inverse
o~ ! such that

gl =o¢"lo = e
One can summarize these observations by saying that, under the opera-
tion of composition, the set of permutations of degree = is a group. This
group is usually called the symmetric group of degree n.

From the point of view of products of permutations, the basic prop-
"erty of the sign of a permutation is that

(5-16) sgn (or) = (sgn o)(sgn 7).
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In other words, o7 is an even permutation if ¢ and 7 are either both even
or both odd, while ¢7 is odd if one of the two permutations is odd and the
other is even. One can see this from the definition of the sign in terms of
successive interchanges of pairs (z,7). It may also be instructive if we
point out how sgn (o) = (sgno)(sgnr) follows from a fundamental
property of determinants.

Let K be the ring of integers and let ¢ and 7 be permutations of
degree n. Let ¢, . . ., €, be the rows of the n X n identity matrix over K,
let A be the matrix with rows e, . . ., €&, and let B be the matrix with
TOWS €1, . - . , €. Lhe 7th row of A contains exactly one non-zero entry,
namely the 1 in column 7¢. From this it is easy to see that e,; is the ith
row of the product matrix 4 B. Now

det (4) = sgn 7, det (B) = sgn o, and det (AB) = sgn (o71).

So we shall have sgn (o7) = (sgn o)(sgn 7) as soon as we prove the
following.

Theorem 3. Let K be a commutative ring with identity, and let A and
B be n X n mairices over K. Then
det (AB) = (det A)(det B).

Proof. Lel B be a fixed n X n matrix over K, and for each n X n
matrix A define D(A) = det(AB). If we denote the rows of 4 by a, ..
a,, then

¢

D{ay, . ..,a,) = det (aB,...,aB).

Here a;B denotes the 1 X n matrix which is the product of the 1 X n
matrix o; and the n X n matrix B. Since

(ca; + a1)B = ca;B + oaiB

and det is n-linear, it is easy to see that D is n-linear. If a; = «;, then
a;B = a;B, and since det is alternating,

D(oq,. . .,a") = 0.

Hence, D is alternating. Now D is an alternating n-linear function, and
by Theorem 2

D(A) = (det A)D(I).
But D(I) = det (IB) = det B, so
det (AB) = D(A) = (det A)(det B). |}
The fact that sgn (¢7) = (sgn o)(sgn 7) is only one of many corollaries

to Theorem 3. We shall consider some of these corollaries in the next
section.
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Exercises

1. If K is a commutative ring with identity and 4 is the matrix over K given by

0 a b
A= I:—a 0 c:l
—b —c¢ O
show that det A = 0.

2. Prove that the determinant of the Vandermonde matrix

1 a a?
|:1 b b{l
1 ¢ ¢
is (b —a)(c — a)(c — b).

3. List explicitly the six permutations of degree 3, state which are odd and which
are even, and use this to give the complete formula (5-15) for the determinant of a
3 X 3 matrix.

4. Let ¢ and 7 be the permutations of degree 4 defined by ¢l = 2, ¢2 = 3,
03=4,04=1,711=3,72=1,73 =2, 714 = 4.
(a) Is o odd or even? Is 7 odd or even?
(b) Find o7 and 70.
5. If A is an invertible n X n matrix over a field, show that det 4 = 0.

6. Let A be a 2 X 2 matrix over a field. Prove that det (I + A) =1 +det 4
if and only if trace (4) = 0.

7. An n X n matrix 4 is called triangular if 4;; = 0 whenever 7 > j or if
A;;j = 0 whenever ¢ < j. Prove that the determinant of a triangular matrix is the
product A Az - -+ A, of its diagonal entries.

8. Let A be a 3 X 3 matrix over the field of complex numbers. We form the
matrix I — A with polynomial entries, the 7, j entry of this matrix being the
polynomial 8;;z — A;;. If f = det (I — A), show that f is a monic polynomial
of degree 3. If we write

f=@—ca)(z—c)(z—oc)
with complex numbers ¢;, ¢z, and ¢;, prove that
¢+ ¢+ ¢ = trace (A) and cice3 = det A.
9. Let n be a positive integer and F a field. If ¢ is a permutation of degree n,
prove that the function
T(Il, ey i'?n) = (:ll,l, ey :c.,,.)
is an invertible linear operator on F".
10. Let F be a field, n a positive integer, and S the set of n X n matrices over F.
Let V be the vector space of all functions from S into F. Let W be the set of alter-

nating n-linear functions on S. Prove that W is a subspace of V. What is the dimen-
sion of W?
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11. Let T be a linear operator on F*, Define
Dr(ay, ..., an) = det (Tey, ..., Ta,).
(a) Show that Dy is an alternating n-linear function.

(b) If
¢c=det (Te, ..., Tey)

show that for any = vectors a, . . ., @, We have
det (Tay, . .., Ta,) = cdet (ay, . .., a).
(e) If ® is any ordered basis for F* and A is the matrix of T in the ordered

basis B, show that det 4 = c.
(d) What do you think is a reasonable name for the scalar ¢?

12, If ¢ is a permutation of degree n and A4 is an n X n matrix over the field F
with row vectors ay, . . ., a,, let ¢(A4) denote the n X n matrix with row vectors
Qgly + « vy Agpe

(a) Prove that ¢(4B) = ¢(4)B, and in particular that o(4) = o(I)4.

(b) If T is the linear operator of Exercise 9, prove that the matrix of T in
the standard ordered basis is ¢(7).

(¢) Is o~ '(I) the inverse matrix of o(I)?

(d) Is it true that o(A4) is similar to 4?
13. Prove that the sign function on permutations is unique in the following sense.
If f is any funection which assigns to each permutation of degree n an integer, and
if f(or) = f(o)f(7), then f is identically O, or f is identically 1, or f is the sign
function.

5.4. Additional Properties of Determinants

In this section we shall relate some of the useful properties of the
determinant function on n X n matrices. Perhaps the first thing we should
point out is the following. In our discussion of det A, the rows of A have
played a privileged role. Since there is no fundamental difference between
rows and columns, one might very well expect that det A is an alternating
n-linear function of the columns of A. This is the case, and to prove it,
it suffices to show that
(5-17) det (A%) = det (A)
where A¢ denotes the transpose of 4.

If ¢ is a permutation of degree n,

A, ai) = A(od, 7).
From the expression (5-15) one then has
det (49 = T (8gn 0)A(s1, 1) - - - A(on, n).

When ¢ = ¢Yj, A(a%,2) = A(J, o~Y). Thus
A(@l,1) --- A(on,n) = A1, 721) .-+ A(n, e 'n).
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Since go~! is the identity permutation,
(sgno)(sgno™) =1 or sgn(c™!) = sgn (o).

Furthermore, as o varies over all permutations of degree n, so does ¢~
Therefore

det (AY) = T (sgn o A1, 0~1) - -+ A(n, "'n)

=det 4

proving (5-17).

On certain occasions one needs to compute specific determinants.
When this is necessary, it is frequently useful to take advantage of the
following fact. If B s oblained from A by adding a multiple of one row of A
to another (or a multiple of one column to another), then

(5-18) det B = det A.

We shall prove the statement about rows. Let B be obtained from 4 by
adding ce; to a;, where ¢ < 7. Since det is linear as a function of the ¢th row

det B=detA +cdet (e, ..., 05...,0a;...,an)
= det 4.

Another useful fact is the following. Suppose we have an » X # matrix

[ ]
0 C

where A is an r X 7 matrix, C is an s X s matrix, Bisr X s, and 0 denotes
the s X r zero matrix. Then

(5-19) det [OA g] — (det 4)(det C).

To prove this, define

A B
D4, B, C)—det[o 0]‘

If we fix A and B, then D is alternating and s-linear as a function of the
rows of C. Thus, by Theorem 2

D(4, B, C) = (det C)D(4, B, I)

where [ is the s X s identity matrix. By subtracting multiples of the rows
of I from the rows of B and using the statement above (5-18), we obtain

D4, B, I) = D(4, 0, I).

Now D(A4, 0, I) is clearly alternating and r-linear as a function of the rows
of A. Thus
D(A,0,I) = (det A)D(, O, I).
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But D(1,0,1) =1, so0

D(4, B, C) = (det C)D(4, B, I)
= (det C)D(4, 0, 1)
= (det C)(det A).

By the same sort of argument, or by taking transposes

(5-20) det [‘; %:[ — (det A)(det C).

ExampLE 6. Suppose K is the field of rational numbers and we wish
to compute the determinant of the 4 X 4 matrix

1 -1 2 3
2 2 0 2
4 1 -1 =1
1 2 3 0

By subtracting suitable multiples of row 1 from rows 2, 3, and 4, we
obtain the matrix

A:

1 -1 2 3
0 4 —4 —4
0 5 —9 -—13
0 3 1 -3

which we know by (5-18) will have the same determinant as A. If we
subtract § of row 2 from row 3 and then subtract % of row 2 from row 4,
we obtain

1 -1 2 3
0 4 —4 —4
B = 0 0 —4 -8
0O 0 4 0
and again det B = det A. The block form of B tells us that
1 —1{|—4 -8
dut A = det B = 10 4‘ ) ol=4(2) =128,

Now let » > 1 and let A be an n X n matrix over K. In Theorem 1,
we showed how to construct a determinant function on n X n matrices,
given one on (n — 1) X (n — 1) matrices. Now that we have proved the
uniqueness of the determinant function, the formula (5-4) tells us the
following. If we fix any column index j,

det A = é (—1)"*iA4;; det A(Zl5).
=1

The scalar (—1)*+ det A(3]j) is usually called the ¢, j cofactor of 4 or
the cofactor of the 7, j entry of A. The above formula for det A is then
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called the expansion of det A by cofactors of the jth column (or sometimes
the expansion by minors of the jth column). If we set

Cij = (—1)" det A (z]y)

then the above formula says that for each j
det A = % AijC,'j
i=1

where the cofactor C;; is (—1)™ times the determinant of the (n — 1) X
(n — 1) matrix obtained by deleting the 7th row and jth column of A.
If 7 # k, then

.21 AuxCii = 0.

For, replace the jth column of A by its £th column, and call the resulting
matrix B. Then B has two equal columns and so det B = 0. Since B(%|j) =

A(Z]7), we have
0 =detB

It

T (=1)#*B,; det B(lj)
=1

1=

3 (=1)idy det AGL)

= X AuCi;.
i=1
These properties of the cofactors can be summarized by
(5-21) Z AikC,‘j = Bjk det A
1=1

The n X n matrix adj A, which is the transpose of the matrix of co-
factors of A, is called the classical adjoint of A. Thus

(5-22) (adj 4);; = Cji = (=1)"* det A(j5).
The formulas (5-21) can be summarized in the matrix equation
(5-23) (adj A)A = (det A)1.

We wish to see that A(adj A) = (det A)I also. Since A4(<|j) = A(j]0)4,
we have
(—1)# det At(7]5) = (—1)itidet A(j])
which simply says that the 7, j cofactor of A*is the j, 7 cofactor of A. Thus
(5-24) adj (4% = (adj 4)*
By applying (5-23) to A¢, we obtain
(adj ANA* = (det A = (det 4)]

and transposing
A(adj AY)t = (det A)1.
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Using (5-24), we have what we want:
(5-25) A(adj A) = (det A)I.

As for matrices over a field, an » X » matrix A over K is called
invertible over K if there is an » X n matrix A~! with entries in K
such that AA—1 = A—'A = [. If such an inverse matrix exists it is unique;
for the same argument used in Chapter 1 shows that when BA = AC = [
we have B = C. The formulas (5-23) and (5-25) tell us the following about
invertibility of matrices over K. If the element det A has a multiplicative
inverse in K, then A is invertible and A—! = (det A)~!adj A is the unique
inverse of A. Conversely, it is easy to see that if A is invertible over K,
the element det A is invertible in K. For, if BA = I we have

= det I = det (AB) = (det A)(det B).

What we have proved is the following.

Theorem 4. Let A be an n X n matriz over K. Then A 1s invertible
over K if and only if det A 1s tnvertible in K. When A s tnvertible, the unique
tnverse for A is

A1 = (det A)~'adj A.

In particular, an n X n matriz over a field is invertible if and only if its
determinant is different from zero.

We should point out that this determinant criterion for invertibility
proves that an n X n matrix with either a left or right inverse is invertible.
This proof is completely independent of the proof which we gave in Chap-
ter 1 for matrices over a field. We should also like to point out what in-
vertibility means for matrices with polynomial entries, If K is the poly-
nomial ring F[z], the only elements of K which are invertible are the
non-zero scalar polynomials. For if f and ¢ are polynomials and fg = 1,
we have deg f + degg = 0 so that deg f = degg = 0, ie., f and g are
scalar polynomials. So an n X n matrix over the polynomial ring F[z] is
invertible over F[x] if and only if its determinant is a non-zero scalar
polynomial,

ExampLE 7. Let K = R[z], the ring of polynomials over the field of
real numbers. Let

x4z z+1 _ 2 —1 x+2.
A_[:c—l 1 ]’ B_[x2—2x+3 x ]

Then, by a short computation, det A = z + 1 and det B = —6. Thus 4
is not invertible over K, whereas B is invertible over K. Note that

. 1 —z—1 . z -z —2
adJA—[_x+1 x2+x:|’ ad]B_[—x2+2x—3 x2—1:|
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and (adj 4)4 = (z + 1)1, (adj B)B = —61. Of course,
1 x —x — 2

B = _6[—x2+2x—3 1—12]'

ExampLi 8. Let K be the ring of integers and

1 2
a=lg 4}
Then det 4 = —2 and

. 4 -2
adj 4 = [__3 1]-

Thus 4 is not invertible as a matrix over the ring of integers; however,
we can also regard 4 as a matrix over the field of rational numbers. If we
do, then 4 is mvertible and

1 4 =2 -2 1
ar=—[ 5 =1 )

In connection with invertible matrices, we should like to mention one
further elementary fact. Similar matrices have the same determinant,
that is, if P is invertible over K and B = P-1AP, then det B = det 4.
This is clear since

det (P~1AP) = (det P~1)(det 4)(det P) = det 4.

This simple observation makes it possible to define the determinant of
a linear operator on a finite dimensional vector space. If T is a linear
operator on V, we define the determinant of 7' to be the determinant of
any n X » matrix which represents 7' in an ordered basis for V. Since all
such matrices are similar, they have the same determinant and our defini-
tion makes sense. In this connection, see Exercise 11 of section 5.3.

We should like now to discuss Cramer’s rule for solving systems of
linear equations. Suppose A4 is an n X n matrix over the field F and we
wish to solve the system of linear equations AX = Y for some given
n-tuple (41, ..., yn). If AX =Y, then

(adj A)AX = (adj A)Y
and so
(det A)X = (adj A)Y.
Thus

(det A)z;

El (adj A)jys

= 5 (~ Dy det A1),

This last expression is the determinant of the n X n matrix obtained by
replacing the jth column of A by Y. If det A = 0, all this tells us nothing;
however, if det A 0, we have what is known as Cramer’s rule. Let 4
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be an n X n matrix over the field F such that det 4 = 0. If y1,..., ¥.
are any scalars in F, the unique solution X = A-'Y of the system of
equations AX = Y is given by

o detB,-
i Get A’

where B; is the n X n matrix obtained from 4 by replacing the jth column
of A by Y.

In concluding this chapter, we should like to make some comments
which serve to place determinants in what we believe to be the proper
perspective. From time to time it is necessary to compute specific deter-
minants, and this section has been partially devoted to techniques which
will facilitate such work. However, the principal role of determinants in
this book is theoretical. There is no disputing the beauty of facts such as
Cramer’s rule. But Cramer’s rule is an inefficient tool for solving systems
of linear equations, chiefly because it involves too many computations.
B30 one should concentrate on what Cramer’s rule says, rather than on
how to compute with it. Indeed, while reflecting on this entire chapter,
we hope that the reader will place more emphasis on understanding what
the determinant function is and how it behaves than on how to compute
determinants of specific matrices.

ji=1L...,n

Exercises

1. Use the classical adjoint formula to compute the inverses of each of the fol-
lowing 3 X 3 real matrices.

-2 3 2 cosf 0 —sin g
6 0 3 0 1 0
4 1 -1 sin @ 0 cos 0.

2. Use Cramer’s rule to solve each of the following systems of linear equations
over the field of rational numbers.
(@) z4+ y+ z=11
2e—6y— z= 0

3r+ 4y +22= 0.
Mb)3z—2y= 7
3y —22= 6
32 — 2z = —1.
3. An n X n matrix A over a field F is skew-symmetric if A* = —A. If 4 isa

skew-symmetric # X n matrix with complex entries and n is odd, prove that
det A = 0.

4. An n X n matrix 4 over a field F is called orthogonal if AA* = 1. If A is
orthogonal, show that det A = 1. Give an example of an orthogonal matrix
for which det 4 = —1.
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5. An n X n matrix 4 over the field of complex numbers is said to be unitary
if AA* =1 (A* denotes the conjugate transpose of A), If 4 is unitary, show
that |det A| = 1.

6. Let T and U be linear operators on the finite dimensional vector space V. Prove
(a) det (TU) = (det T)(det U);
(b) T is invertible if and only if det T > 0.

7. Let A be an n X n matrix over K, a commutative ring with identity. Suppose
A has the block form

A, O 0
a=|0 4 0

where A; is an r; X r; matrix. Prove
det A = (det A;)(det 4;) --- (det 45).

8. Let V be the vector space of n X n matrices over the field F. Let B be a fixed
element of V and let T’z be the linear operator on V defined by Ts(4) = AB — BA.
Show that det T = 0.

9, Let A be an n X n matrix over a field, 4 0. If r is any positive integer
between 1 and n, an r X r submatrix of 4 is any r X r matrix obtained by deleting
(n — r) rows and (n — r) columns of A. The determinant rank of A4 is the
largest positive integer r such that some r X r submatrix of A has a non-zero
determinant. Prove that the determinant rank of A is equal to the row rank of
A (= column rank 4).

10. Let A be an » X n matrix over the field /. Prove that there are at most n
distinet scalars ¢ in # such that det (¢ — 4) = 0.

11. Let A and B be n X n matrices over the field F. Show that if A is invertible
there are at most n scalars ¢ in F for which the matrix ¢4 + B is not invertible.

12. If V is the vector space of » X n matrices over F and B is a fixed n X n matrix
over F, let Lp and Rp be the linear operators on V defined by Lz(4) = BA and
Rp(A) = AB. Show that

(a) det Lp = (det B)=;

(b) det Rz = (det B)™.

13. Let V be the vector space of all n X n matrices over the field of complex
numbers, and let B be a fixed n X n matrix over C. Define a linear operator M
on V by Mp(A) = BAB*, where B* = Bt Show that

det My = |det B|.

Now let H be the set of all Hermitian matrices in V, A being Hermitian if
A = A* Then H is a vector space over the field of real numbers. Show that the
function T defined by Ts(A) = BAB* is a linear operator on the real vector
space H, and then show that det T's = |det B|*". (Hint: In computing det T's,
show that V has a basis consisting of Hermitian matrices and then show that
det TB = det MB)
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14. Let A, B, C, D be commuting n X n matrices over the field F. Show that the
determinant of the 2n X 2n matrix

[c 5]

is det (4D — BC).

5.5. Modules

If K is a commutative ring with identity, a module over K is an alge-
braic system which behaves like a vector space, with K playing the role
of the scalar field. To be precise, we say that V is a module over K (or a
K-module) if

1. there is an addition (a, 8) >« + 8 on V, under which V is a
commutative group;
2. there is a multiplication (¢, @) = ca of elements @ in V and ¢ in K

such that
(a + c)a = ca + o
c(oq + az) = Coy + Coly
(clcg)a = Cl(Cza)
la = a.

For us, the most important K-modules will be the n-tuple modules K.
The matrix modules K™<* will also be important. If V is any module, we
speak of linear combinations, linear dependence and linear independence,
just as we do in a vector space. We must be careful not to apply to V any
vector space results which depend upon division by non-zero scalars, the
one field operation which may be lacking in the ring K. For example, if
ay, . . ., o are linearly dependent, we cannot conclude that some «; is a
linear combination of the others. This makes it more difficult to find bases
in modules.

A basis for the module V is a linearly independent subset which
spans (or generates) the module. This is the same definition which we gave
for vector spaces; and, the important property of a basis ® is that each
element of V can be expressed uniquely as a linear combination of (some
finite number of) elements of ®. If one admits into mathematics the Axiom
of Choice (see Appendix), it can be shown that every vector space has a
basis. The reader is well aware that a basis exists in any vector space
which is spanned by a finite number of vectors. But this is not the case
for modules. Therefore we need special names for modules which have
bases and for modules which are spanned by finite numbers of elements.

Definition. The K-module V 1s called a free module if it has a basis.
If V has a finite basts containing n elements, then V is called a free K-module
with n generators.
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Definition. The module V is finitely generated if it contains a finite
subset which spans V. The rank of a finitely generated module is the smallest
integer k such that some k elements span V.

We repeat that a module may be finitely generated without having
a finite basis. If V is a free K-module with n generators, then V is isomor-
phic to the module K. If {8y,..., 8.} is a basis for V, there is an iso-
morphism which sends the vector ¢:i81 + - + c.8, onto the n-tuple
(c1y . - ., ¢u) In K™ Tt is not immediately apparent that the same module ¥V
could not also be a free module on k generators, with &k £ n. In other
words, it is not obvious that any two bases for ¥V must contain the same
number of elements. The proof of that fact is an interesting application
of determinants.

Theorem 5. Let K be a commutative ring with identity. If V is a free
K-module with n generators, then the rank of V is n.

Proof. We are to prove that V cannot be spanned by less than
n of its elements. Since V is isomorphic to K", we must show that, if
m < n, the module K* is not spanned by n-tuples ai, . . ., an. Let A be
the matrix with rows oy, . . ., a,. Suppose that each of the standard basis
vectors e, . . ., €, is a linear combination of ay, . . ., a,. Then there exists
a matrix P in K™ such that

PA=1

where I is the n X n identity matrix. Let A be the n X n matrix obtained
by adjoining n — m rows of 0’s to the bottom of 4, and let P be any n X n
matrix which has the columns of P as its first # columns. Then

PA =1.
Therefore det 4 0. But, since m < n, at least one row of A4 has all 0
entries. This contradiction shows that a, . . ., @, do not span K». ||

It is interesting to note that Theorem 5 establishes the uniqueness
of the dimension of a (finite-dimensional) vector space. The proof, based
upon the existence of the determinant function, is quite different from the
proof we gave in Chapter 2. From Theorem 5 we know that ‘free module
of rank n’ is the same as ‘free module with n generators.’

If V is a module over K, the dual module V* consists of all linear
functions f from V into K. If V is a free module of rank n, then V* is also
a free module of rank n. The proof is just the same as for vector spaces.

If {B1,..., B is an ordered basis for V, there is an associated dual basis
{f1, ..., fs} for the module V*. The function f; assigns to each a in V its
sth coordinate relative to {81, ..., Ba}:

a = fl(a)ﬁl + Tt +fn(a)i8ﬂ-

If f is a linear function on V, then

f=f@i+ - 4 fBfn
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5.6, Multilinear Functions

The purpose of this section is to place our discussion of determinants
in what we believe to be the proper perspective. We shall treat alternating
multilinear forms on modules. These forms are the natural generalization
of determinants as we presented them. The reader who has not read (or
does not wish to read) the brief account of modules in Section 5.5 can still
study this section profitably by consistently reading ‘vector space over F
of dimension 7’ for ‘free module over K of rank n.’

Let K be a commutative ring with identity and let V be a module
over K. If ris a positive integer, a function Lfrom V" =V X V X --- XV

into K is called multilinear if L(w, ..., a,) is linear as a function of
each a; when the other o’s are held fixed, that is, if for each ¢
L(al,...,cai-l-ﬁi,...,a,) =cL(a1,...,a.-,...,ar+

L(al,...,ﬂi,...,a,).
A multilinear function on V* will also be called an r-linear form on V
or a multilinear form of degree r on V. Such functions are sometimes
called r-temsors on V. The collection of all multilinear functions on
V7 will be denoted by M~(V). If L and M are in M7(V), then the sum
L+ M:

L+ MYy ...,a) =Llouy,...,a) + Maw,...,a)
is also multilinear; and, if ¢ is an element of K, the product cL:
(cL)(aa,y...,a,) =cL(a,...,an)

is multilinear. Therefore M"(V) is a K-module—a submodule of the
module of all functions from ¥V into K.

If r =1 we have MY(V) = V*, the dual module of linear functions
on V. Linear functions can also be used to construct examples of multi-
linear forms of higher order. If fi, . . ., f. are linear functions on V, define

Loy, . . ., o) = fila)fa(es) - - fr(a).
Clearly L is an r-linear form on V.

ExampLE 9. If V is a module, a 2-linear form on V is usually called a
bilinear form on V. Let A be an n X n matrix with entries in K. Then

LX,Y) = V'AX
defines a bilinear form L on the module K<, Similarly,
M(a, B) = aAp!

defines a bilinear form M on K».

ExampLE 10. The determinant function associates with each n X n
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matrix A an element det 4 in K. If det A is considered as a function of
the rows of 4:

det A = D(ay, . . ., )

then D is an n-linear form on K.

Exampre 11. It is easy to obtain an algebraic expression for the

general r-linear form on the module K*. If ay,.. ., e, are vectors in V
and 4 is the r X n matrix with rows «y, . . ., a,, then for any function L
in Mr(K"),

L(al) sy ar) = L(_EIAljeji A2y 00 0y ar)
j=

_El A;L(ejy gy . . .y ar)
i=

I
N E)

Ale(ej, '21 Agkek, s e ey a,—)
j=

i=1

> 121 A1jAuL(ejy e, asy . v .y )

j=1
n
= 3 AyAuL(e @, 03, ..., ).
k=1
If we replace as, . . ., a- in turn by their expressions as linear combinations

of the standard basis vectors, and if we write A (z, j) for A;;, we obtain the
following:

(526)  Llo,...,e) = 3 AW G) e AL - - ).

In (5-26), there is one term for each r-tuple J = (41, . . ., J,) of positive
integers between 1 and n. There are n” such r-tuples. Thus L is completely
determined by (5-26) and the particular values:

cr = Liey ..., €,)
assigned to the n” elements (g, . . ., €,). It is also easy to see that if for
each ~tuple J we choose an element ¢; of K then
(5-27) Loy, ...,a) = ;A(l,jl) <o A, gres

defines an r-linear form on K=
Suppose that L is a multilinear function on V7 and M is a multilinear
function on V*. We define a function L ® M on V7+¢ by
(5-28) (L® M)(on, ..., qqs) = L, ..., ) M(atpy1, - -« Crps)-
If we think of V7+* as ¥V X V¢, then for a in V7 and 8 in V*
(L ® M)(a, 8) = L()M(@).
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It is clear that L ¥ M is multilinear on Vrt+s. The function L X) M is
called the tensor product of L and M. The tensor product is not com-
mutative. In fact, M @ L # L ® M unless L = 0 or M = 0; however,
the tensor product does relate nicely to the module operations in M~
and Me.

Lemma. Let L, 1y be r-linear forms on V, let M, M, be s-linear forms
on'V and let ¢ be an element of K.

(@ L+ L) @M =c(L@®M) + L. ® M;
b)) L® M+ M) =e¢(LOM) + L Q M.
Proof. Exercise.

Tensoring is associative, ie., if L, M and N are (respectively) r-, s-
and ¢-linear forms on V, then
LO®M)P®N=L®M®N).
This is immediate from the fact that the multiplication in K is associative.
Therefore, if Li, Lo, ..., L; are multilinear functions on Vn, ..., Vr,
then the tensor product
L=LQ® - ® L

is unambiguously defined as a multilinear function on V-, where r =
7+ -+ 4+ r.. We mentioned a particular case of this earlier. If fy, . . ., fr
are linear functions on V, then the tensor product

L=H® - ®Ff
Loy, . .., a) = filen) -+ folan).

is given by

Theorem 6. Let K be a commutative ring with identity. If V is a free
K-module of rank n then M*(V) is a free K-module of rank nr; in fact, if
{fi,. .., fa} 28 a basis for the dual module V*, the n* tensor products

fl’x@"'@fln ]-Sjlsn)"'}]-SjrSn
form a basis for M*(V).
Proof. Let {fi, ..., f.} be an ordered basis for V* which is dual
to the basis {81, . . ., 8.} for V. For each vector a in ¥V we have
a = fi(e)B + + - + fu(e)Bn.

We now make the calculation carried out in Example 11. If L is an r-linear
form on V and oy, . . ., a, are elements of V, then by (5-26)

L(aly “ e ey ar) = . 2 ; f’h(al) st -fjv(ar)L(le) coeey Bjr)'

10 5 oy

In other words,

(5-29) L= 3% ) LBy - -1 Bidfn @ -+ @ fie

Jeses v
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This shows that the nr tensor products
(6-30) Er=58 - QFf

given by the r-tuples J = (Jj, ..., 7,) span the module Mr(V). We see
that the various r-forms E; are independent, as follows. Suppose that for
each J we have an element ¢; in K and we form the multilinear function

(5-31) L= ?CJEJ.
Notice that if I = (4, . .., ), then
_ N_JO, I =]
EJ(BH) AL | 61,) - 1, I - J.

Therefore we see from (5-31) that
(5—32) Cr = L(Biu « ey B‘ir)-
In particular, if L = 0 then ¢; = 0 for each r~tuple I. ||

Definition. Let L be an r-linear form on a K-module V. We say that L
18 alternating if L(aq, . . ., ar) = 0 whenever a; = a; with 1 # j.

If L is an alternating multilinear function on V7, then
Loy, ... as ..oy .. ,0) = =T an, . .0y iy oy ),

In other words, if we transpose two of the vectors (with different indices)
in the rtuple (e, ..., @) the associated value of L changes sign. Since
every permutation ¢ is a product of transpositions, we see that L(a,, . . .,
az) = (sgno) L(ay, . .., o).

We denote by A7(V) the collection of all alternating r-linear forms
on V. It should be clear that A7(V) is a submodule of M~(V).

Examprg 12. Earlier in this chapter, we showed that on the module
K™ there is precisely one alternating n-linear form D with the property
that D(e, ..., e) = 1. We also showed in Theorem 2 that if L is any
form in A*(K") then
L=1L(e,...,e)D.

In other words, A*(K") is a free K-module of rank 1. We also developed
an explicit formula (5-15) for D. In terms of the notation we are now
using, that formula may be written

(5-33) D=3@6gno)fu® - @ fon
where f1, . . ., f» are the standard coordinate functions on K" and the sum
is extended over the n! different permutations ¢ of the set {1,...,n}.

If we write the determinant of a matrix A as

det A = X (sgno) A(el, 1) --- A(on, n)
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then we obtain a different expression for D:
(5-34) D(ay, ..., a,) =2 (sgno) filaa) «« falcem)

— ? (Sgn 0’) L(aal; e ey adﬂ)
where L=fi® +++ @ fa

There is a general method for associating an alternating form with
a multilinear form. If L is an r-linear form on a module V and if ¢ is a
permutation of {1,...,r}, we obtain another r-linear function L, by
defining
L., ..., a) = Llaa, . . ., ).

If L happens to be alternating, then L, = (sgn ¢)L. Now, for each L in
M(V) we define a function w.L in M7(V) by

(5-35) mL =3 (sgn o)L,
that is,
(5-36) (LYo, . .., ) = 2 (sgno) Llaay, . . ., ).

Lemma. w, is a linear transformation from M=*(V) into A*(V). If L
18 in A*(V) then m.L = rlL.

Proof. Let r be any permutation of {1,...,r}. Then
(‘"'rL) (arl, . e 7arr) =2 (Sgn 0') L(a‘ral; o eey a‘rar)

= (sgn7) X (sgn 70) L(@rery « « - 5 Qrar).

As o runs (once) over all permutations of {1, . . ., r}, so does 7o. Therefore,
(mL)(an, . . .y o) = (sgn7)(mL)(en, . . ., a).

Thus w,L is an alternating form.
If L is in A°(V), then L(ae,..., @) = (sgno) L(ay,. .., a,) for
each o; hence m.L = r!L. |

In (5-33) we showed that the determinant function D in A*(K™") is
D=m(fi® - @F)

where fi, . .., f. are the standard coordinate functions on K= There is
an important remark we should make in connection with the last lemma.
If K is a field of characteristic zero, such that r! is invertible in K, then
7 maps M7(V) onto A7(V). In fact, in that case it is more natural from one
point of view to use the map m = (1/r!)7w rather than , because m is a
projection of M7(V) onto A"(V), i.e., a linear map of M7(V) onto A"(V)
such that m(L) = L if and only if L is in A7(V).
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Theorem 7. Let K be a commutative ring with identity and let V be
a free K-module of rank n. If r > n, then A%(V) = {0}. If 1 < r < n, then

A*(V) is a free K-module of rank (?)

Proof. Let {B1,...,B. be an ordered basis for V with dual
basis {fi,. .., fa}. If Lis in M7(V), we have

(5'37) L= ?L(ﬂjl)° . ')6jr)f:’il® @fh
where the sum extends over all r-tuples J = (fi, ..., J,) of integers be-
tween 1 and ». If L is alternating, then

LB, ...,B.) =0

whenever two of the subscripts j; are the same. If » > n, then in each
r-tuple J some integer must be repeated. Thus A7(V) = {0} if r > n.
Now suppose 1 < r < n. If L is in A"(V), the sum in (5-37) need be
extended only over the r-tuples J for which jy, . . ., j, are distinet, because
all other terms are 0. Each r-tuple of distinet integers between 1 and = is
a permutation of an rtuple J = (5, ...,7,) such that 5, < .-+ <j,.
This special type of r-tuple is called an r-shuffle of {1, . .., n}. There are

<n> _ n!
r)  rln—1)!
such shuffles.

Suppose we fix an r-shuffle J. Let L; be the sum of all the terms in
(5-37) corresponding to permutations of the shuffle J. If ¢ is a permutation
of {1,...,r}, then

L(ﬁjm ey 6.7'") = (Sgn U) L(ﬁ]’n ey 6.1'r)‘

Thus

(5-38) Ly = LB, ...,B;:)Ds
where

(56-39) Dy = Z (sgna) fiu ® -+ @ fiw

=m(fi ® - ®fi)
We see from (5-39) that each Dy is alternating and that

(5-40) L= 3 JL<6,-1, ey Bi)Dy

shuffles

for every L in A7(V). The assertion is that the <:L> forms Dy constitute a
basis for A7(V). We have seen that they span A7(V). It is easy to see that

they are independent, as follows. If I = (¢, ...,4,) and J = (j1,. . .,J»)
are shuffles, then S

1, I =
(5_41) DJ(ﬂiu c ey 61}) =

0, 1%J
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Suppose we have a scalar ¢; for each shuffle and we define
L= JECJDJ.

From (5-40) and (5-41) we obtain

cr = L(ﬂﬁ; LECEE IS} ﬁi.)-
In particular, if L = 0 then ¢; = 0 for each shuffle 7. ||

Corollary. If V is a free K-module of rank n, then A*(V) is a free
K-module of rank 1. If T is a linear operator on V, there is a unique element
¢ in K such that

L(Tay, ..., Tan) = cL(ay, ..., an)
for every alternating n-linear form L on V.
Proof. If L is in AV), then clearly
Lr(on, ...y 0) = L(Teny, . . ., Ta,)

defines an alternating n-linear form Lr. Let M be a generator for the rank
1 module AV). Each L in A*(V) is uniquely expressible as L = aM for
some @ in K. In particular, My = ¢M for a certain ¢. For L = aM we have

LT = (aM)T

= aMT

a(cM)
c(aM)
cL. |

Of course, the element ¢ in the last corollary is called the determinant
of T. From (5-39) for the case r = n (when there is only one shuffle
J ={(1,...,n)) we see that the determinant of 7T is the determinant of
the matrix which represents 7 in any ordered basis {81, ..., 8.}. Let us
see why. The representing matrix has 7, j entry

Ay = (T8
so that

Dy(Thy...,TB.) =32 (sgno) A(L, o) --- A(n, an)

= det 4.
On the other hand,

DJ(Tﬁ]_, Ceey Tﬂn) = (det T) DJ(ﬁh o e ;Bn)
= det T.

The point of these remarks is that via Theorem 7 and its corollary we
obtain a definition of the determinant of a linear operator which does not
presume knowledge of determinants of matrices. Determinants of matrices
can be defined in terms of determinants of operators instead of the other
way around.
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We want to say a bit more about the special alternating r-linear
forms D;, which we associated with a basis {fi, ..., f.} for V* in (5-39).
It is important to understand that Ds(ay, . . ., @,) is the determinant of
a certain r X r matrix. If

Ay =fla), 1<1<r1<j<n,
that is, if

a;=Aabr+ -+ + AinBa, 1<:<r
and J is the r-shuffle (jy, . . ., J,), then

(542) Dy, ... ,a) =2 (sgno) AL, jar) - -+ AN, jon)

AL, 3) - A0, 5)

= det : : .
A('I‘, .71) e A(‘I", ]r)
Thus Djy(ay, . . ., a,) is the determinant of the r X r matrix formed from
columns 7y, . . ., j, of the r X n matrix which has (the coordinate n-tuples
of) ay, . . ., a, as its rows. Another notation which is sometimes used for
this determinant is
ay, ..., o)
5-43 Dyay...,q) = 52—~ T
( ) J(Oll < ) a(.Bjn ] ,Bj')
In this notation, the proof of Theorem 7 shows that every alternating
r-linear form L can be expressed relative to a basis {8y, ..., 8.} by the
equation
_ a(al, ey a,)
(5-44) L(ay...,a) = Z X LBjy-.-,Bm
Jx<~~<ha(i6.m LR | Jr)

5.7. The Grassman Ring

Many of the important properties of determinants and alternating
multilinear forms are best described in terms of a multiplication operation
on forms, called the exterior product. If L and M are, respectively, alter-
nating r and s-linear forms on the module V, we have an associated product
of L and M, the tensor product L ¢ M. This is not an alternating form
unless L = 0 or M = 0; however, we have a natural way of projecting it
into A™+(V). Tt appears that

(5'45) L-M= 7rr+a(L @ M)

should be the ‘natural’ multiplication of alternating forms. But, is it?
Let us take a specific example. Suppose that V is the module K* and
fi,. . ., fn are the standard coordinate functions on K=, If ¢ 5 7, then

i i = Wz(fi @f:‘)
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is the (determinant) function
Diy=fi®fi — i ®f:
given by (5-39). Now suppose & is an index different from 7 and j. Then
Dij - fi = m[(fi ®Fi — i ®F) ®fi]
(i @ f; ®fi) — m(f; @ fi ® fo).
The proof of the lemma following equation (5-36) shows that for any
r-linear form L and any permutation ¢ of {1,...,r}
m(Ls) = sgn o m(L)
Hence, Dy; - fi = 2m(f; ® f; @ fr). By a similar computation, f; - D, =
2m3(f: ® f; ® fi). Thus we have
(fer 1) - Se=fir (Ji - fi)
and all of this looks very promising. But there is a catch. Despite the
computation that we have just completed, the putative multiplication in

(5-45) is not associative. In fact, if { is an index different from 1, 7, &, then
one can calculate that

Dij - Dy = 4n(f: @ f; @ fr ® f1)
Dij - fi) - fi = 6m(fi @ F; © fr © ).

and that

Thus, in general

(Fo 1) - G- 1) # [(fs - 1) - fi - o

and we see that our first attempt to find a multiplication has produced a
non-associative operation.

The reader should not be surprised if he finds it rather tedious to give
a direct verification of the two equations showing non-associativity. This
is typical of the subject, and it is also typical that there is a general fact
which considerably simplifies the work.

Suppose L is an r-linear form and that M is an s-linear form on the
module V. Then

Topo((mL) ® (mM)) = m,44(Z (sgn o) (sgn 1) Le ® M)
= 3 (sgn o) (sgn m)m (L @ M,)

where ¢ varies over the symmetric group, S,, of all permutations of
{1,...,7}, and 7 varies over S,. Each pair ¢, v defines an element (s, )
of S,;, which permutes the first r elements of {1,...,r 4 s} according
to o and the last s elements according to 7. It is clear that

sgn (o, 7) = (sgn o)(sgn 7)
and that

(L @ M)(v,r) = L, @ L..
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Therefore
1|',+3[(1I',-L> @ (WaM)J =2 sgn (JJ T) Trits [(L @ M) (v,f)]'

Now we have already observed that

sgn (o, 1) [(L @ M) @] = 74 (L © M).
Thus, it follows that
(5-46) s (L) ® (. M)] = rlslw, (L Q M).
This formula simplifies a number of computations. For example, suppose

we have an r-shuffle I = (¢;,...,4,) and s-shuffle / = (j;,...,J,). To
make things simple, assume, in addition, that

Then we have the associated determinant functions

Dr = =.(Er)
DJ = rs(EJ)

where E; and E; are given by (5-30). Using (5-46), we see immediately that

Dr - Dy = mrylme(Br) © 7,(Bs)]
= rlslr,.(Er @ EJ).

Since E( @ E; = EI uds it follows that
DI . DJ = T!S!Dju,].

This suggests that the lack of associativity for the multiplication (5-45)
results from the fact that Dy - Dy ¢ Dyys. After all, the product of Dy
and Dy ought to be Dyys. To repair the situation, we should define a new
product, the exterior product (or wedge product) of an alternating
r-linear form L and an alternating s-linear form M by

(5-47) LAM= %s, wrin(L ® M).
We then have
Dy A Dy = Dyys

for the determinant functions on K», and, if there is any justice at all, we
must have found the proper multiplication of alternating multilinear
forms. Unfortunately, (5-47) fails to make sense for the most general case
under consideration, since we may not be able to divide by r!s! in the
ring K. If K is a field of characteristic zero, then (5-47) is meaningful, and
one can proceed quite rapidly to show that the wedge product is associative.

Theorem 8. Let K be a field of characteristic zero and V a vector space
over K. Then the exterior product is an associative operation on the allternating
multilinear forms on V. In other words, of L, M, and N are alternating
multilinear forms on V of degrees r, s, and t, respectively, then
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LAM)AN=LAMAN).

Proof. It follows from (5-47) that c¢cd(L A M) = ¢L A dM for
any scalars ¢ and d. Hence

rISI[(L A M) AN N] =rIsi(LL A M) A ¢IN
and since m,(N) = ¢!N, it results that
rIsUI[(L A M) AN] = my L ® M) A 7 (N)

iG] i rssslmn L ® M) © mN)].

From (5-46) we now see that

rIst[(L A M) A N] = 7y t(L ® M @ N).
By a similar computation

rlsH![L A (M A N)] = 7,p5(LEO M @ N)

and therefore, (L A M) AN =LA M AN). |

Now we return to the general case, in which it is only assumed that K
is a commutative ring with identity. Our first problem is to replace (5-47)
by an equivalent definition which works in general. If L and M are alter-
nating multilinear forms of degrees r and s respectively, we shall construct
a canonical alternating multilinear form L A M of degree r 4+ s such that

risi (L A M) = n,,(L® M).
Let us recall how we define =,,,(L &) M). With each permutation ¢

of {l,...,r+ s} we associate the multilinear function
(5-48) (sgn o) (L © M),
where

(L ® M)v(al) ey ar+s) = (L ® M)(“trl) ceey ac(r+s))

and we sum the functions (5-48) over all permutations ¢. There are (r 4 s)!
permutations; however, since L and M are alternating, many of the func-
tions (5-48) are the same. In fact there are at most

(r + 9)!

rls!

distinet functions (5-48). Let us see why. Let S,;, be the set of permuta-
tions of {1,...,r + s}, ie., let S,;, be the symmetric group of degree
r + s. As in the proof of (5-46), we distinguish the subset G that consists
of the permutations ¢ which permute the sets {1,...,r}and {r +1,...,
r + s} within themselves. In other words, ¢ is in G if 1 < ¢ < r for each
7 between 1 and r. (It necessarily follows that r + 1 < oj <r + s for
each j between r 4+ 1 and r 4+ s.) Now G is a subgroup of S,,,, that is, if
o and 7 are in G then ¢77! is in G. Evidently G has rls! members.
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We have a map
Sria 2 Mr+(V)

¥(o) = (sgn o) (L ® M)..
Since L and M are alternating,
y(v) =L®M

for every v in G. Therefore, since (No)r = Nro for any (r + s)-linear form
N on V, we have

defined by

Y(ry) = ¥(7), 7in S, v in G.
This says that the map ¢ is constant on each (left) coset 7G of the sub-
group G. If 7, and 7, are in S,4,, the cosets 71G and 7,G are either identical
or disjoint, according as 73 ' 7, is in G or is not in G. Each coset contains
rls! elements; hence, there are
(r + 9!
rls!
distincet cosets. If S,y;/G denotes the collection of cosets then y defines

a function on S,.,/G, ie., by what we have shown, there is a function ¢
on that set so that

¥(r) = ¥(+@)
for every 7 in S,,.. If H is a left coset of G, then ¢(H) = y(r) for every
7in H.
We now define the exterior product of the alternating multilinear
forms L and M of degrees r and s by setting

(5-49) LAM= %}{5 (H)

where H varies over S,y,/G. Another way to phrase the definition of
L A M isthefollowing. Let S be any set of permutationsof {1,...,r + s}
which contains exactly one element from each left coset of G. Then

(5-50) LAM=73(gne)(L®M),

where ¢ varies over S. Clearly
r'SILAM ==, (L®M)

so that the new definition is equivalent to (5-47) when K is a field of
characteristic zero.

Theorem 9. Let K be a commulative ring with identity and let V be
a module over K. Then the exterior product is an assoctative operation on the
alternating multilinear forms on V. In other words, if L, M, and N are
alternating multilinear forms on V of degrees x, s, and t, respectively, then

(LAM)AN=LA (MAN).
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Proof. Although the proof of Theorem 8 does not apply here,
it does suggest how to handle the general case. Let G(r, s, t) be the sub-
group of S,.,y: that consists of the permutations which permute the sets

{d,...,r}, {r+1,...,r+st, r+s+1,...,7+s+ 1
within themselves. Then (sgn p)(L ® M ® N), is the same multilinear
function for all u in a given left coset of G(r, s, t). Choose one element
from each left coset of G(r, s, t), and let £ be the sum of the corresponding
terms (sgn p)(L ® M & N),.. Then E is independent of the way in which
the representatives u are chosen, and

s E = mo L @ M @ N).
We shall show that (. A M) A Nand L A (M A N) are both equal to E.
Let G(r + s, t) be the subgroup of S;,s,. that permutes the sets
{d,...,r+s, {r+s+1,...,r+s+1{}

within themselves. Let T be any set of permutationsof {1,...,r + s+ £}
which contains exactly one element from each left coset of G(r + s, ¢).
By (5-50)

(LAM)YAN=Z(@Egnr)[(LAM®N],
where the sum is extended over the permutations 7 in 7. Now let G(r, s)
be the subgroup of S,., that permutes the sets
{a,...,7}, {r+1,...,r+ s}

within themselves. Let S be any set of permutations of {1,...,r 4 s}
which contains exactly one element from each left coset of G(r, s). From
(5-50) and what we have shown above, it follows that

(LAM)AN-=Z(sgno)(sgnr)[(L®M),®N]
where the sum is extended over all pairs ¢, 7 in S X T. If we agree to
identify each ¢ in S,,, with the element of S, .. which agrees with ¢ on

{1,...,r+ s} and is the identity on {r + s+ 1,...,r 4+ s + i}, then
we may write

(LAM)AN=Zsgn(on)[L®MQN).].
But, v
[(LOM P N)]e = (LOMPN)w.
Therefore
LAMYAN=Zsgn(ta)(LOM B N)x-
Now suppose we have
T101 = T202 Y

with ¢;in S, 7, in T, and v in G(r, 5, £). Then 7' 71 = oxyor!, and since
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Gyyer ! lies in G(r + s, ©), it follows that 7; and 7, are in the same left coset
of G(r + s, t). Therefore, r, = 75, and ¢; = oyy. But this implies that o
and ¢, (regarded as elements of S,.,) lie in the same coset of G(, s); hence
o1 = aa. Therefore, the products 7o corresponding to the

r+s+Dr+9)!
r+9k  ris!

pairs {r, ¢) in T X 8§ are all distinct and lie in distinet cosets of G(r, s, §).
Since there are exactly

(r 4+ s+ !
ristt!
left cosets of G(r, s, &) In S,yepy, it follows that (L A M) A N = E. By
an analogous argument, L A (M A N) = E as well. ||

ExampLr 13. The exterior product is closely related to certain for-
mulas for evaluating determinants known as the Laplace expansions.
Let K be a commutative ring with identity and n a positive integer. Sup-
pose that 1 < r < n, and let L be the alternating r-linear form on K=
defined by

All M Alr
L{ay,...,a) = det| : ol
Arl v Arr
If s = n — r and M is the alternating s-linear form
Al(r+1) et Aln
Mo, ..., aq) = det :
As(r+1) tet A.m

then L A M = D, the determinant function on K» This is immediate
from the fact that L A M is an alternating n-linear form and (as can be
seen)

(LANM(,...,e) = 1.

If we now describe L A M in the correct way, we obtain one Laplace
expansion for the determinant of an n X n matrix over K.

In the permutation group S,, let @ be the subgroup which permutes
the sets {1,...,7} and {r +1,...,n} within themselves. Each left
coset of G contains precisely one permutation o such that ¢l < 62 < ... <
orand ¢(r + 1) < ... < on. The sign of this permutation is given by

sgn o = (—1)0'1+"'+"‘+(T(T—1)/2).
The wedge product L A M is given by
(LAM)o,...,e) =2 (sgno)Lasy,. .., )M @@, - - -, A,)

where the sum is taken over a collection of ¢’s, one from each coset of G.
Therefore,
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L AM(,...,a) = jl<'2“ . er L{ag, . . ., )M (o, . . ., a,)
where
ey = (— 1)t it Ge—1)/2)
k.,- = 0(7‘ + 7,)
In other words,
Ajl,l e Ajl," Akh"}"l et Akl,n
detA = X e : : : :
A<<h i o Al Akt o Akn
This is one Laplace expansion. Others may be obtained by replacing the
sets {1,...,7} and {r+1,...,n} by two different complementary

sets of indices.

If V is a K-module, we may put the various form modules A7(V)
together and use the exterior product to define a ring. For simplicity, we
shall do this only for the case of a free K-module of rank n. The modules
A7(V) are then trivial for » > n. We define

AV = (V) DAV)D --- D AYY).

This is an external direct sum—something which we have not discussed
previously. The elements of A(V) are the (n 4+ 1)-tuples (L, ..., L,)
with L, in A7(V). Addition and multiplication by elements of K are defined
as one would expect for (n + 1)-tuples. Incidentally, A%V) = K. If we
identify A7(K) with the (n 4+ 1)-tuples (0,...,0,L,0,...,0) where L
is in A"(K), then A7(K) is a submodule of A(V) and the direct sum
decomposition

AV) =2(V)D -+ D ANY)
holds in the usual sense. Since A7(V) is a free K-module of rank (;l), we

see that A(V) is a free K-module and

rank A(V) = 3 (")

r=0 \7

= 2",
The exterior product defines a multiplication in A(V): Use the exterior
product on forms and extend it linearly to A(V). It distributes over the
addition of A(V) and gives A(V) the structure of a ring. This ring is the
Grassman ring over V*. It is not a commutative ring, e.g., if L, M are
respectively in A" and A, then
LAM-=(-1)*M A L.

But, the Grassman ring is important in several parts of mathematics.



6. Elementary

Canonical Forms

6.1. Introduction

We have mentioned earlier that our principal aim is to study linear
transformations on finite-dimensional vector spaces. By this time, we have
seen many specific examples of linear transformations, and we have proved
a few theorems about the general linear transformation. In the finite-
dimensional case we have utilized ordered bases to represent such trans-
formations by matrices, and this representation adds to our insight into
their behavior. We have explored the vector space L(V, W), consisting of
the linear transformations from one space into another, and we have
explored the linear algebra L(V, V), consisting of the linear transformations
of a space into itself.

In the next two chapters, we shall be preoccupied with linear operators.
Our program is to select a single linear operator T on a finite-dimensional
vector space V and to ‘take it apart to see what makes it tick.” At this
early stage, it is easiest to express our goal in matrix language: Given the
linear operator T, find an ordered basis for V in which the matrix of T
assumes an especially simple form.

Here is an illustration of what we have in mind. Perhaps the simplest
matrices to work with, beyond the scalar multiples of the identity, are the
diagonal matrices:

6 0 0 - 0
0 ¢ 0 - 0
(6-1) D=0 0 ¢ - 0
00 0 o
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Let T be a linear operator on an n-dimensional space V. If we could find
an ordered basis @ = {ay, ..., @, for V in which T were represented by
a diagonal matrix D (6-1), we would gain considerable information about 7.
For instance, simple numbers associated with 7', such as the rank of T or
the determinant of T, could be determined with little more than a glance
at the matrix D. We could describe explicitly the range and the null space
of T. Since [T]g = D if and only if

(6-2) Tak = CyxQk, k= 1, e,

the range would be the subspace spanned by those au’s for which ¢, #= 0
and the null space would be spanned by the remaining «’s. Indeed, it
seems fair to say that, if we knew a basis ® and a diagonal matrix D such
that [T]e = D, we could answer readily any question about 7 which
might arise.

Can each linear operator T be represented by a diagonal matrix in
some ordered basis? If not, for which operators T does such a basis exist?
How can we find such a basis if there is one? If no such basis exists, what
is the simplest type of matrix by which we can represent T'? These are some
of the questions which we shall attack in this (and the next) chapter. The
form of our questions will become more sophisticated as we learn what
some of the difficulties are.

6.2. Characteristic Values

The introductory remarks of the previous section provide us with a
starting point for our attempt to analyze the general linear operator 7.
We take our cue from (6-2), which suggests that we should study vectors
which are sent by T into scalar multiples of themselves.

Definition. Let V be a vector space over the field F and let T be a linear
operator on V. A characteristic value of T s a scalar ¢ in F such that
there is @ non-zero vector a in V with Ta = ca. If ¢ is a characteristic value of
T, then

(a) any a such that Ta = ca is called a characteristic vector of T
associated with the characteristic value c;

(b) the collectron of all a such that Ta = ca s called the characteristic
space associated with c.

Characteristic values are often called characteristic roots, latent roots,
eigenvalues, proper values, or spectral values. In this book we shall use
only the name ‘characteristic values.’

If T is any linear operator and ¢ is any scalar, the set of vectors « such
that Ta = ca is a subspace of V. It is the null space of the linear trans-
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formation (T ~ cI). We call ¢ a characteristic value of T if this subspace
is different from the zero subspace, i.e., if (T — cI) fails to be 1:1. If the
underlying space V is finite-dimensional, (T — ¢I) fails to be 1:1 precisely
when its determinant is different from 0. Let us summarize.

Theorem 1. Let T be a linear operator on a finite-dimensional space V
and let ¢ be a scalar. The following are equivalent.

(i) ¢ is a characteristic value of T.
(ii) The operator (T — cI) us singular (not invertible).
(iii) det (T — cI) = 0.

The determinant criterion (iii) is very important because it tells us
where to look for the characteristic values of 7. Since det (T — c¢l) is a
polynomial of degree n in the variable ¢, we will find the characteristic
values as the roots of that polynomial. Let us explain carefully.

If ® is any ordered basis for V and A = [T]a, then (T — ¢I) is in-
vertible if and only if the matrix (4 — ¢I) is invertible. Accordingly, we
make the following definition.

Definition. If A is an n X n matriz over the field ¥, a characteristic
value of A in ¥ s a scalar ¢ in F such that the matriz (A — cl) is singular
(not tnvertible).

Since ¢ is a characteristic value of A4 if and only if det (4 — ¢I) = 0,
or equivalently if and only if det (¢ — A) = 0, we form the matrix
(I — A) with polynomial entries, and consider the polynomial f =
det (xI — A). Clearly the characteristic values of A in F are just the
scalars ¢ in F such that f(¢) = 0. For this reason f is called the charac-
teristic polynomial of 4. It is important to note that f is a monic poly-
nomial which has degree exactly n. This is easily seen from the formula
for the determinant of a matrix in terms of its entries.

Lemma. Similar matrices have the same characteristic polynomsal.
Proof. If B = P~1AP, then

det (I — B) = det (I — P'AP)
= det (P~Y(zl — A)P)
= det P71 det (¢l — A) - det P
=det (xI — 4). |

This lemma enables us to define sensibly the characteristic polynomial
of the operator T as the characteristic polynomial of any n X n matrix
which represents 7' in some ordered basis for V. Just as for matrices, the
characteristic values of 7' will be the roots of the characteristic polynomial
for T. In particular, this shows us that T’ cannot have more than n distinet
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characteristic values. It is important to point out that 7' may not have any
characteristic values.

ExampLE 1. Let T be the linear operator on R? which is represented
in the standard ordered basis by the matrix

0 -1
a=[7 "o
The characteristic polynomial for 7' (or for A) is

z 1 _ ,
1 z’—x + 1.

det (I — A) = ‘_
Since this polynomial has no real roots, 7' has no characteristic values.
If U is the linear operator on C? which is represented by A in the standard
ordered basis, then U has two characteristic values, 7 and —¢. Here we
see a subtle point. In discussing the characteristic values of a matrix
A, we must be careful to stipulate the field involved. The matrix A above
has no characteristic values in R, but has the two characteristic values
7and —z in C.

ExampLE 2. Let A be the (real) 3 X 3 matrix

3 1 —1
2 2 -1}
2 2 0

Then the characteristic polynomial for 4 is
z—3 -1 1
-2 -2 1
-2 -2 =z

=2 —bt+8 —4=(@— 1)@= - 2)>

Thus the characteristic values of A are 1 and 2.

Suppose that T is the linear operator on R? which is represented by A
in the standard basis. Let us find the characteristic vectors of 7' associated
with the characteristic values, 1 and 2. Now

21 -1
A-I=|21 -1}
2 2 -1

It is obvious at a glance that A — I has rank equal to 2 (and hence T' — I
has nullity equal to 1). So the space of characteristic vectors associated
with the characteristic value 1 is one-dimensional. The vector a; = (1, 0, 2)
spans the null space of T — I. Thus Ta = « if and only if « is a scalar
multiple of a;. Now consider

11 -1

A-2I=[2 0 -1}
2 2 -2
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Evidently A — 2I also has rank 2, so that the space of characteristic
vectors associated with the characteristic value 2 has dimension 1. Evi-
dently T'a = 2« if and only if « 1s a scalar multiple of ap = (1, 1, 2).

Definition. Let T be a linear operator on the finite-dvmensional space .

V. We say that T is diagonalizable if there is a basis for V each vector
of which 1s a characteristic vector of T.

The reason for the name should be apparent; for, if there is an ordered

basis ® = {ay, . . ., an} for V in which each a; is a characteristic vector of
T, then the matrix of T in the ordered basis ® is diagonal. If Ta; = cia,
then
e 0 - 0
l_O Co *°» 0

[T](B = .
l_O 0 -+ ¢

We certainly do not require that the scalars ¢y, . . ., ¢, be distinet; indeed,

they may all be the same scalar (when T is a scalar multiple of the identity

operator).

One could also define T' to be diagonalizable when the characteristic
vectors of T span V. This is only superficially different from our definition,
since we can select a basis out of any spanning set of vectors.

For Examples 1 and 2 we purposely chose linear operators 7' on E»
which are not diagonalizable. In Example 1, we have a linear operator on
R? which is not diagonalizable, because it has no characteristic values.
In Example 2, the operator T has characteristic values; in fact, the charac-
teristic polynomial for 7' factors completely over the real number field:
f = (x — 1)(zx — 2)% Nevertheless T fails to be diagonalizable. There is
only a one-dimensional space of characteristic vectors associated with each
of the two characteristic values of 7. Hence, we cannot possibly form a
basis for R? which consists of characteristic vectors of 7.

Suppose that T is a diagonalizable linear operator. Let ¢, . . ., ¢ be
the distinct characteristic values of T. Then there is an ordered basis ® in
which T is represented by a diagonal matrix which has for its diagonal
entries the scalars ¢;, each repeated a certain number of times. If ¢; is
repeated d; times, then (we may arrange that) the matrix has the block
form

alh, 0 - 0

0 @l -+ 0
(6'3) [T](B = : CZ: : :

0 0 e Cka

where I; is the d; X d;identity matrix. From that matrix we see two things.
First, the characteristic polynomial for T is the product of (possibly
repeated) linear factors:
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f=@—c) - (& — a)

If the scalar field F is algebraically closed, e.g., the field of complex num-
bers, every polynomial over F can be so factored (see Section 4.5); however,
if F is not algebraically closed, we are citing a special property of T when
we say that its characteristic polynomial has such a factorization. The
second thing we see from (6-3) is that d;, the number of times which ¢; is
repeated as root of f, is equal to the dimension of the space of characteristic
vectors associated with the characteristic value c¢;. That is because the
nullity of a diagonal matrix is equal to the number of zeros which it has on
its main diagonal, and the matrix [T — ¢;[1g has d; zeros on its main
diagonal. This relation between the dimension of the characteristic space
and the multiplicity of the characteristic value as a root of f does not seem
exciting at first; however, it will provide us with a simpler way of deter-
mining whether a given operator is diagonalizable.

Lemma. Suppose that Ta = co. If f is any polynomial, then f(T)a =
f(c)a.

Proof. Exercise.

Lemma. Let T be a linear operator on the finite-dimensional space V.
Let ey, . . ., ck be the distinct characteristic values of T and let W be the space
of characteristic vectors associated with the characleristic value ci. If W =

Wi+ --- + Wy, then
dimW =dim W, + --- + dim Wy

In fact, if ®; is an ordered basts for Wi, then ® = (®y, . . ., ®Bx) s an ordered
basis for W.

Proof. The space W = W, + ... 4+ W, is the subspace spanned
by all of the characteristic vectors of T. Usually when one forms the sum
W of subspaces W,, one expects that dim W < dim W; 4+ .- + dim W,
because of linear relations which may exist between vectors in the various
spaces. This lemma states that the characteristic spaces associated with
different characteristic values are independent of one another.

Suppose that (for cach 7) we have a vector 8; in W;, and assume that
Br+ -+ 4+ B = 0. We shall show that 8; = 0 for each 7. Let f be any
polynomial. Since T'8; = ¢8;, the preceding lemma tells us that

0 =f(T)0 = fT)B+ -+ +F(T)B
= fle)Br + -+ + flc)Be.

Choose polynomials fj, . . ., fe such that

. _ 17 'L=.7
fi(Cj)—Bij—{O’ i 5.
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Then
0 = fi(T)0 = Z 8:;8;
7
= B..
Now, let ®; be an ordered basis for W;, and let ® be the sequence
® = (®By,...,®B). Then B spans the subspace W = W, + --- + W,.

Also, ® is a linearly independent sequence of vectors, for the following
reason. Any linear relation between the vectors in ® will have the form
B1+ -+ + B = 0, where §; is some linear combination of the vectors in
®;. From what we just did, we know that 8; = 0 for each 7. Since each ®;
is linearly independent, we see that we have only the trivial linear relation
between the vectors in ®. |

Theorem 2. Let T be a linear operator on a finite-dimensional space V.
Let ¢y, . . ., cx be the distinct charactertstic values of T and let W; be the null
space of (T — c¢;l). The following are equivalent.

(i) T s diagonalizable.
(ii) The characteristic polynomial for 'T s

f = (X —_ cl)dl N (X —_ ck)dk

anddimW;=d;,i=1,...,k.
(i) dim Wy + -+« + dim Wy = dim V.

Proof. We have observed that (1) implies (ii). If the characteristic
polynomial f is the product of linear factors, as in (ii), then d; + --- +
dr = dim V. For, the sum of the d;’s is the degree of the characteristic
polynomial, and that degree is dim V. Therefore (ii) implies (iii). Suppose
(iii) holds. By the lemma, we must have V = W, + .- + Wy, ie., the
characteristic vectors of T span V. |

The matrix analogue of Theorem 2 may be formulated as follows. Let
A be an n X n matrix with entries in a field F, and let ¢y, . . ., cx be the
distinct characteristic values of A in F. For each 7, let W; be the space of
column matrices X (with entries in F) such that

A —-cahX =0,
and let ®; be an ordered basis for W,. The bases ®y, . . . , ®; collectively
string together to form the sequence of columns of a matrix P:
P = [PI,PQ,-.-] = ((B1,...,(Bk).

The matrix A is similar over F to a diagonal matrix if and only if P is a
square matrix. When P is square, P is invertible and P~'AP is diagonal.

ExampLE 3. Let T be the linear operator on R?® which is represented in
the standard ordered basis by the matrix
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5 —6 —6
4=]-1 4 2
3 —6 —

Let us indicate how one might compute the characteristic polynomial,
using various row and column operations:

z—5 6 6 z—5 0 6
1 r—4 -2 = 1 -2 -2
~3 6 z+ 4 -3 2—-2 z+4
x—5 0 6
=@—-2)] 1 1 -2
-3 ~1 z+ 4
z—5 0 6
=@&—-2)] 1 1 -2
~2 0 z+2
r—5 6
—($_2)-—2 x-{—Z‘
= (x—2)(x*— 3z + 2)
= (z — 2)%z — 1).

What are the dimensions of the spaces of characteristic vectors associated
with the two characteristic values? We have

[~ 4 —6 —6]
A—-I=|-1 3 2
| 3 —6 —5]
- 3 —6 —6]
A-2I=|-1 2 2}
| 3 —6 —6]

We know that A — I is singular and obviously rank (4 —~ I) > 2. There-
fore, rank (4 ~— I) = 2. It is evident that rank (4 — 2I) = 1.

Let Wy, W, be the spaces of characteristic vectors associated with the
characteristic values 1, 2. We know that dim W; = 1 and dim W, = 2. By
Theorem 2, T is diagonalizable. It is easy to exhibit a basis for R? in which
T is represented by a diagonal matrix. The null space of (T' — I) is spanned
by the vector an = (3, —1, 3) and so {a;} is a basis for W;. The null space
of T — 2I (i.e., the space Ws) consists of the vectors (xy, z,, 23) with z;, =
2z, + 2x3. Thus, one example of a basis for W is

Qg = (2’ 1’ 0)
az = (2, O, 1).

If ® = {a, ay, a3}, then [T]g is the diagonal matrix
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1 00
D=10 2 0}
0 0 2

The fact that T is diagonalizable means that the original matrix A is
similar (over R) to the diagonal matrix D. The matrix P which enables us
to change coordinates from the basis ® to the standard basis is (of course)
the matrix which has the transposes of a1, as, a3 as its column vectors:

3 2 2
P=|—-11 0}
3 01
Furthermore, AP = PD, so that
P-1AP = D.

Exercises

1. In each of the following cases, let T be the linear operator on R? which is
represented by the matrix 4 in the standard ordered basis for R?, and let U be
the linear operator on C? represented by 4 in the standard ordered basis. Find the
characteristic polynomial for T and that for U, find the characteristic values of
each operator, and for each such characteristic value ¢ find a basis for the cor-
responding space of characteristic vectors.

10 2 3 11
A_[o 0]’ A_[—1 1]’ A‘11]'

2. Let V be an n-dimensional vector space over F. What is the characteristic
polynomial of the identity operator on V? What is the characteristic polynomial
for the zero operator?

3. Let A be an n X n triangular matrix over the field F. Prove that the charac-
teristic values of A are the diagonal entries of 4, i.e., the scalars 4,..

4. Let T be the linear operator on B? which is represented in the standard ordered
basis by the matrix
-9 4 4
[ s 4}
—16 8 7

Prove that T is diagonalizable by exhibiting a basis for B3, each vector of which
is a characteristic vector of T.

5. Let
6 —3 —2
4= [: 4 -1 —2]~
10 -5 -3

Is A similar over the field R to a diagonal matrix? Is A similar over the field C to a
diagonal matrix?
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6. Let T be the linear operator on R* which is represented in the standard ordered
basis by the matrix

0000
a 0 00
05 0 0f
0 0 ¢ O

Under what conditions on @, b, and ¢ is T diagonalizable?

7. Let T be a linear operator on the n-dimensional vector space V, and suppose
that T has n distinct characteristic values. Prove that T is diagonalizable.

8. Let 4 and B be n X n matrices over the field F. Prove that if (I — AB) is
invertible, then I — BA is invertible and

_ (I — BA)' =1+ B(I — AB)™4.

9, Use the result of Exercise 8 to prove that, if A and B are n X n matrices
over the field F, then AB and B4 have precisely the same characteristic values in 7.

10. Suppose that 4 isa 2 X 2 matrix with real entries which is symmetric (4¢ = 4).
Prove that A is similar over R to a diagonal matrix.

11. Let N be a 2 X 2 complex matrix such that N2 = 0. Prove that either N = 0

or N is similar over C to
0 07
1 0

12. Use the result of Exercise 11 to prove the following: If 4 is a 2 X 2 matrix
with complex entries, then 4 is similar over C' to a matrix of one of the two types

os) [ie)

13. Let V be the vector space of all functions from R into B which are continuous,
i.e., the space of continuous real-valued functions on the real line. Let T be the
linear operator on V defined by

()@ = [ 0)
Prove that T has no characteristic values.
14. Let A be an n X n diagonal matrix with characteristic polynomial
(z = o) (2 — c),

where ¢i, . . ., cx are distinet., Let V be the space of n X n matrices B such that
AB = BA. Prove that the dimension of Vis d? + --- + dz.

15. Let V be the space of n X n matrices over F. Let A be a fixed n X n matrix
over F. Let T be the linear operator ‘left multiplication by 4’ on V. Is it true that
A and T have the same characteristic values?

6.3. Annihilating Polynomials

In attempting to analyze a linear operator T, one of the most useful
things to know is the class of polynomials which annihilate 7. Specifically,
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suppose T is a linear operator on V, a vector space over the field F. If pisa
polynomial over F, then p(T) is again a linear operator on V. If ¢ is another
polynomial over F, then

(p + (T) = p(T) + o(T)
(9)(T) = p(T)(T).
Therefore, the collection of polynomials p which annihilate 7, in the sense
that
p(T) =0,

is an ideal in the polynomial algebra F[x]. It may be the zero ideal, i.e., it
may be that 7 is not annihilated by any non-zero polynomial. But, that
cannot happen if the space V is finite-dimensional.

Suppose T is a linear operator on the n-dimensional space V. Look at
the first (n?2 + 1) powers of T":

LT T, .., T

This is a sequence of n? 4 1 operators in L(V, V), the space of linear
operators on V. The space L(V, V) has dimension n? Therefore, that
sequence of n? + 1 operators must be linearly dependent, i.e., we have

col +al + -« + T =0

for some scalars ¢;, not all zero. So, the ideal of polynomials which annihilate
T contains a non-zero polynomial of degree n? or less.

According to Theorem 5 of Chapter 4, every polynomial ideal consists
of all multiples of some fixed monic polynomial, the generator of the ideal.
Thus, there corresponds to the operator T' a monic polynomial p with this
property: If f is a polynomial over F, then f(T) = 0 if and only if f = pg,
where ¢ is some polynomial over F.

Definition. Let T be a linear operator on a finite-dimensional vector
space V over the field ¥. The minimal polynomial for T is the (unique)
monic generator of the ideal of polynomials over ¥ which annihilate T.

The name ‘minimal polynomial’ stems from the fact that the generator
of a polynomial ideal is characterized by being the monic polynomial of
minimum degree in the ideal. That means that the minimal polynomial p
for the linear operator T is uniquely determined by these three properties:

(1) p is a monic polynomial over the scalar field 7.

@) p(T) = 0.

(3) No polynomial over F which annihilates 7 has smaller degree than
p has.

If 4 is an n X n matrix over F, we define the minimal polynomial
for 4 in an analogous way, as the unique monic generator of the ideal of all
polynomials over F which annihilate 4. If the operator T is represented in
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some ordered basis by the matrix A, then T and A have the same minimal
polynomial. That is because f(T) is represented in the basis by the matrix
f(A), so that f(T) = 0if and only if f(4) = 0.

From the last remark about operators and matrices it follows that
similar matrices have the same minimal polynomial. That fact is also clear
from the definitions because

f(PIAP) = PYf(A)P

for every polynomial f.

There is another basic remark which we should make about minimal
polynomials of matrices. Suppose that 4 is an n X n matrix with entries
in the field F. Suppose that F is a field which contains F as a subfield. (For
example, A might be a matrix with rational entries, while F; is the field of
real numbers. Or, A might be a matrix with real entries, while F, is the
field of complex numbers.) We may regard A either as an n X n matrix
over F or as an n X n matrix over F;. On the surface, it might appear that
we obtain two different minimal polynomials for A. Fortunately that is
not the case; and we must see why. What is the definition of the minimal
polynomial for 4, regarded as an = X n matrix over the field F? We
consider all monic polynomials with coefficients in F which annihilate 4,
and we choose the one of least degree. If f is a monic polynomial over F:

k-1
(6-4) f=a+ 2 g
;&

then f(4) = 0 merely says that we have a linear relation between the
powers of A:

(6-5) A¥ + g A+ - @A+ aol = 0.

The degree of the minimal polynomial is the least positive integer k& such
that there is a linear relation of the form (6-5) between the powers I,
A, ..., A* Furthermore, by the uniqueness of the minimal polynomial,
there is for that k one and only one relation of the form (6-5); i.e., once the
minimal % is determined, there are unique sealars ay, . . ., @1 in F such
that (6-5) holds. They are the coefficients of the minimal polynomial.
Now (for each k) we have in (6-5) a system of n? linear equations for

the ‘unknowns’ ay, . . ., ax—1. Since the entries of 4 lie in F, the coefficients
of the system of equations (6-5) are in F. Therefore, if the system has a
solution with ay, . . ., ax_ in F; it has a solution with @, . . ., ax— in F.

(See the end of Section 1.4.) It should now be clear that the two minimal
polynomials are the same.

What do we know thus far about the minimal polynomial for a linear
operator on an n-dimensional space? Only that its degree does not exceed
n?. That turns out to be a rather poor estimate, since the degree cannot
exceed n. We shall prove shortly that the operator is annihilated by its
characteristic polynomial. First, let us observe a more elementary fact.
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Theorem 3. Let T be a linear operator on an n-dimenstonal vector
space V [or, let A be an n X n malriz). The characteristic and minimal
polynomials for T [for A] have the same roots, except for multiplicities.

Proof. Let p be the minimal polynomial for 7. Let ¢ be a scalar.
What we want to show is that p(c) = 0 if and only if ¢ is a characteristic
value of 7.
First, suppose p(c) = 0. Then

p=(z—o)y
where ¢ is a polynomial. Since deg ¢ < deg p, the definition of the minimal

polynomial p tells us that ¢(T") # 0. Choose a vector 8 such that ¢(T)8 0.
Let @« = ¢(7T")B. Then

0 =p(T)B
= (T — cl)g(T)B
= (T = cl)a

and thus, ¢ is a characteristic value of 7'
Now, suppose that ¢ is a characteristic value of T, say, Ta = ca with
a # 0. As we noted in a previous lemma,

p(T)a = p(c)a.
Since p(T") = 0 and a # 0, we have p(c) = 0. |

Let T be a diagonalizable linear operator and let ¢, . . ., ¢z be the
distinct characteristic values of T'. Then it is easy to see that the minimal
polynomial for 7' is the polynomial

p=@—c) (&~ a)

If @ is a characteristic vector, then one of the operators 7 — al, . . .,
T — .l sends a into 0. Therefore

(T —ed) (T = eul)a =0

for every characteristic vector a. There is a basis for the underlying space
which consists of characteristic vectors of T'; hence

p(T) = (T —al) -+ (T — al) = 0.

What we have concluded is this. If 7' is a diagonalizable linear operator,
then the minimal polynomial for 7' is a product of distinct linear factors.
As we shall soon see, that property characterizes diagonalizable operators.

ExamrLE 4. Let’s try to find the minimal polynomials for the operators
in Examples 1, 2, and 3. We shall discuss them in reverse order. The oper-
ator in Example 3 was found to be diagonalizable with characteristic
polynomial

f=(@~1@E-2e
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From the preceding paragraph, we know that the minimal polynomial for
T is

p=@—1E—2).
The reader might find it reassuring to verify directly that

A-IA -2 =0.

In Example 2, the operator T also had the characteristic polynomial
f = (z — 1)(z — 2)2 But, this 7 is not diagonalizable, so we don’t know
that the minimal polynomial is (x — 1) (z — 2). What do we know about
the minimal polynomial in this case? From Theorem 3 we know that its
roots are 1 and 2, with some multiplicities allowed. Thus we search for p
among polynomials of the form (zx — 1)*(z — 2), k> 1,1 > 1.Try (z — 1)
(z — 2):

2 1 —171[1 1 -1
A-DhA-2D=|21 —1{|2 0 -1

(2 2 —1][2 2 -2

2 0 —17

=[(2 0 -1}

(4 0 —2]

Thus, the minimal polynomial has degree at least 3. So, next we should try
either (z — 1)%(zx — 2) or (zx — 1)(z — 2)2. The second, being the charac-
teristic polynomial, would seem a less random choice. One can readily
compute that (4 — I)(4 — 2I)? = 0. Thus the minimal polynomial for 7
is its characteristic polynomial.

In Example 1 we discussed the linear operator T on R? which is
represented in the standard basis by the matrix

0 -1
a=[7 o)
The characteristic polynomial is z? + 1, which has no real roots. To
determine the minimal polynomial, forget about 7" and concentrate on A.
As a complex 2 X 2 matrix, 4 has the characteristic values 7 and —z.
Both roots must appear in the minimal polynomial. Thus the minimal
polynomial is divisible by z? 4+ 1. It is trivial to verify that A2+ I = 0.
So the minimal polynomial is z2 + 1.

Theorem 4 (Cayley-Hamilton). Let T be a lnear operator on a
finite dimensional vector space V. If f is the characteristic polynomial for T,
then f(T) = 0; in other words, the minimal polynomial divides the charac-
teristic polynomzal for T.

Proof. Later on we shall give two proofs of this result independent
of the one to be given here. The present proof, although short, may be
difficult to understand. Aside from brevity, it has the virtue of providing
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an illuminating and far from trivial application of the general theory of
determinants developed in Chapter 5.

Let K be the commutative ring with identity consisting of all poly-
nomials in 7'. Of course, K is actually a commutative algebra with identity
over the scalar field. Choose an ordered basis {ay, . . ., a,} for ¥, and let A
be the matrix which represents T' in the given basis. Then

Ta,- = E A,-,-a,-, 1 S 7 S_ n.
i=1
These equations may be written in the equivalent form
n
2 (04T — Ajd)a; = 0, 1 <<
j=1

Let B denote the element of K®** with entries
B,'j = 5;,’T - AJ','I.
When n = 2
B [T — Anl —Aql ]
—Apl T — Anl
and
detB = (T —_ AuI)(T - AggI) —_ A12A21I
=T — (An + Azz)T + (AnAzz - Alezl)I
= f(T)
where f is the characteristic polynomial:
f =% — (trace A)z + det A.
For the case n > 2, it is also clear that
det B = f(T)

since f is the determinant of the matrix zI — A whose entries are the
polynomials
(ZI et A),'j = 5;,‘1‘ - AJ','.

We wish to show that f(T) = 0. In order that f(T) be the zero operator,

it is necessary and sufficient that (det B)ay = O fork = 1, ..., n. By the
definition of B, the vectors ay, . . ., a, satisfy the equations
(6-6) 2 Bya;=0, 1<i<n

i=1

When n = 2, it is suggestive to write (6-6) in the form

l:T — Anl —Aal :H:al] _ [0]
—Aypl T — Ayl Loz 0

In this case, the classical adjoint, adj B is the matrix

5 [T — Anl  Anl ]
= 4l T — Al
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and

~, [detB 0
BB = [o det B]‘

Hence, we have

aevn) [] = ) [ 2]
2 (s[])
- g]

In the general case, let B = adj B. Then by (6-6)

Lo
2 BiBija;j =0
i=1
for each pair k, 7, and summing on ¢, we have

0= i é Bi:Bija;

1=1j5=1

= . (E EkiB,‘j) aj.
i=1 \i=1
Now BB = (det B)I, so that

[l K]

] IEHB” = 51;;‘ det B.

Therefore

0= 3 &;(det B)a;
j=1
= (detB)w, 1<k<m 1|

The Cayley-Hamilton theorem is useful to us at this point primarily
because it narrows down the search for the minimal polynomials of various
operators. If we know the matrix A which represents T' in some ordered
basis, then we can compute the characteristic polynomial f. We know that
the minimal polynomial p divides f and that the two polynomials have the
same roots. There is no method for computing precisely the roots of a
polynomial (unless its degree is small); however, if f factors

6-7) f=(@—e)® - (x — cp)™ ¢y, . .., G distinet, d; > 1
then
(6-8) p=@@—c)--@—c) 1<r<4d;

That is all we can say in general. If f is the polynomial (6-7) and has
degree n, then for every polynomial p as in (6-8) we can find an n X n
matrix which has f as its characteristic polynomial and p as its minimal
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polynomial. We shall not prove this now. But, we want to emphasize the
fact that the knowledge that the characteristic polynomial has the form
(6-7) tells us that the minimal polynomial has the form (6-8), and it tells us
nothing else about p.

ExaMrLE 5. Let 4 be the 4 X 4 (rational) matrix

0101

1010
4=101 0 1f

1 10

The powers of A are easy to compute:

2 0 2 07

02 0 2

2 —

4r = 2 0 20
|0 2 0 2
[0 4 0 47

4 0 4 0
8 = .

4 0 4 0 4
4 0 4 0]

Thus A% = 44, ie, if p = 2® — 4z = z(z 4 2)(z — 2), then p(4) = 0.
The minimal polynomial for A must divide p. That minimal polynomial is
obviously not of degree 1, since that would mean that A was a scalar
multiple of the identity. Hence, the candidates for the minimal polynomial
are: p, z(x + 2), z(x — 2), z? — 4. The three quadratic polynomials can be
eliminated because it is obvious at a glance that A2 = —2A4, A? = 24,
A? = 41, Therefore p is the minimal polynomial for A. In particular 0, 2,
and —2 are the characteristic values of A. One of the factors z, z — 2,
z + 2 must be repeated twice in the characteristic polynomial. Evidently,
rank (4) = 2. Consequently there is a two-dimensional space of charac-
teristic vectors associated with the characteristic value 0. From Theorem
2, it should now be clear that the characteristic polynomial is z%(z? — 4)
and that A is similar over the field of rational numbers to the matrix

000 O
000 O
00 2 of
000 -2

Exercises

1. Let V be a finite-dimensional vector space. What is the minimal polynomial
for the identity operator on V? What is the minimal polynomial for the zero
operator?

197



198 Elementary Canonical Forms Chap. 6

2. Let a, b, and ¢ be elements of a field F, and let A be the following 3 X 3 matrix

over F:
0 0 ¢
A= l:l 0 b]—
01 a

Prove that the characteristic polynomial for 4 is 2* — az? — bz — ¢ and that this
is also the minimal polynomial for A.

3. Let A be the 4 X 4 real matrix

1 1 00
-1 -1 o000

A“—z—z 2 1
1 1 —-10

Show that the characteristic polynomial for A is z%(z — 1)2 and that it is also
the minimal polynomial.

4, Is the matrix A of Exercise 3 similar over the field of complex numbers to a
diagonal matrix?

5. Let V be an n-dimensional vector space and let T be a linear operator on V.
Suppose that there exists some positive integer k& so that T* = 0. Prove that
L - 0'

6. Find a 3 X 3 matrix for which the minimal polynomial is z2.

7. Let n be a positive integer, and let V be the space of polynomials over R
which have degree at most n (throw in the 0-polynomial). Let D be the differentia-
tion operator on V. What is the minimal polynomial for D?

8. Let P be the operator on R? which projects each vector onto the z-axis, parallel
to the y-axis: P(z, y) = (z,0). Show that P is linear. What is the minimal poly-
nomial for P?

9. Let A be an n X n matrix with characteristic polynomial
f = (1; — C])dl' . .(z o Ck)dk.

edy + - -+ + cedy = trace (A).
10. Let V be the vector space of n X n matrices over the field F. Let A be a fixed
n X n matrix. Let T be the linear operator on V defined by
T(B) = AB.
Show that the minimal polynomial for T is the minimal polynomial for 4.
11. Let A and B be n X n matrices over the field F. According to Exercise 9 of
Section 6.1, the matrices AB and BA have the same characteristic values. Do

they have the same characteristic polynomial? Do they have the same minimal
polynomial?

Show that

6.4. Invariant Subspaces

In this section, we shall introduce a few concepts which are useful in
attempting to analyze a linear operator. We shall use these ideas to obtain
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characterizations of diagonalizable (and triangulable) operators in terms
of their minimal polynomials.

Definition. Let V be a vector space and T a linear operator on V. If
W s a subspace of V, we say that W s invariant under T if for each vector
a tn W the vector Ta is in W, i.e., if T(W) is contarned in W.

ExampLE 6. If T is any linear operator on V, then V is invariant
under T, as is the zero subspace. The range of T and the null space of T
are also invariant under 7.

ExaMpLE 7. Let F be a field and let D be the differentiation operator
on the space F[z] of polynomials over F. Let n be a positive integer and
let W be the subspace of polynomials of degree not greater than n. Then W
is invariant under D. This is just another way of saying that D is ‘degree
decreasing.’

ExampLE 8. Here is a very useful generalization of Example 6. Let T
be a linear operator on V. Let U be any linear operator on V which com-
mutes with T, i.e., TU = UT. Let W be the range of U and let N be the
null space of U. Both W and N are invariant under 7. If « is in the range
of U, say a« = UB, then Ta = T(UB) = U(TB) so that T« is in the range
of U. If @ is in N, then U(Ta) = T(Ua) = T(0) = 0; hence, T is in N.

A particular type of operator which commutes with 7' is an operator
U = ¢(T), where ¢ is a polynomial. For instance, we might have U =
T — cI, where ¢ 1s a characteristic value of T. The null space of U is
familiar to us. We see that this example includes the (obvious) fact that
the space of characteristic vectors of T associated with the characteristic
value ¢ is invariant under T.

ExampLE 9. Let T be the linear operator on R? which is represented
in the standard ordered basis by the matrix

0 —1
a=[7 "o
Then the only subspaces of B? which are invariant under T are B?and the
zero subspace. Any other invariant subspace would necessarily have
dimension 1. But, if W is the subspace spanned by some non-zero vector «,
the fact that W is invariant under T means that « is a characteristic
vector, but A has no real characteristic values.

When the subspace W is invariant under the operator T, then T
induces a linear operator Tw on the space W. The linear operator Tw is
defined by Tw(a) = T{a), for @ in W, but Tw is quite a different object
from T since its domain is W not V.

When V is finite-dimensional, the invariance of W under T has a
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simple matrix interpretation, and perhaps we should mention it at this
point. Suppose we choose an ordered basis & = {o, ..., as} for V such
that ® = {ay, ..., a} is an ordered basis for W (r = dim W). Let 4 =
[T)a so that

n
T(xj = 2 Aija,‘.
i=1

Since W is invariant under T, the vector Ta; belongs to W for j < r. This

means that

(6-9) Ta; = T Ay, J<r
=1
In other words, A;; = 0ify <randi > r.
Schematically, A has the block form

@10 -7 ¢

where B is an r X r matrix, C is an r X (n — r) matrix, and D is an
(n —r) X (n — r) matrix. The reader should note that according to
(6-9) the matrix B is precisely the matrix of the induced operator Tw in
the ordered basis ®".

Most often, we shall carry out arguments about T and 7% without
making use of the block form of the matrix 4 in (6-10). But we should note
how certain relations between T and T are apparent from that block form.

Lemma. Let W be an inwariant subspace for T. The characteristic
polynomial for the restriction operator Tw divides the characteristic polynomial
for T. The minimal polynomial for Tw divides the minimal polynomial for T.

Proof. We have
B C
4=y »]

where A = [T]g and B = [T'w]e. Because of the block form of the matrix
det (zf — A) = det (xI — B) det (zI — D).
That proves the statement about characteristic polynomials. Notice that

we used [ to represent identity matrices of three different sizes.
The kth power of the matrix 4 has the block form

Bt C
ko=
4 [o DkJ

where Cy is some r X (n — r) matrix. Therefore, any polynomial which
annihilates 4 also annihilates B (and D too). So, the minimal polynomial
for B divides the minimal polynomial for 4. |

ExampLe 10. Let T be any linear operator on a finite-dimensional
space V. Let W be the subspace spanned by all of the characteristic vectors
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of T. Let ¢y, . . ., ¢ be the distinet characteristic values of T. For each ¢,
let W; be the space of characteristic vectors associated with the charac-
teristic value ¢;, and let ®; be an ordered basis for W;. The lemma before
Theorem 2 tells us that & = (®,,. .., ®;) is an ordered basis for W. In
particular,

dim W = dim W{ + --- + dim W,.

Let ® = {ay, ..., a;} so that the first few o’s form the basis ®,, the next
few ®., and so on. Then
Ta,'=t,'a,~, i=1,...,7’

where (t,...,t) = (ci, ¢, - .y €ty v oy ChyChy. .., ) With ¢; repeated
dim W; times.
Now W is invariant under T, since for each « in W we have

a = xlal+ e +xrar
Ta = hriey + -+ + L2,

Choose any other vectors a1, . . ., @, In V such that ® = {ay, ..., an}
is a basis for V. The matrix of 7 relative to ® has the block form (6-10), and
the matrix of the restriction operator T'w relative to the basis ®’ is

tl 0 e 0
p=|% % - 0
00 - &

The characteristic polynomial of B (i.e., of Tw) is
g=@&—c) - (x— c)*

where ¢; = dim W,. Furthermore, ¢ divides f, the characteristic polynomial
for T. Therefore, the multiplicity of ¢; as a root of f is at least dim W..

All of this should make Theorem 2 transparent. It merely says that T
is diagonalizable if and only if r = n, if and only if e, 4 -+ + e = n. It
does not help us too much with the non-diagonalizable case, since we don’t
know the matrices C and D of (6-10).

Definition. Let W be an tnvariant subspace for T and let a be a vector
in V. The T-conductor of a into W s the set St(a; W), which consists of
all polynomials g (over the scalar field) such that g(T)a s in W.

Since the operator T will be fixed throughout most discussions, we
shall usually drop the subscript T and write S(a; W). The authors usually
call that collection of polynomials the ‘stuffer’ (das einstopfende Ideal).
‘Conductor’ is the more standard term, preferred by those who envision
a less aggressive operator ¢(T), gently leading the vector « into W. In the
special case W = {0} the conductor is called the T-annihilator of a.
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Lemma. If W is an tnvariant subspace for T, then W is tnvariant
under every polynomaal in T. Thus, for each a in V, the conductor S{a; W) s
an ideal in the polynomial algebra F[x].

Proof. If Bisin W, then T8 is in W. Consequently, T(T8) = T8
is in W. By induction, 7%8 is in W for each k. Take linear combinations to
see that f(T)g is in W for every polynomial f.

The definition of S(a; W) makes sense if W is any subset of V. If W is
a subspace, then S(a; W) is a subspace of F[x], because

o +9)(T) = of(T) + 9(T).

If W is also invariant under 7, let ¢ be a polynomial in S(a; W), i.e., let
g(Ta be in W. If f is any polynomial, then f(T)[¢(T)a] will be in W. Since

(fo)(T) = f(T)g(T)

fg is in S8(a; W). Thus the conductor absorbs multiplication by any poly-
nomial. i

The unique monic generator of the ideal S(a; W) is also called the
T-conductor of « into W (the T-annihilator in case W = {0}). The
T-conductor of & into W is the monic polynomial ¢ of least degree such that
g(Ma is in W. A polynomial f is in S(a; W) if and only if g divides f. Note
that the conductor S(a; W) always contains the minimal polynomial for T';
hence, every T-conductor divides the minimal polynomzial for T.

As the first illustration of how to use the conductor S(a; W), we shall
characterize triangulable operators. The linear operator T is called tri-
angulable if there is an ordered basis in which 7 is represented by a
triangular matrix.

Lemma. Let V be a finite-dimensional vector space over the field T.
Let T be a linear operator on V such that the minimal polynomial for T s a
product of linear factors

p=&=—c)" - (x— ) ¢;in F.

Let W be a proper (W = V) subspace of V which is invariant under T. There
extsts a vector a tn 'V such that

(a) aisnotin W;
(b) (T — el is in W, for some characteristic value ¢ of the operator T.
Proof. What (a) and (b) say is that the T-conductor of « into W
is a linear polynomial. Let 8 be any vector in ¥V which is not in W. Let ¢ be

the T-conductor of g into W. Then ¢ divides p, the minimal polynomial
for T. Since g is not in W, the polynomial ¢ is not constant. Therefore,

g= @ = @ = e



Sec. 6.4 Invariant Subspaces
where at lJeast one of the integers e; is positive. Choose j so that ¢; > 0.
Then (z — ¢;) divides g:
g = (x — ¢j)h.
By the definition of g, the vector a = (T8 cannot be in W. But
(T = ¢il)a = (T — ¢;I)MT)AB
9(T)8

1

isin W. |

Theorem 5. Let V be a finite-dimensional vector space over the field F
and let T be a linear operator on V. Then T s triangulable if and only if the
mangmal polynomial for T is a product of linear polynomials over F.

Proof. Suppose that the minimal polynomial factors
p=@—c)" - (x — c)™

By repeated application of the lemma above, we shall arrive at an ordered

basis ® = {ai, ..., a,} in which the matrix representing 7' is upper-
triangular:

i Q12 O3 - OQin

0 ax as --- am
(6'11) [T](B =10 0 Qgz **° A3n

Now (6-11) merely says that
(6-12) TO.’j = ;a1 + LR + a5, 1 S j S n

that is, T'a; is in the subspace spanned by ay, . . ., a;. To find ay, . . ., ay,,
we start by applying the lemma to the subspace W = {0}, to obtain the
veetor a;. Then apply the lemma to W, the space spanned by a;, and we
obtain as. Next apply the lemma to W,, the space spanned by a; and a..

Continue in that way. One point deserves comment. After a;, . . ., a; have
been found, it is the triangular-type relations (6-12) for j =1,...,7
which ensure that the subspace spanned by a, . . ., a; is invariant under
T.

If T is triangulable, it is evident that the characteristic polynomial for
T has the form
f=&—c) - (x — e, ¢;in F.

Just look at the triangular matrix (6-11). The diagonal entries auy, . . . , @1,
are the characteristic values, with ¢; repeated d; times. But, if f can be so
factored, so ean the minimal polynomial p, because it divides f. |

Corollary. Let F be an algebraically closed field, e.g., the complex num-
ber field. Every n X n matriz over ¥ is similar over F to a triangular matriz.
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Theorem 6. Let V be a finite-dimensional vector space over the field F
and let T be a linear operator on V. Then T is diagonalizable if and only if the
mantmal polynomzal for T has the form

p=(x=—oc¢p) - (x — cx)
where ¢y, . . ., ¢k are distinct elements of F.

Proof. We have noted earlier that, if T is diagonalizable, its
minimal polynomial is a produet of distinet linear factors (see the discussion
prior to Example 4). To prove the converse, let W be the subspace spanned
by all of the characteristic vectors of T, and suppose W > V. By the lemma
used in the proof of Theorem 5, there is a vector a not in W and a charac-
teristic value ¢; of 7' such that the vector

B= (T~ c¢il)a
lies in W. Since 8 is in W,
B=58+ -+ B
where T3; = ¢i8; 1 < 7 < k, and therefore the vector
RT)B = h(c)Br + -+ + h(c)Bre

is in W, for every polynomial h.

Now p = (z — ¢;)q, for some polynomial ¢q. Also

q—g(c) = @ — ch.
We have
g(Ma — q(cjya = R(TY(T — ¢;I)a = (THA.
But A(T)g is in W and, since
0=pMa =T~ cl)g(T)a

the vector ¢(T)a is in W. Therefore, g(c;)ee is in W, Since « is not in W, we
have g(c;) = 0. That contradicts the fact that p has distinct roots. |

At the end of Section 6.7, we shall give a different proof of Theorem 6.
In addition to being an elegant result, Theorem 6 is useful in a computa-
tional way. Suppose we have a linear operator T, represented by the matrix
A in some ordered basis, and we wish to know if 7' is diagonalizable. We
compute the characteristic polynomial f. If we can factor f:

f=@—ah @)

we have two different methods for determining whether or not T is diago-
nalizable. One method is to see whether (for each ¢) we can find d; inde-
pendent characteristic vectors associated with the characteristic value ¢;.
The other method is to check whether or not (T' — ¢JJ) -+ (T' — ¢l) i8
the zero operator.

Theorem 5 provides a different proof of the Cayley-Hamilton theorem.
That theorem is easy for a triangular matrix. Hence, via Theorem 5, we
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obtain the result for any matrix over an algebraically closed field. Any
field is a subfield of an algebraically closed field. If one knows that result,
one obtains a proof of the Cayley-Hamilton theorem for matrices over any
field. If we at least admit into our discussion the Fundamental Theorem of
Algebra (the complex number field is algebraically closed), then Theorem 5
provides a proof of the Cayley-Hamilton theorem for complex matrices,
and that proof is independent of the one which we gave earlier.

Exercises

1. Let T be the linear operator on R?, the matrix of which in the standard ordered

basis is
1 —
a={; 7]

(a) Prove that the only subspaces of R? invariant under 7' are B? and the
zero subspace.

(b) If U is the linear operator on C? the matrix of which in the standard
ordered basis is A, show that U has 1-dimensional invariant subspaces.

2. Let W be an invariant subspace for 7. Prove that the minimal polynomial
for the restriction operator T'w divides the minimal polynomial for 7, without
referring to matrices.

3. Let ¢ be a characteristic value of 7 and let W be the space of characteristic
vectors associated with the characteristic value ¢. What is the restriction opera-

tor Tw?
0 10
A=(2 <=2 2}
2 =3 2

4. Let
Is A similar over the field of real numbers to a triangular matrix? If so, find such a
triangular matrix.

5. Every matrix A such that A% = A is similar to a diagonal matrix.

6. Let T be a diagonalizable linear operator on the n-dimensional vector space V,
and let W be a subspace which is invariant under 7. Prove that the restriction
operator T is diagonalizable.

7. Let T be a linear operator on a finite-dimensional vector space over the field
of complex numbers. Prove that T is diagonalizable if and only if 7T is annihilated
by some polynomial over C which has distinet roots.

8. Let T be a linear operator on V. If every subspace of V is invariant under T,
then 7 is a scalar multiple of the identity operator.

9. Let T be the indefinite integral operator

(mm=ﬁmm
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on the space of continuous functions on the interval [0, 1]. Is the space of poly-
nomial functions invariant under T? The space of differentiable functions? The
space of functions which vanish at = = 3?
10. Let A be a 3 X 3 matrix with real entries. Prove that, if A is not similar over R
to a triangular matrix, then A is similar over C to a diagonal matrix.
11. True or false? If the triangular matrix 4 is similar to a diagonal matrix, then
A is already diagonal.
12. Let T be a linear operator on a finite-dimensional vector space over an alge-
braically closed field F. Let f be a polynomial over . Prove that ¢ is a character-
istic value of f(T) if and only if ¢ = f(t), where ¢ is a characteristic value of 7.
13. Let V be the space of n X n matrices over F. Let A be a fixed n X n matrix
over F. Let T and U be the linear operators on V defined by
T(B) = AB
U(B) = AB — BA.
(a) True or false? If A is diagonalizable (over F), then T is diagonalizable.
(b) True or false? If A is diagonalizable, then U is diagonalizable,

6.5. Simultaneous Triangulation;
Simultaneous Diagonalization

Let V be a finite-dimensional space and let & be a family of linear
operators on V. We ask when we can simultaneously triangulate or diago-
nalize the operators in &, i.e., find one basis ® such that all of the matrices
[T]&, T in F, are triangular (or diagonal). In the case of diagonalization, it
is necessary that & be a commuting family of operators: UT = T'U for all
T, U in 5. That follows from the fact that all diagonal matrices commute.
Of course, it is also necessary that each operator in F be a diagonalizable
operator. In order to simultaneously triangulate, each operator in § must
be triangulable. It is not necessary that ¥ be a commuting family ; however,
that condition is sufficient for simultaneous triangulation (if each 7 can be
individually triangulated). These results follow from minor variations of
the proofs of Theorems 5 and 6.

The subspace W is invariant under (the family of operators) F if
W is invariant under each operator in .

Lemma. Let § be a commuting family of triangulable linear operators
on V. Let W be a proper subspace of V which is invariant under 5. There
exists a vector o in 'V such that

(a) aisnotin W;
(b) for each T in F, the vector Ta 1s in the subspace spanned by o and W.

Proof. 1t is no loss of generality to assume that § contains only a
finite number of operators, because of this observation. Let {7y, ..., T}
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be a maximal linearly independent subset of &, i.e., a basis for the subspace
spanned by §. If « 1s a vector such that (b) holds for each T';, then (b) will
hold for every operator which is a linear combination of T, . .., T,

By the lemma before Theorem 5 (this lemma for a single operator), we
can find a vector 8; (not in W) and a scalar ¢; such that (Ty — ¢.I)B,isin W.
Let Vy be the collection of all vectors 8 in V such that (77 — ¢J)Bisin W.
Then V, is a subspace of V which is properly larger than W. Furthermore,
V1 1s invariant under &, for this reason. If 7 commutes with 7, then

(Tl - Cll)(TB) = T(Tl - Cll)ﬂ.

If gisin Vi, then (T — ¢I)8 is in W. Since W is invariant under each 7 in
5, we have T(Th — aal)8in W, 1.e., T8 in V4, for all Bin V; and all 7in &.

Now W is a proper subspace of Vy. Let U, be the linear operator on ¥,
obtained by restricting 7% to the subspace V. The minimal polynomial for
U, divides the minimal polynomial for 7%.. Therefore, we may apply the
lemma before Theorem 5 to that operator and the invariant subspace W.
We obtain a vector 8z in V; (not in W) and a scalar ¢; such that (Ty — coI)B2
is in W. Note that

(a) Bsis not in W;
(o) (Ty — al)By isin W;
(€) (T: — cal)Byisin W.

Let V, be the set of all vectors 8 in V; such that (T, — ¢, J)8 is in W,
Then V; 1s invariant under §. Apply the lemma before Theorem 5 to Us,
the restriction of T3 to V.. If we continue in this way, we shall reach a
vector & = B, (not in W) such that (T; — ¢;Deaisin W,5=1,...,r. |}

Theorem 7. Let V be a finite-dimenstonal vector space over the field F.
Let & be a commuting famaly of triangulable linear operators on V. There exists
an ordered basis for V such that every operator in § is represented by a triangu-
lar matriz in that basis.

Proof. Given the lemma which we just proved, this theorem has
the same proof as does Theorem 5, if one replaces 7' by . ||

Corollary. Let § be a commuting family of n X n matrices over an
algebraically closed field F. There exists a non-singular n X n matriz P with
entries in I such that P=1AT is upper-triangular, for every matriz A in §.

Theorem 8. Let § be a commuting family of diagonalizable lLinear
operators on the finite-dimensional vector space V. There exists an ordered basis
for V such that every operator in & is represented in that basis by a diagonal
matrix.

Proof. We eould prove this theorem by adapting the lemma
before Theorem 7 to the diagonalizable case, just as we adapted the lemma
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before Theorem 5 to the diagonalizable case in order to prove Theorem 6.
However, at this point it is easier to proceed by induction on the dimension
of V.

If dim ¥V = 1, there is nothing to prove. Assume the theorem for
vector spaces of dimension less than n, and let, V be an n-dimensional space.
Choose any 7T in § which is not a scalar multiple of the identity. Let
¢, . . ., be the distinet characteristic values of 7', and (for each 7) let W
be the null space of T — ¢;I. Fix an index 7. Then W, is invariant under
every operator which commutes with 7. Let &; be the family of linear
operators on W obtained by restricting the operators in § to the (invariant)
subspace W.. Tlach operator in &, is diagonalizable, because its minimal
polynomial divides the minimal polynomial for the corresponding operator
in §. Since dim W; < dim V, the operators in ¥; can be simultaneously
diagonalized. In other words, W, has a basis ®; which consists of vectors
which are simultaneously characteristic vectors for every operator in ;.

Since 7 is diagonalizable, the lemma before Theorem 2 tells us that
® = (®1,. .., ®) s a basis for V. That is the basis we seek. |}

Exercises

1. Find an invertible real matrix P such that P-14P and P~1BP are both diago-
nal, where A and B are the real matrices

12 3 —8
@) A‘[o 2] B'[o -1

Ll sl

2. Let § be a commuting family of 3 X 3 complex matrices. How many linearly
independent matrices can ¥ contain? What about the n X n case?

3. Let T be a linear operator on an n-dimensional space, and suppose that T
has n distinet characteristic vajues. Prove that any linear operator which commutes
with T is a polynomial in 7.

4. Let A, B, C, and D be n X n complex matrices which commute. Let F be the
2n X 2n matrix
5= [A B

¢ DY
Prove that det £ = det (4D — BC).

5. Let F be a field, n a positive integer, and let V be the space of n X n matrices
over . If A is a fixed n X n matrix over 7, let T4 be the linear operator on V
defined by T4(B) = AB — BA. Consider the family of linear operators T4 ob-
tained by letting 4 vary over all diagonal matrices. Prove that the operators in
that family are simultaneously diagon: iizable.
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6.6. Direct-Sum Decompositions

As we continue with our analysis of a single linear operator, we shall
formulate our ideas in a slightly more sophisticated way—Iless in terms of
matrices and more in terms of subspaces. When we began this chapter, we
described our goal this way: To find an ordered basis in which the matrix
of T assumes an especially simple form. Now, we shall describe our goal
as follows: To decompose the underlying space V into a sum of invariant
subspaces for T’ such that the restriction operators on those subspaces are
simple.

Definition. Let W, . .., Wy be subspaces of the vector space V. We
say that Wy, . . ., Wy are independent #f

a1+-~'+ak=0, aiinWi

implies that each «; s 0.

For k = 2, the meaning of independence is {0} intersection, l.e., Wi
and W, are independent if and only if Wy N\ W, = {0}. If k > 2, the
independence of Wy, ..., W, says much more than Wi\ --- N\ Wi =
{0}. It says that each W; intersects the sum of the other subspaces W;
only in the zero vector.

The significance of independence is this. Let W = Wy + .- 4+ W,
be the subspace spanned by Wi, ..., W,. Each vector @ in W can be
expressed as a sum

a=a1+---+ak, aiinWi.
If Wi, ..., W, are independent, then that expression for « is unique; for if
a=pf+ -+ B B:in W;

then 0 = (g — B1) + -+« + (@ — Bi), hence a; —~ B3 =0,2=1,..., k.
Thus, when W1, . . ., W} are independent, we can operate with the vectors
in W as k-tuples (ay, . . ., ax), @: in W, in the same way as we operate with
vectors in R* as k-tuples of numbers.

Lemma. Let V be a finite-dimensional vector space. Let Wy, . . ., Wk
be subspaces of Vand let W = W, + - -+ + Wi The following are equivalent.
(a) Wy, ..., Wi are independent.

(b) For each j, 2 < j <k, we have
Wi ﬂ (W1 + e + ‘/Vj—1) = {0}

(¢) If ®; s an ordered basis for Wi, 1 < i <k, then the sequence ® =
(®yy . . ., ®x) 2s an ordered basis for W.
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Proof. Assume (a). Let « be a vector in the intersection W; N
(Wy+ --- 4+ W;1). Then there are vectors ay, . . ., aj—1 with a; in W;
such that « = oy + -+ + aj.1. Since

at - +aat(—a)+04 - +0=0

and since Wy, . . ., W, are independent, it must be that &y = az = - -+ =
a1 =a =0

Now, let us observe that (b) implies (a). Suppose

0=a1+---—|—ak, a,-inW,-.
Let j be the largest integer ¢ such that a; # 0. Then

O=a1r+ - + q a; # 0.
Thus aj = —a; — - -+ — aj—; is & non-zero vector in W; N\ (W1 + --- +
Wi).

Now that we know (a) and (b) are the same, let us see why (a) is
equivalent to (¢). Assume (a). Let ®; be a basis for W;, 1 <7 < k, and let
® = (B, ..., ®:). Any linear relation between the vectors in ® will have
the form

Bt +B=0

where 8; is some linear combination of the vectors in ®,. Since W, ..., W,
are independent, each 3; is 0. Since each ®; is independent, the relation we
have between the vectors in ® is the trivial relation.

We relegate the proof that (¢) implies (a) to the exercises (Exercise

2. 1

If any (and hence all) of the conditions of the last lemma hold, we
say that thesum W = W, + --- + W, is direct or that W is the direct
sum of Wy, ..., Wi and we write

W=w® - OW.

In the literature, the reader may find this direct sum referred to as an
independent sum or the interior direct sum of Wy, ..., W..

ExamrLE 11. Let V be a finite-dimensional vector space over the field
F and let {ai, ..., @} be any basis for V. If W; is the one-dimensional
subspace spanned by a;, then V.= W, @ --- @ W,.

ExampLE 12. Let n be a positive integer and F a subfield of the com-
plex numbers, and let V be the space of all n X n matrices over F. Let
W1 be the subspace of all symmetric matrices, 1.e., matrices A such that
At = A. Let W, be the subspace of all skew-symmetric matrices, i.e.,
matrices A such that A* = —A. Then V = W, @ W,. If 4 is any matrix
in V, the unique expression for A as a sum of matrices, one in Wy and the
other in Wy, is
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A=A+ A4,
A, = %(A + A‘)
Ay = %(A - A‘)~
Exampie 13. Let T be any linear operator on a finite-dimensional
space V. Let ¢y, . . ., ¢ be the distinet characteristic values of 7, and let
W be the space of characteristic vectors associated with the characteristic
value ¢;. Then Wy, ..., W, are independent. See the lemma before Theo-

rem 2. In particular, if T is diagonalizable, then V = W, @ --- @ W,

Definition. If V is a vector space, a projection of V is a linear
operator E on V such that 2 = E.

Suppose that E is a projection. Let R be the range of £ and let N be
the null space of E.

1. The vector 8 is in the range R if and only if E8 = 8. If 8 = Eq,
then E8 = E?¢ = Ea = (. Conversely, if 8 = EB, then (of course) 8 is in
the range of E.

2.V=R@®N.

3. The unique expression for « as a sum of vectors in R and N is
a = FKEa+ (a — Ea).

From (1), (2), (8) it is easy to see the following. If R and N are sub-
spaces of ¥V such that V = R @ N, there is one and only one projection
operator £ which has range R and null space N. That operator is called the
projection on R along N.

Any projection E is (trivially) diagonalizable. If {ay, ..., a} is a
basis for B and {a,4, . . ., @,} a basis for N, then the basis ® = {ay, .. .,

an} diagonalizes E:
I 0

where I is the r X r identity matrix. That should help explain some of the
terminology connected with projections. The reader should look at various
cases in the plane R? (or 3-space, R?), to convince himself that the projec-
tion on R along N sends each vector into R by projecting it parallel to N.

Projections can be used to describe direct-sum decompositions of the
space V. For, suppose V = Wi P --- @ W,. For each j we shall define
an operator E;on V. Let abein V,say o = a1 4+ + -+ + ax with a; in W,
Define E;a = a;. Then E; is a well-defined rule. It is easy to see that E; is
linear, that the range of E, is W;, and that E} = E;. The null space of E;
is the subspace

Wit oo+ Wi+ Wi+ o + W)

for, the statement that F;o = 0 simply means a; = 0, 1.e., that « is actually
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a sum of vectors from the spaces W; with 7 # j. In terms of the projections
E; we have
(6-13) a=Fa+ -+ Ea
for each a in V. What (6-13) says is that

I=E+- -+ E.

Note also that if 7 # j, then E.E; = 0, because the range of E; is the
subspace W; which is contained in the null space of E;. We shall now
summarize our findings and state and prove a converse.

Theorem 9. If V.= W, @ - - - @ Wy, then there exist k linear opera-
tors By, . . ., Ex on V such that

(i) each E; is a projection (B} = L;);
(i) Tl = 0, 4f i #
(i) T =E; + -+ + Eg;
(iv) the range of E; s W;.

Conversely, if E, . . ., Ex are k linear operators on 'V which satisfy conditions
(1), (i), and (iii), and 1f we let W; be the range of By, then V.= W; P --- P
Wg.

Proof. We have only to prove the converse statement. Suppose
E,, ..., Ey are linear operators on V which satisfy the first three condi-
tions, and let W, be the range of E;. Then certainly

V=Wi+ - + Wy
for, by condition (iii) we have
a=FEa+ - + Eia
for each @ in V, and F;a is in W;. This expression for « is unique, because if
a=a+ -+ o

with a; in W, say a; = E.8;, then using (i) and (ii) we have

k
Ejoz = E Eja;
1

i=

k
z, B

E38;
E;B;

= aj.

This shows that V is the direct sum of the W,.. ||



Sec. 6.7 Imvariant Direct Sums

Exercises

1. Let V Dbe a finite-dimensional vector space and let W, be any subspace of V.
Prove that there is a subspace Wy of V such that V.= W, @ W..

2. Let V be a finite-dimensional vector space and let Wy, ..., W, be subspaces
of ¥ such that
V=W1+"'+Wk and dlmV=dlmW1+"'+dlka.
Provethat V=W - @ Wy

3. Find a projection E which projects R? onto the subspace spanned by (1, —1)
along the subspace spanned by (1, 2).

4. If E, and E, are projections onto independent subspaces, then E; + E; is a
projection. True or false?

5. If £ is a projection and f is a polynomial, then f(E) = al + bE. What are
a and b in terms of the coefficients of f?

6. True or false? If a diagonalizable operator has only the characteristic values
0 and 1, it is a projection.

7. Prove that if ¥ is the projection on R along N, then (I — E) is the projection
on N along R.

8. Let Ey,. .., Eibelinear operators on the space Vsuch that E; + - .- + B, = I.
(a) Prove that if E;E; = 0 for ¢  j, then £ = E; for each 1.
(b) In the case k& = 2, prove the converse of (a). That is, if E; + E» = I and
E% = El, E% = E’z, then E1E2 = .
9. Let V be a real vector space and £ an idempotent linear operator on V, i.e.,
a projection. Prove that (I + E) is invertible. Find (I + E)-1.

10. Let F be a subfield of the complex numbers (or, a field of characteristic zero).
Let V be a finite-dimensional vector space over F. Suppose that K, ..., Ex
are projections of ¥ and that By + --- + Ex = I. Prove that E:E; = O for¢ = j
(Hint: Use the trace function and ask yourself what the trace of a projection is.)

11. Let V be a vector space, let Wy, ..., Wi be subspaces of V, and let
Vi=Wi+ -+ Wi+ Wit o+ We

Suppose that V = W, @ - - - @ Wi Prove that the dual space V* has the direct-
sum decomposition V* = V¢ @ --- @ V§.

213

6.7. Invariant Direct Sums

We are primarily interested in direct-sum decompositions V =
W.@® --- D Wy, where each of the subspaces W is invariant under some
given linear operator 7. Given such a decomposition of V, T induces a
linear operator T'; on each W, by restriction. The action of 7' is then this.
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If « is a vector in ¥V, we have unique vectors ay, . . ., ax with «; In W; such
that
a=a+ -+
and then
Ta = Thas + -+ + Tha.

We shall describe this situation by saying that 7' is the direct sum of the
operators T, ..., Ty It must be remembered in using this terminology
that the 7', are not linear operators on the space V but on the various
subspaces W;. The fact that V = W, @ --- @ W« enables us to associate
with each @ in V a unique k-tuple (o, . . ., o) of vectors a; in W; (by a =
a1 + -+ + a) in such a way that we can carry out the linear operations
in V by working in the individual subspaces W,. The fact that each W is
invariant under 7' enables us to view the action of T as the independent
action of the operators T'; on the subspaces W;. Our purpose is to study T
by finding invariant direct-sum decompositions in which the T'; are opera-
tors of an elementary nature.

Before looking at an example, let us note the matrix analogue of this
situation. Suppose we select an ordered basis ®; for each W, and let ®
be the ordered basis for V consisting of the union of the ®; arranged in
the order &, ..., ®, so that ® is a basis for V. From our discussion
concerning the matrix analogue for a single invariant subspace, it is easy
to see that if A = [T)g and A, = [T]g, then A has the block form

Al 0 e 0
(6-14) A= ? f“ ?
0 0 - A

In (6-14), A; is a d; X d; matrix (d; = dim W;), and the ’s are symbols
for rectangular blocks of scalar 0’s of various sizes. It also seems appro-
priate to deseribe (6-14) by saying that A is the direct sum of the matrices
Ay .., A

Most often, we shall describe the subspace W; by means of the associ-
ated projections E; (Theorem 9). Therefore, we need to be able to phrase
the invariance of the subspaces W, in terms of the E..

Theorem 10. Let T be a linear operator on the space V, and let
Wi, ..., Weand K, ..., Ex be as in Theorem 9. Then a necessary and
sufficient condition that each subspace W; be tnvariant under T is that T
commute with each of the projections L, t.e.,

TE; = E;T, i=1,...,k

Proof. Suppose T' commutes with each E;. Let « be in W;. Then
Ea = a, and
Ta = T(E;a)
= E;(Ta)
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which shows that Te is in the range of I}, i.e., that W is invariant under 7.
Assume now that each W; is invariant under 7. We shall show that
TE; = E,T. Let « be any vector in V. Then

a=Fta+ - + Eia
Ta = T+ -+ + TEa.

Since F;e is in W, which is invariant under 7', we must have T'(Fia) =
E B3 for some vector 3;. Then

E,‘TE;’C! = E,’E—Lﬂi

_fo, if ¢y
S BB, i =
Thus
.EJ'T(X = .E_,‘TE10£ + e + EjTEka
= E;B;
= TEja.

This holds for each « in V, sc E;T = TE;. ||

We shall now describe a diagonalizable operator 7' in the language of
invariant direct sum decompesitions (projections which commute with 7).
This will be a great help to us in understanding some deeper decomposition
theorems later. The reader may feel that the description which we are
about to give is rather complicated, in comparison to the matrix formula-
tion or to the simple statement that the characteristic vectors of 7' span the
underlying space. But, he should bear in mind that this is our first glimpse
at a very effective method, by means of which various problems concerned
with subspaces, bases, matrices, and the like can be reduced to algebraic
calculations with linear operators. With a little experience, the efficiency
and elegance of this method of reasoning should become apparent.

Theorem 11. Let'T be a linear operator on a finite-dimensional space V.
If T s diagonalizable and if ¢i, . . ., cx are the distinct characteristic
values of T, then there exist linear operators E, . . ., Ex on V such that

) T=cl+ - + el
(i) T = B+ - + By
(i) EE; = 0,1 5 j;
(iv) Ef = E; (E; is a projection);
(v) the range of E; s the characteristic space for T associated with c;.

Conversely, if there exist k distinct scalars ey, . . ., cx and k non-zero
linear operators By, . . ., By which satisfy conditions (i), (i), end (iii), then
T s diagonalizable, ¢y, . . ., ¢, are the distinct characteristic values of T, and

conditions (iv) and (v) are salisfied also.

Proof. Suppose that T is diagonalizable, with distinct charac-
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teristic values ¢, . . ., ce. Let W, be the space of characteristic vectors
associated with the characteristic value ¢;. As we have seen,

VeWi® - OW.
Let Ey, . . ., Ex be the projections associated with this decomposition, as

in Theorem 9. Then (ii), (iii), (iv) and (v) are satisfied. To verify (i),
proceed as follows. For each « in V,

a=FEa+t - + Ea
and so
Ta = TEwa + -+ - + TEa
= 61E1a + .. +CkEka.

In other words, T' = ¢,E1 + - - + s

Now suppose that we are given a linear operator T along with distinct
scalars ¢; and non-zero operators E; which satisfy (1), (i) and (ii1). Since
E.E; = 0 when 7 # j, we multiply both sides of I = E; + --- + Ei by
E; and obtain immediately E? = E;. Multiplying T = ¢,Fy + -+ + cFx
by £, we then have TE; = ¢;E;, which shows that any vector in the range
of E; is in the null space of (T' — ¢.I). Since we have assumed that £; = 0,
this proves that there is a non-zero vector in the null space of (T' — ¢.I),
i.e., that ¢; is a characteristic value of T. Furthermore, the ¢; are all of the
characteristic values of T'; for, if ¢ is any scalar, then

T—~cd=(—0E+ -+ (& — 0)x

so if (T — el)a = 0, we must have (¢; — ¢)E.a = 0. If @ is not the zero
vector, then E.a # 0 for some ¢, so that for this ¢ we have ¢; — ¢ = 0.
Certainly 7' is diagonalizable, since we have shown that every non-
zero vector in the range of E; is a characteristic vector of T', and the fact
that I = E; + --- + Ei shows that these characteristic vectors span V.
All that remains to be demonstrated is that the null space of (T — ¢.I) is
exactly the range of E;. But this is clear, because if Ta = ¢, then

k
Z (¢ —¢c)Eia=0
i=1

hence
(¢; — eyl = 0 for each j
and then
Ea =0, J# i

Since a = Eia + -+ + Eia, and E;a = 0 for j # 17, we have a = K,
which proves that « is in the range of E;. |

One part of Theorem 9 says that for a diagonalizable operator T,
the scalars ¢, . . ., ¢ and the operators Ej, . .., Ex are uniquely deter-
mined by conditions (i), (ii), (iii), the fact that the ¢; are distinct, and
the fact that the E; are non-zero. One of the pleasant features of the



Sec. 6.7 TImwariant Direct Sums
decomposition T = ¢ By 4+ - -+ + cuBx is that if ¢ is any polynomial over
the field F, then

g(T) = glc)Er + - -+ + glex) Er.
We leave the details of the proof to the reader. To see how it is proved one

need only compute T for each positive integer r. For example,

k k
T2 = 2 CiE,; E CjEj
=1 i=1

a0

k
=3 X CiCjEiEj

i=1j=1

2 112
iE't

I
II'M £
o

=1

I M

GE:.
i=1
The reader should compare this with g(4) where A is a diagonal matrix;
for then g(A) is simply the diagonal matrix with diagonal entries g(4u),

- §(Ann).
We should like in particular to note what happens when one applies
the Lagrange polynomials corresponding to the scalars ¢, . . ., c:
(:12 —_ C«;)
), = — "
bi i (6 — ¢i)

We have p;(c;) = 8;;, which means that
&
pi(T) = El b:B;

= E;.

Thus the projections E; not only commute with T but are polynomials in
T.

Such calculations with polynomials in T can be used to give an
alternative proof of Theorem 6, which characterized diagonalizable opera-
tors in terms of their minimal polynomials. The proof is entirely inde-
pendent of our earlier proof.

If T is diagonalizable, T = c,E; + - -+ + cxEx, then

g(T) = gler)Ex + - -+ + glex) Ex

for every polynomial g. Thus g(T) = 0 if and only if g(c;) = 0 for each <.
In particular, the minimal polynomial for T is

p=@@—¢c) @ —ca.

Now suppose T is a linear operator with minimal polynomial p =
(x—@c) -+ (. — ), where ¢y, . . ., ¢ are distinet elements of the scalar
field. We form the Lagrange polynomials
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(@ — ¢i)
= .
bi i (€ — ¢i)
We recall from Chapter 4 that p;(c;) = é;; and for any polynomial ¢ of
degree less than or equal to (k — 1) we have

g = gleopr+ -+ + glcx)pr.
Taking ¢ to be the scalar polynomial 1 and then the polynomial z, we have

l=p~+ - +m
-1

(6 5) rT=ap1+ - + Ckpk-

(The astute reader will note that the application to z may not be valid
because k may be 1. But if ¥ = 1, T is a scalar multiple of the identity and

hence diagonalizable.) Now let E; = p;(T). From (6-15) we have

I=E+ - +E
T=01E1+"~+CkEk.

Observe that if 7 # j, then p.p; is divisible by the minimal polynomial p,
because p;p; contains every (x — ¢,) as a factor. Thus

(6—17) E.L'Ej = 0, ’l #]

We must note one further thing, namely, that E; # 0 for each 7. This
is because p is the minimal polynomial for 7 and so we cannot have
p:(T) = 0 since p; has degree less than the degree of p. This last comment,

together with (6-16), (6-17), and the fact that the ¢; are distinet enables us
to apply Theorem 11 to conclude that T is diagonalizable. |

(6-16)

Exercises

1. Let E be a projection of V and let T be a linear operator on V. Prove that the
range of E is invariant under 7 if and only if ETE = TE. Prove that both the
range and null space of E are invariant under T if and only if ET = TE.

2. Let T be the linear operator on R? the matrix of which in the standard ordered
basis is
21
[0 2]

Let W be the subspace of R? spanned by the vector ¢ = (1, 0).

(a) Prove that W, is invariant under 7.

(b) Prove that there is no subspace W, which is invariant under T and which
is complementary to Wi:

R2 = W] (—B Wg.
(Compare with Exercise 1 of Section 6.5.)

3. Let T be a linear operator on a finite-dimensional vector space V. Let R be
the range of T and let N be the null space of 7. Prove that R and N are inde-
pendent if and only if V.= R @ N.
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4. Let T be a linear operator on V. Suppose V=W, @ --- @ W, where each

W, is invariant under T. Let T; be the induced (restriction) operator on W,

(a) Prove that det (T) = det (Ty) - - - det (T%).

(b) Prove that the characteristic polynomial for f is the product of the charac-
teristic polynomials for fy, . . ., fi.

(c) Prove that the minimal polynomial for 7T is the least common multiple
of the minimal polynomials for 74, ..., T (Hint: Prove and then use the cor-
responding facts about direct sums of matrices.)

5. Let T be the diagonalizable linear operator on R* which we discussed in
Example 3 of Section 6.2. Use the Lagrange polynomials to write the representing
matrix 4 in the form A= El ‘|‘ 2E2, El + Eg = I, E1E2 = 0.

6. Let A be the 4 X 4 matrix in Example 6 of Section 6.3. Find matrices E;, E;, E;
such that A = B, 4 By + 3By, By 4 Ey 4 E; = I, and E:E; = 0,7 5 J.

7. In Exercises 5 and 6, notice that (for each ) the space of characteristic vectors
associated with the characteristic value ¢; is spanned by the eolumn veetors of the
various matrices E; with 7 £ ¢. Is that a coincidence?

8. Let T be a linear operator on V which commutes with every projection operator
on V. What can you say about 77?

9. Let V be the vector space of continuous real-valued functions on the interval
[—1, 1] of the real line. Let W, be the subspace of even functions, f(—z) = f(z),
and let W, be the subspace of odd functions, f(—z) = —f(z).

(a) Show that V.= W. P W..
(b) If T is the indefinite integral operator

@@ = [ 10) d

are W, and W, invariant under 7?
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6.8. The Primary Decomposition Theorem

We are trying to study a linear operator T on the finite-dimensional
space V, by decomposing T into a direct sum of operators which are in
some sense elementary. We can do this through the characteristic values
and vectors of T in certain special cases, i.e., when the minimal polynomial
for T factors over the scalar field F into a product of distinet monic poly-
nomials of degree 1. What can we do with the general T'? If we try to study
T using characteristic values, we are confronted with two problems. First,
T may not have a single characteristic value; this is really a deficiency in
the scalar field, namely, that it is not algebraically closed. Second, even if
the characteristic polynomial factors completely over F into a produet of
polynomials of degree 1, there may not be enough characteristic vectors for
T to span the space V; this is clearly a deficiency in T. The second situation
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is illustrated by the operator T on F?* (F any field) represented in the
standard basis by

2 0 0
A4A=11 2 0y
0 ¢ -1

The characteristic polynomial for 4 is (x — 2)*(x + 1) and this is plainly
also the minimal polynomial for A (or for 7). Thus T is not diagonalizable.
One sees that this happens because the null space of (T' — 2I) has dimen-
sion 1 only. On the other hand, the null space of (T' 4 I) and the null space
of (T — 2I)? together span V, the former being the subspace spanned by
e and the latter the subspace spanned by ¢ and €.

This will be more or less our general method for the second problem.
If (remember this is an assumption) the minimal polynomial for 7' de-
composes

p=@—c)n - (@ — )"
where ¢y, . . ., ¢ are distinct elements of F, then we shall show that the
space V is the direct sum of the null spaces of (T' — ¢)™, 2 =1,...,k.
The hypothesis about p is equivalent to the fact that 7' is triangulable
(Theorem 5); however, that knowledge will not help us.

The theorem which we prove is more general than what we have
described, since it works with the primary decomposition of the minimal
polynomial, whether or not the primes which enter are all of first degree.
The reader will find it helpful to think of the special case when the primes
are of degree 1, and even more particularly, to think of the projection-type
proof of Theorem 6, a special case of this theorem.

Theorem 12 (Primary Decomposition Theorem). LetT be a linear
operator on the finite-dimensional vector space NV over the field F. Let p be the
menzmal polynomzal for T,

p=pi-pr
where the p; are distinct irreducible monic polynomials over ¥ and the r; are
postiive integers. Let W be the null space of pi(T)", i =1,...,k. Then

) V=WiD - D Wy
(i1) each Wi 1s tnvariant under T}
(ii1) #f Ts s the operator induced on W; by T, then the minimal poly-
nomial for T; is pi'.

Proof. The idea of the proof is this. If the direct-sum decomposi-
tion (i) is valid, how can we get hold of the projections Ey, . . . , Ex associ-
ated with the decomposition? The projection E; will be the identity on W;
and zero on the other W;. We shall find a polynomial h; such that h(T) is
the identity on W, and is zero on the other W;, and so that 2(T) + --- +
h(T) = I, ete.
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For each i, let

P "
fo= 5 =11 p;"
f P i D;
Since py, . . ., pr are distinct prime polynomials, the polynomials fy, . . ., fi

are relatively prime (Theorem 10, Chapter 4). Thus there are polynomials
g1, . . ., g such that

n

? figi = 1.

i=1

Note also that if ¢ # j, then fif; is divisible by the polynomial p, because

fif; contains each p7 as a factor. We shall show that the polynomials

h; = fig: behave in the manner described in the first paragraph of the proof.
Let E; = hi(T) = fu(T)y:(T). Since hy + - -+ + i = 1 and p divides

fif; for ¢  j, we have

Eit -+ B =1
EiEj == 0, if 2#]

Thus the E; are projections which correspond to some direct-sum de-
composition of the space V. We wish to show that the range of E; is exactly
the subspace W.. It is clear that each vector in the range of £, is in W, for
if @ is.in the range of E;, then o = E,a and so

pi(T)a = pi(T) Eia
= p(T)yfi(T)gi(T)
=90

because p7f.g; is divisible by the minimal polynomial p. Conversely,
suppose that « is in the null space of p;(T)™. If 7 # ¢, then f,g; is divisible
by p7 and so f{(T)g;(T)a = 0, i.e., E;a = 0 for j ## 7. But then it is im-
mediate that F.a = «, i.e., that « is in the range of E;. This completes the
proof of statement (i).

It is certainly clear that the subspaces W, are invariant under 7.
If T, is the operator induced on W; by T, then evidently p.(7:)" = 0,
because by definition p;(7")7 is 0 on the subspace W;. This shows that the
minimal polynomial for T'; divides pi’. Conversely, let g be any polynomial
such that ¢(T;) = 0. Then ¢(T)f:(T) = 0. Thus gf; is divisible by the
minimal polynomial p of T, i.c., pif: divides gf.. It is easily seen that pi’
divides g. Hence the minimal polynomial for 7' is pi’. |

Corollary. If Ey, . . ., Ex are the projections associated with the primary
decomposition of T, then each E; is a polynomaal in T, and accordingly if a
linear operator U commutes with T then U commutes with each of the B, i.e.,
each subspace W; is tnvariant under U.

In the notation of the proof of Theorem 12, let us take a look at the
special case in which the minimal polynomial for 7' is a product of first-
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degree polynomials, i.e., the case in which each p; is of the form
p; = ¢ — ¢;. Now the range of E; is the null space W, of (T — ¢:I)™.
Let us put D = ¢Fly + - -+ + ¢Ei. By Theorem 11, D is a diagonal-
izable operator which we shall call the diagonalizable part of 7. Let us
look at the operator N = T — D. Now

T=TE + --- + TE,
D ally + -+ 4+ ok

i

S0
N=(T—-caDE+ -+ + (T — al)E\.

The reader should be familiar enough with projections by now so that he
sees that

N2= (T —cal)®E; 4+ -+ + (T — cI)2E;
and in general that
Ne= (T —calyYE:+ --- + (T — al)E;.

When r > r; for each ¢, we shall have N7 = 0, because the operator
(T — ¢:I)" will then be 0 on the range of E..

Definition. Let N be a linear operator on the vector space V. We say
that N is nilpotent if there is some posttive integer r such that N* = 0.

Thearem 13. Let T be a linear operator on the finite-dimenstonal vector
space V over the field F. Suppose that the minimal polynomial for T de-
composes over F into a product of linear polynomials. Then there is a diago-
nalizable operator D on V and a nilpotent operator N on 'V such that

() T =D+ N,
(ii) DN = ND.

The diagonalizable operator D and the nilpotent operator N are uniquely
determined by (i) and (i) and each of them is a polynomial in T.

Proof. We have just observed that we can write T = D + N
where D is diagonalizable and N is nilpotent, and where D and N not only
commute but are polynomials in 7. Now suppose that we also have T' =
D’ 4 N’ where D’ is diagonalizable, N’ is nilpotent, and D'N’ = N'D’.
We shall prove that D = D’ and N = N'.

Since D’ and N’ commute with one another and 7 = D’ + N’, we
see that D’ and N’ commute with 7. Thus D’ and N’ commute with any
polynomial in T'; hence they commute with D and with N. Now we have

D+ N=D 4N’
or
D—-D =N —-N

and all four of these operators commute with one another. Since D and D’
are both diagonalizable and they commute, they are simultaneously
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diagonalizable, and D — D’ is diagonalizable. Since N and N’ are both
nilpotent and they commute, the operator (N’ — N) is nilpotent; for,
using the fact that N and N’ commute

o =y = 3 (7} o=y

and so when r is sufficiently large every term in this expression for
(N" — N)7 will be 0. (Actually, a nilpotent operator on an n-dimensional
space must have its nth power 0; if we take r = 2n above, that will be
large enough. It then follows that » = n is large enough, but this is not
obvious from the above expression.) Now D — D’ is a diagonalizable
operator which is also nilpotent. Such an operator is obviously the zero
operator; for since it is nilpotent, the minimal polynomial for this operator
is of the form z7 for some r <{ m; but then since the operator is diagonaliza-
ble, the minimal polynomial cannot have a repeated root; hence r = 1 and
the minimal polynomial is simply x, which says the operator is 0. Thus we
seethat D = D’ and N = N'. |

Corollary. Let V be a finite-dimensional vector space over an algebra-
tcally closed field F, e.g., the field of complex numbers. Then every linear
operator T on V can be written as the sum of a diagonalizable operator D
and a nilpotent operator N which commute. These operators D and N are
unique and each is a polynomial in T.

From these results, one sees that the study of linear operators on
vector spaces over an algebraically closed field is essentially reduced to
the study of nilpotent operators. For vector spaces over non-algebralcally
closed fields, we still need to find some substitute for characteristic values
and vectors. 1t is a very interesting fact that these two problems can be
handled simultaneously and this is what we shall do in the next chapter.

In conecluding this section, we should like to give an example which
illustrates some of the ideas of the primary decomposition theorem. We
have chosen to give it at the end of the section since it deals with differential
equations and thus is not purely linear algebra.

ExampLe 14. In the primary decomposition theorem, it is not neces-
sary that the vector space V be finite dimensional, nor is it necessary for
parts (i) and (ii) that p be the minimal polynomial for 7. If T is a linear
operator on an arbitrary vector space and if there is a monic polynomial
p such that p(T") = 0, then parts (i) and (ii) of Theorem 12 are valid for T
with the proof which we gave.

Let n be a positive integer and let V be the space of all n times con-
tinuously differentiable functions f on the real line which satisfy the
differential equation
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duf dn—lf
(6-18) din T Ot G
where ay, . . ., a,—1 are some fixed constants. If C, denotes the space of
n times continuously differentiable functions, then the space V of solutions
of this differential equation is a subspace of C,. If D denotes the differentia-
tion operator and p is the polynomial

pP=2a"F "t + o aZ +a

then V is the null space of the operator p(D), because (6-18) simply says
p(D)f = 0. Therefore, V is invariant under D. Let us now regard D as a
linear operator on the subspace V. Then p(D) = 0.

If we are discussing differentiable complex-valued functions, then C,

+o ot n D =0

and V are complex vector spaces, and ay, . . ., @,—; may be any complex
numbers. We now write

p=@—¢a)" (& —a)”
where ¢, . . ., ¢ are distinet complex numbers. If W, is the null space of

(D — ¢;I)7, then Theorem 12 says that
V=W, W

In other words, if f satisfies the differential equation (6-18), then f is
uniquely expressible in the form

f=H+-+5i

where f; satisfies the differential equation (D — ¢;I)"f; = 0. Thus, the
study of the solutions to the equation (6-18) is reduced to the study of
the space of solutions of a differential equation of the form

(6-19) (D —cl)yf=0.

This reduction has been accomplished by the general methods of linear
algebra, 1.e., by the primary decomposition theorem.

To describe the space of solutions to (6-19), one must know something
about differential equations, that is, one must know something about D
other than the fact that it is a linear operator. However, one does not need
to know very much. It is very easy to establish by induction on r that if f
is in C, then

(D — cI)f = etD(e)
that is,

% — f(t) = e“d% (ectf), ete.

Thus (D ~— ¢I)f = 0 if and only if D’(e=*f) = 0. A function g such that
Drg = 0, i.e., d'g/dt" = 0, must be a polynomial function of degree (r — 1)
or less:

gt) = by + byt + -+ + byt
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Thus f satisfies (6-19) if and only if f has the form
J() = et(bo + bit + -+ + byt ).

Accordingly, the ‘functions’ 2t tect, . . ., tTe¢t span the space of solutions

of (6-19). Since 1, ¢, ..., t! are linearly independent functions and the.

exponential function has no zeros, these r functions tfeet, 0 <j <r — 1,
form a basis for the space of solutions.
Returning to the differential equation (6-18), which is
oD =0
p=@—a" - (@&—h

we see that the n functions tmett, 0 < m <r; — 1, 1 <7<k, form a
basis for the space of solutions to (6-18). In particular, the space of solutions
is finite-dimensional and has dimension equal to the degree of the poly-
nomial p.

Exercises

1. Let T be a linear operator on R?® which is represented in the standard ordered

basis by the matrix
6 —3 -2
[ 4 -1 —2}
10 -5 -3

Express the minimal polynomial p for T in the form p = pips, where p, and p.
are monic and irreducible over the field of real numbers. Let W, be the null space
of pi(T). Find bases ®; for the spaces Wy and Ws. If T is the operator induced on
W by T, find the matrix of T in the basis ®; (above).

2. Let T be the linear operatcr on R? which is represented by the matrix

3 1 —1
2 2 -1
2 2 0

in the standard ordered basis. Show that there is a diagonalizable operator D
on R? and a nilpotent operator N on R® such that 7 = D 4+ N and DN = ND.
Find the matrices of D and N in the standard basis. (Just repeat the proof of
Theorem 12 for this special case.)

3. If V is the space of all polynomials of degree less than or equal to n over a
field F, prove that the differentiation operator on V is nilpotent.

4. Let T be a linear operator on the finite-dimensional space V with characteristic
polynomial
f = (z —_ cl)dl .o ((C -— ck)dk

and minimal polynomial
p=(x—con--- (x — )™
Let W; be the null space of (T — ¢;I)m.
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(a) Prove that W; is the set of all vectors @ in V such that (T — ¢;I)™a = 0
for some positive integer m (which may depend upon «).

(b) Prove that the dimension of W; is d;. (Hint: If T'; is the operator induced
on W; by T, then T; — ¢.I is nilpotent; thus the characteristic polynomial for
T: — ¢ must be z¢ where e; is the dimension of W; (proof?); thus the charac-
teristic polynomial of T; is (x — ¢;)%; now use the fact that the characteristic
polynomial for T is the product of the characteristic polynomials of the 7'; to show
that e; = d;.)

5. Let V be a finite-dimensional vector space over the field of complex numbers.
Let T be a linear operator on V and let D be the diagonalizable part of 7. Prove
that if ¢ is any polynomial with complex coefficients, then the diagonalizable part
of g(T) is g(D).

6. Let V be a finite-dimensional vector space over the field F, and let T be a
linear operator on V such that rank (7) = 1. Prove that either T is diagonalizable
or T is nilpotent, not both.

7. Let V be a finite-dimensional vector space over F, and let 7 be a linear operator
on V. Suppose that T commutes with every diagonalizable linear operator on V.
Prove that T is a scalar multiple of the identity operator.

8. Let V be the space of n X n matrices over a field ¥, and let A be a fixed n X n
matrix over F. Define a linear operator T on V by T(B) = AB — BA. Prove
that if 4 is a nilpotent matrix, then T is a nilpotent operator.

9. Give an example of two 4 X 4 nilpotent matrices which have the same minimal
polynomial (they necessarily have the same characteristic polynomial} but which
are not similar.

10. Let T be a linear operator on the finite-dimensional space V,letp = p7* - - - pp*
be the minimal polynomial for 7, and let V.= W, @ --- @ W; be the primary
decomposition for 7, i.e., W; is the null space of p;(T)ri. Let W be any subspace
of V which is invariant under T. Prove that

W=WNW)@WNW)®D--- ®W N Wa).

11. What’s wrong with the following proof of Theorem 13? Suppose that the
minimal polynomial for T is a product of linear factors. Then, by Theorem 5,
T is triangulable. Let ® be an ordered basis such that A = [T]g is upper-triangular.
Let D be the diagonal matrix with diagonal entries ay, . . . , @pe. Then 4 = D + N,
where N is strictly upper-triangular. Evidently N is nilpotent.

12. If you thought about Exercise 11, think about it again, after you observe
what Theorem 7 tells you about the diagonalizable and nilpotent parts of 7.

13. Let T be a linear operator on V with minimal polynomial of the form p=,
where p is irreducible over the scalar field. Show that there is a vector & in V
such that the T-annihilator of « is p».

14. Use the primary decomposition theorem and the result of Exercise 13 to prove
the following. If T is any linear operator on a finite-dimensional vector space V,
then there is a vector @ in V with T-annihilator equal to the minimal polynomial
for T.

15. If N is a nilpotent linear operator on an n-dimensional vector space V, then
the characteristic polynomial for N is 2.



7. The Rational

and Jordan Forms

7.1. Cyclic Subspaces and Annihilators

Once again V is a finite-dimensional vector space over the field F
and T is a fixed (but arbitrary) linear operator on V. If « is any vector
in V, there is a smallest subspace of V which is invariant under T' and
contains «. This subspace can be defined as the intersection of all T-
invariant subspaces which contain «; however, it is more profitable at the
moment for us to look at things this way. If W is any subspace of ¥V which
is invariant under 7' and contains «, then W must also contain the vector
Tea; hence W must contain T(Ta) = T?«, T(T?«) = T?a, ete. In other
words W must contain ¢(T")« for every polynomial g over F. The set of all
vectors of the form g(T)e, with ¢ in F[z), is clearly invariant under T, and
is thus the smallest T-invariant subspace which contains a.

Definition. If o is any vector in V, the T-cyclic subspace generated
by «a is the subspace Z(e; T) of all vectors of the form g(T)a, g wn F[x].
If Z(a; T) =V, then « is called a eyclic vector for T.

Another way of describing the subspace Z(a; T) is that Z(a; T) is
the subspace spanned by the vectors T*a, k£ > 0, and thus « is a cyclic
vector for T if and only if these vectors span V. We caution the reader
that the general operator T has no cyclic vectors.

ExampLe 1. For any T, the T-cyclic subspace generated by the zero
vector is the zero subspace. The space Z(«; T') is one-dimensional if and
only if « is a characteristic vector for 7. For the identity operator, every
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non-zero vector generates a one-dimensional cyclic subspace; thus, if
dim V > 1, the identity operator has no eyclic vector. An example of an
operator which has a cyclic vector is the linear operator T on F? which is
represented in the standard ordered basis by the matrix

[0 0]_

1 0

Here the cyclic vector (a cyeclic vector) is «; for, if 8 = (a, b), then with
g = a + bxr we have 8 = g(T)e. For this same operator T, the cyclic
subspace generated by e is the one-dimensional space spanned by e,

because e is a characteristic vector of T.
For any T and «, we shall be interested in linear relations

Coa+61Ta+ +Ckaa=0

between the vectors T, that is, we shall be interested in the polynomials
g =c + azx + --- 4+ x* which have the property that ¢g(T)a = 0. The
set of all g in F[z] such that g(T)a = 0 is clearly an ideal in F[z]. It is also
a non-zero ideal, because it contains the minimal polynomial p of the
operator T (p(T)a = 0 for every a in V).

Definition. If a is any vector in V, the T-annihilator of « is the ideal
M(e; T) n F[x] consisting of all polynomials g over F such that g(T)a = 0.
The unique monic polynomial p, which generates this ideal will also be
called the T-annihilator of a.

As we pointed out above, the T-annihilator p, divides the minimal
polynomial of the operator T. The reader should also note that deg (p.) > 0
unless « is the zero vector.

Theorem 1. Let o be any non-zero vector in V and let p. be the
T-annihilator of a.

(1) The degree of p. is equal to the dimension of the cyclic subspace
Z(a; T).

(1) If the degree of p. is k, then the vectors a, Ta, T, ..., Tk la
form a basis for Z(a; T).

(iii) If U s the linear operator on Z{a; T) induced by T, then the minimal
polynomial for U is p,.

Proof. Let g be any polynomial over the field F. Write
g=Dgtr
where either r = 0 or deg (r) < deg (p,) = k. The polynomial p.g is in
the T-annihilator of a, and so
g(Ta = r(Ta.

Since r = 0 or deg (r) < k, the vector 7(T)a is a linear combination of
the vectors a, Tea, ..., T* ', and since ¢(T)a is a typical vector in
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Z(a; T), this shows that these & vectors span Z(a; T'). These vectors are
certainly linearly independent, because any non-trivial linear relation
between them would give us a non-zero polynomial g such that ¢(T)a = 0
and deg () < deg (p.), which is absurd. This proves (i) and (ii).

Let U be the linear operator on Z(a; T') obtained by restricting T to
that subspace. If ¢ is any polynomial over F, then

Po(U)g(Ta = pa(T)g(T)ex

= ¢(T)pa(T)e

= ¢g(T)0

=0.
Thus the operator p.(U) sends every vector in Z(a; T) into 0 and is the
zero operator on Z(w; T). Furthermore, if 7 is a polynomial of degree
less than k, we cannot have h(U) = 0, for then A(U)a = A(T)a = 0,
contradicting the definition. of p,. This shows that p. is the minimal
polynomial for U. |

il

A particular consequence of this theorem is the following: If « happens
to be a cyclic vector for 7, then the minimal polynomial for T' must have
degree equal to the dimension of the space V; hence, the Cayley-Hamilton
theorem tells us that the minimal polynomial for T is the characteristic
polynomial for T'. We shall prove later that for any T there is a vector « in
V which has the minimal polynomial of T for its annihilator. It will then
follow that T has a cyclic vector if and only if the minimal and charac-
teristic polynomials for 7' are identical. But it will take a little work for us
to see this.

Our plan is to study the general T by using operators which have a
eyelic vector. So, let us take a look at a linear operator U on a space W
of dimension & which has a cyclic vector a. By Theorem 1, the vectors

a, ..., Ua form a basis for the space W, and the annihilator p, of «
is the minimal polynomial for U (and hence also the characteristic poly-
nomial for U). If we let a; = U~'a, 7 = 1, ..., k, then the action of U
on the ordered basis ® = {ay, ..., ax} is

Ua; = aiy, t=1...,k—1
(7-1) Uay = —coon — crog — - -+ — Craion
where Do = ¢+ ax + -+ + gz 4+ 2¥. The expression for Uw

follows from the fact that p.(U)a = 0, i.e.,
Uka + gy U* 0 + -+ - + aUa + cpa = 0.
This says that the matrix of U in the ordered basis ® is

000 -+ 0 —c
100 -+ 0 —a
(7-2) 010 -+ 0 —c

000 - 1 —an
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The matrix (7-2) is called the companion matrix of the monic poly-
nomial p,.

Theorem 2. If U is a linear operator on the finite-dimensional space
W, then U has a cyclic vector if and only if there is some ordered basis for W
in which U is represented by the companion matriz of the minimal polynomial
for U.

Proof. We have just observed that if U has a eyclic vector, then
there is such an ordered basis for W. Conversely, if we have some ordered
basis {ai, ..., as for W in which U is represented by the companion
matrix of its minimal polynomial, it is obvious that «; is a eyclic vector

for U. |

Corollary. If A is the companion matriz of a monic polynomial p,
then p is both the minimal and the characteristic polynomial of A.

Proof. One way to see this is to let U be the linear operator on
F* which is represented by A in the standard ordered basis, and to apply
Theorem 1 together with the Cayley-Hamilton theorem. Another method
is to use Theorem 1 to see that p is the minimal polynomial for 4 and to
verify by a direct calculation that p is the characteristic polynomial for

4. 1

One last comment—if 7' is any linear operator on the space V and
a is any veetor in V, then the operator U which T induces on the eyelic
subspace Z(a; T') has a cyclic vector, namely, a. Thus Z(e;T) has an
ordered basis in which U is represented by the ecompanion matrix of p,,
the T-annihilator of «.

Exercises

1. Let T be a linear operator on F2 Prove that any non-zero vector which is not
a characteristic vector for 7' is a cyclic vector for 7. Hence, prove that either T
has a cyclic vector or T is a scalar multiple of the identity operator.

2. Let T be the linear operator on R? which is represented in the standard ordered

basis by the matrix
20 0
I:O 2 O]-
0 0 —1

Prove that 7T has no cyclic vector, What is the T-cyclic subspace generated by the
vector (1, —1, 3)?

3. Let 7 be the linear operator on C® which is represented in the standard ordered

basis by the matrix
1 2 0
[_1 : _]
01 1
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Find the T-annihilator of the vector (1, 0, 0). Find the T-annihilator of (1,0, ).

4. Prove that if T? has a cyclic vector, then T has a cyclic vector. Is the converse
true?

5. Let V be an n-dimensional vector space over the field #, and let N be a nilpotent
linear operator on V. Suppose N*~! = 0, and let @ be any vector in V such that
N™"la 7 0. Prove that « is a cyclic vector for N. What exactly is the matrix of N
in the ordered basis {a, N, ..., N~} ?

6. Give a direct proof that if A is the companion matrix of the monic polynomial
p, then p is the characteristic polynomial for 4.

7. Let V be an n-dimensional vector space, and let T be a linear operator on V.
Suppose that T is diagonalizable.

(a) If T has a cyclic vector, show that T has n distinct characteristic values.

(b) If T has n distinet characteristic values, and if {a,, . .., a,} is a basis of

characteristic vectors for T, show that « = oy + - - - + «, is a cyclic vector for T.

8. Let T be a linear operator on the finite-dimensional veetor space V. Suppose T
has a cyclic vector. Prove that if U is any linear operator which commutes with T,
then U is a polynomial in 7.

7.2. Cyclic Decompositions and
the Rational Form

The primary purpose of this section is to prove that if T’ is any linear
operator on a finite-dimensional space V, then there exist vectorsay, . . ., a;
in V such that

V=2c;TYD - - D Z(ar; T).

In other words, we wish to prove that V is a direct sum of T-cyclic sub-
spaces. This will show that 7' is the direct sum of a finite number of linear
operators, each of which has a eyclic vector. The effect of this will be to
reduce many questions about the general linear operator to similar ques-
tions about an operator which has a cyeclic vector. The theorem which we
prove (Theorem 3) is one of the deepest results in linear algebra and has
many interesting corollaries.

The cyclic decomposition theorem is closely related to the following
question. Which T-invariant subspaces W have the property that there
exists a T-invariant subspace W’ such that V = W@ W’'? If W is any
subspace of a finite-dimensional space V, then there exists a subspace W’
such that V = W @ W’. Usually there are many such subspaces W' and
each of these is called complementary to W. We are asking when a T-
invariant subspace has a complementary subspace which is also invariant
under 7.

Let us suppose that V = W @ W’ where both W and W' are invariant
under 7' and then see what we can discover about the subspace W. Each
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vector B in V is of the form 8 = v + 4’ where v is in W and v’ is in W".
If f is any polynomial over the scalar field, then

J(T)B = f(T)y + f(T)".
Since W and W’ are invariant under T, the vector f(T)v is in W and f(T)y’

is in W’. Therefore f(T)8 is in W if and only if f(T)y’ = 0. What interests
us is the seemingly innocent fact that, if f/(T)8 is in W, then f(T)8 = f(T)~.

Definition. Let T be a linear operator on a vector space V and let W
be a subspace of V. We say that W is T-admissible if

(1) W ds invariant under T;
(i) #f £(T)B1sin W, there exists a vector v in W such that {(T)8 = f(T)~.

As we just showed, if W is invariant and has a complementary in-
variant subspace, then W is admissible. One of the consequences of Theo-
rem 3 will be the converse, so that admissibility characterizes those
Invariant subspaces which have complementary invariant subspaces.

Let us indicate how the admissibility property is involved in the
attempt to obtain a decomposition

V=2;T)®  DZlar; T).

Our basic method for arriving at such a decomposition will be to inductively
select the vectors ey, . . ., .. Suppose that by some process or another we
have selected a4, . . ., «; and the subspace

W= 2 T) + - + Zles; T)
is proper. We would like to find a non-zero vector «;y; such that
WiN Z(ajn; T) = {0}

because the subspace Wiy = W; @ Z(aja; T) would then come at least
one dimension nearer to exhausting V. But, why should any such «;i1
exist? If ey, . . ., a; have been chosen so that W is a T-admissible subspace,
then it is rather easy to see that we can find a suitable a;.;. This is what
will make our proof of Theorem 3 work, even if that is not how we phrase
the argument.

Let W be a proper T-invariant subspace. Let us try to find a non-zero
vector a such that

(7-3) W Z T) = {0}

We can choose some vector 8 which is not in W. Consider the T-conductor
S(8; W), which consists of all polynomials g such that g(T)3 is in W. Recall
that the monic polynomial f = s(8; W) which generates the ideal S(8; W)
is also called the T-conductor of 8 into W. The vector f(T)8 is in W. Now, if
W is T-admissible, there is a v in W with f(T)8 = f(T)y. Let a« = 8 — v
and let ¢ be any polynomial. Since 8 — aisin W, ¢(T)8 will be in W if and
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only if ¢(T)a is in W; in other words, S(a; W) = S(8; W). Thus the
polynomial f is also the T-conductor of @ into W. But f(T)a = 0. That
tells us that ¢(T)a is in W if and only if ¢(T)a = 0, i.e., the subspaces
Z(e; T) and W are independent (7-3) and f is the T-annihilator of «.

Theorem 3 (Cyclic Decomposition Theorem). Let T be a linear
operator on a finite-dimenstonal vector space V and let W, be a proper T-
admissible subspace of V. There exist non-zero vectors ay, . . ., a, tn V with
respective T-annthzlators py, . . ., pr Such that

HV=WDZLa;T)D -+ DZ(er; T);

(1) py divides pe—1, k = 2, ..., 1.

Furthermore, the integer v and the annihilators pi, ..., pr are uniquely
determined by (1), (ii), and the fact that no ay s 0.

Proof. The proof is rather long; hence, we shall divide it into four
steps. For the first reading it may seem easier to take W, = {0}, although
it does not produce any substantial simplification. Throughout the proof,
we shall abbreviate f(7)8 to f8.

Step 1. There exist non-zero vectors By, . . ., Br in V such that
(a) V.= Wo+Z(B;T) + -+ + Z(B:;T);
b) f1 <k <rand
Wi = Wo+ Z(B:; T) + -+ + Z(Bx; T)
then the conductor px = 8(Bx; Wx_) has mazimum degree among all T-
conductors into the subspace Wy_y, 1.e., for every k
deg px = mazx deg s(a; Wi).

ain V

This step depends only upon the fact that W is an invariant subspace.
If W is a proper T-invariant subspace, then

0 < max deg s(a; W) < dim V

and we can choose a vector 8 so that deg s(8; W) attains that maximum.
The subspace W 4 Z(8; T) is then T-invariant and has dimension larger
than dim W. Apply this process to W = Wy to obtain 8. If Wy, = W, +
Z(B1; T) is still proper, then apply the process to W, to obtain 8. Continue
in that manner. Since dim W, > dim Wi_;, we must reach W, = V in not
more than dim ¥ steps.

Step 2. Let 8y, . . ., B: be non-zero vectors which satisfy conditions
(@) and (b) of Step 1. Fix k, 1 < k < r. Let 8 be any vector in V and let
f=sB; W) If

=0+ 2 &b, BimmW;
1<e<k

then { divides each polynomial g; and 8y = fvo, where vo 7s 1n W.

2338
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If k = 1, this is just the statement that W, is T-admissible. In order
to prove the assertion for &£ > 1, apply the division algorithm:
(7-4) gi = fh: + 14 r; =0 or degr; <degf.
We wish to show that r; = 0 for each 7. Let
(7-5) y=5-'2 hi
Since ¥y — Bis in Wy,
s(v; We—r) = s(B; Wi) = f.

Furthermore
k—1
(7-6) fy =B+ ? 8.

Suppose that some r; is different from 0. We shall deduce a contradiction.
Let j be the largest index ¢ for which r; # 0. Then

7-7 fvy =80+ él) 7484, r; 20 and degr; < degf.

Letp = s(y; W,-1). Since Wi contains W;_;, the conductorf = s(y; Wi—1)
must divide p:

p =g
Apply g(T) to both sides of (7-7):

(7-8) Py =gfy =griBi + 9B+ = grif.
1<i<y

By definition, py is in W;_;, and the last two terms on the right side of (7-8)
are in W;_;. Therefore, gr;8; is in W,_;. Now we use condition (b) of Step 1:

deg (gr;) > deg s(8;; W;1)
= deg p;
> deg s(y; Wj-1)
= degp
= deg (fg).

Thus deg r; > deg f, and that contradicts the choice of ;. We now know
that f divides each g; and hence that 8, = fy. Since W, is T-admissible,
Bo = fyo where v, is in W,. We remark in passing that Step 2 is a strength-
ened form of the assertion that each of the subspaces Wi, Wy, ..., W, is

T-admissible.

Step 3. There exist non-zero vectors ou, ..., ar tn V which
satisfy conditions (i) and (ii) of Theorem 3.
Start with vectors 8y, . . ., 8, asinStep 1. Fix k, 1 <k < r. We apply

Step 2 to the vector 8 = g and the T-conductor f = px. We obtain
(7-9) pibe = Prvo+ Z  pihibs
1<i<k
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where v i1s in Wy and hy, . . ., he_s are polynomials. Let
(7-10) ar = PBr — Yo — 192«0 hiB.
Since B — ar is in Wiy,

(7-11) s(a; Wio) = s(Bi; Wier) = &
and since prax = 0, we have

(7-12) Wi N Z(ew; T) = {0}.

Because each a;, satisfies (7-11) and (7-12), it follows that
Wk = Wg@Z((XU T) @ ... @Z(ak, T)

and that py is the T-annihilator of a;. In other words, the vectors oy, . . ., @,
define the same sequence of subspaces Wi, W, ... as do the vectors
Bi, - - ., B and the T-conductors p; = s(ax, Wi_1) have the same max-
imality properties (condition (b) of Step 1). The vectors ay, . . ., @, have
the additional property that the subspaces Wy, Z(ay; T), Z(e; T), . . . are
independent. It is therefore easy to verify condition (ii) in Theorem 3.
Since pia; = 0 for each 7, we have the trivial relation

prax = 0 4+ pray + -+ + proos—r.

Apply Step 2 with 8y, ..., 8 replaced by ai, ..., ez and with 8 = ax.
Conclusion: p, divides each p; with 7 < k.

Step 4. The number r and the polynomials py, . . ., p: are uniquely
determined by the conditions of Theorem 3.

Suppose that in addition to the vectors a, . . ., o, in Theorem 3 we
have non-zero vectors vy, . . ., v, with respective T-annihilators g, . . ., gs
such that
13 V= W®2T)@ - DL T)

g divides gx—, k=2...,s

We shall show that r = s and p; = g¢. for each <.

It is very easy to see that p; = ¢i. The polynomial g; is determined
from (7-13) as the T-conductor of V into W,. Let S(V; W) be the collection
of polynomials f such that f8 is in W, for every 8 in V, i.e., polynomials f
such that the range of f(T') is contained in W,. Then S(V; W) is a non-zero
ideal in the polynomial algebra. The polynomial g, is the monic generator
of that ideal, for this reason. Each g in V has the form

6 =60+f171+ M +fs’Ys
and so

g8 = g1fo + ilglfi"ﬁ-

Since each g; divides ¢;, we have gry; = 0 for all ¢ and ¢:8 = ¢:18, is in W,.
Thus g¢; is in S(V; W,). Since g; is the monic polynomial of least degree
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which sends vy, into W, we see that ¢, is the monic polynomial of least degree
in the ideal S(V; W,). By the same argument, p, is the generator of that
ideal, so p1 = g1

If f is a polynomial and W is a subspace of V, we shall employ the
shorthand fW for the set of all vectors fa with « in W. We have left to the
exercises the proofs of the following three facts.

1. fZ(a; T) = Z(fa; T).

2.V =ViP - - PV, where each V; is invariant under T, then
V=Vi®- - @fVe

3. If « and v have the same T-annihilator, then fa and fy have the
same T-annihilator and (therefore)

dim Z(fa; T) = dim Z(fv; T).
Now, we proceed by induction to show that » = s and p; = ¢; for
1 =2,...,r. The argument consists of counting dimensions in the right

way. We shall give the proof that if r > 2 then p, = ¢,, and from that the
induction should be clear. Suppose that » > 2. Then

dim W, + dim Z(a;; T) < dim V.
Since we know that p; = g1, we know that Z(a;; T) and Z(yy; T) have the
same dimension. Therefore,

dim Wy + dim Z(y; T) < dim V

which shows that s > 2. Now it makes sense to ask whether or not p, = ¢s.
From the two decompositions of V, we obtain two decompositions of the
subspace p,V:

pV = pWo @D Z(poas; T)

PV = pWoe@ Z(par;; T) D -+ - @ Z(pevs; T).

We have made use of facts (1) and (2) above and we have used the fact
that psa; = 0, ¢ > 2. Since we know that p; = g1, fact (3) above tells us
that Z(pses; T) and Z(pyy1; T) have the same dimension. Hence, it is
apparent from (7-14) that

dim Z(pyy:; T) = 0, 1> 2.

We conclude that pyy, = 0 and g, divides p,. The argument can be reversed
to show that p, divides g;. Therefore p; = g2. |}

(7-14)

Corollary. If T is a linear operator on a finite-dimensional vector
space, then every T-admissible subspace has a complementary subspace which
ts also tnvariant under T.

Proof. Let W, be an admissible subspace of V. If Wy, = V, the
complement, we seek is {0}. If W, is proper, apply Theorem 3 and let

Wo=2(; YD -+ DZ(ar T).
Then W} is invariant under T and V = Wo @ We. |
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Corollary. Let 'T be a linear operator on a fintte-dimensional vector
space V.

(a) There exists a vector « in V such that the T-annihilator of a is the
minimal polynomzial for T.

(b) T has a cyclic vector if and only if the characteristic and minimal
polynomzals for T are identical.

Proof. If V = {0}, the results are trivially true. If V = {0}, let
(7-15) V=2Ze;T)® - ®DZT)

where the T-annihilators py, . . ., p. are such that py, divides pr, 1 < k& <
r — 1. As we noted in the proof of Theorem 3, it follows easily that p, is the
minimal polynomial for 7, i.e., the T-conductor of V into {0}. We have
proved (a).

We saw in Section 7.1 that, if T has a cyclic vector, the minimal
polynomial for T' coincides with the characteristic polynomial. The content,
of (b) is in the converse. Choose any « as in (a). If the degree of the minimal
polynomial is dim V, then V = Z(a; T). |

Theorem 4 (Generalized Cayley-Hamilton Theorem). Let T be
a linear operator on a finite-demensional vector space V. Let p and f be the
minimal and characteristic polynomials for ‘T, respectively.

(1) p divides {.
(ii) p and { have the same prime factors, except for multiplicities.

(iii) If

(7—16) p= fir... fix
18 the prime factorization of p, then
(7-17) f=1p... i

where d; 1s the nullity of £:(T) divided by the degree of .

Proof. We disregard the trivial case ¥V = {0}. To prove (i) and
(ii), consider a cyclic decomposition (7-15) of V obtained from Theorem 3.
As we noted in the proof of the second corollary, py = p. Let U; be the
restriction of T to Z(ay; T). Then U, has a cyelic vector and so p; is both
the minimal polynomial and the characteristic polynomial for U,. There-
fore, the characteristic polynomial f is the product f = p, - -+ p.. That is
evident from the block form (6-14) which the matrix of T assumes in a
suitable basis. Clearly p; = p divides f, and this proves (i). Obviously any
prime divisor of p is a prime divisor of f. Conversely, a prime divisor of
f =71 p- must divide one of the factors p,;, which in turn divides pi.
Let (7-16) be the prime factorization of p. We employ the primary
decomposition theorem (Theorem 12 of Chapter 6). It tells us that, if V.
1s the null space of f;,(T)™, then
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(7-18) V=Vi® - - DV

and f7' is the minimal polynomial of the operator T';, obtained by restricting
T to the (invariant) subspace V;. Apply part (ii) of the present theorem to
the operator 7. Since its minimal polynomial is a power of the prime f;,
the characteristic polynomial for 7'; has the form f¥, where d; > r;. Obvi-
ously

d' - dim V.'

Y degfs
and (almost by definition) dim V; = nullity f;(T)". Since T is the direct
sum of the operators T4, ..., T4 the characteristic polynomial f is the

product

f=figt 0

Corollary. If T is a nilpotent linear operator on a vector space of
dimension n, then the characteristic polynomial for T is x™.

Now let us look at the matrix analogue of the cyclic decomposition
theorem. If we have the operator T and the direct-sum decomposition of
Theorem 3, let ®; be the ‘cyclic ordered basis’

{oz;, Ta;, ..., T’“_lai}

for Z(a:; T). Here k; denotes the dimension of Z(a;; T), that is, the degree
of the annihilator p;. The matrix of the induced operator T'; in the ordered
basis ®; is the companion matrix of the polynomial p;. Thus, if we let & be
the ordered basis for ¥ which is the union of the ®; arranged in the order

®y, . . ., B, then the matrix of T in the ordered basis B will be
A, 0 -+ 0

(7-19) a=|% 4 0
0 0 - A,

where A; is the k; X k; companion matrix of p;. An n X n matrix 4,
which is the direct sum (7-19) of companion matrices of non-scalar monie
polynomials py, . . ., p, such that p;y; divides p; for ¢ =1,...,r — 1,
will be said to be in rational form. The cyclic decomposition theorem
tells us the following concerning matrices.

Theorem 5. Let ¥ be a field and let B be an n X n matriz over F.
Then B is stmilar over the field F to one and only one matriz which is in
rational form.

Proof. Let T be the linear operator on F» which is represented by
B in the standard ordered basis. As we have just observed, there is some
ordered basis for F» in which T is represented by a matrix 4 in rational
form. Then B is similar to this matrix A. Suppose B is similar over F to
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another matrix C which is in rational form. This means simply that there
is some ordered basis for F* in which the operator T is represented by the
matrix C. If C is the direct sum of companion matrices C; of monic poly-

nomials ¢y, . . ., ¢; such that ¢g..; divides ¢g; for 7 = 1,...,s — 1, then it
is apparent that we shall have non-zero vectors 8y, ..., 8, in V with T-
annihilators gy, . . ., gs such that

V=26;T)D - DZB; T).
But then by the uniqueness statement in the eyeclic decomposition theorem,

the polynomials g; are identical with the polynomials p; which define the
matrix A. Thus C = 4. |

The polynomials py, ..., p. are called the invariant factors for
the matrix B. In Section 7.4, we shall describe an algorithm for calculating
the invariant factors of a given matrix B. The fact that it is possible to
compute these polynomials by means of a finite number of rational opera-
tions on the entries of B is what gives the rational form its name.

ExampLE 2. Suppose that V is a two-dimensional vector space over
the field F and T is a linear operator on V. The possibilities for the cyelic
subspace decomposition for T are very limited. For, if the minimal poly-
nomial for T has degree 2, it is equal to the characteristic polynomial for
T and T has a cyclic vector. Thus there is some ordered basis for V in
which T is represented by the companion matrix of its characteristic
polynomial. If, on the other hand, the minimal polynomial for T has degree
1, then T is a scalar multiple of the identity operator. If T = c¢I, then for
any two linear independent vectors a; and a, in ¥V we have

V=2(a;T) D Z(e; T)
Pr=P2=T — C.

For matrices, this analysis says that every 2 X 2 matrix over the field F
is similar over F to exactly one matrix of the types

6o [ Ze]

ExampLE 3. Let T be the linear operator on E? which is represented
by the matrix

5 —6 —6
4 =]-1 4 2
3 —6 —4

in the standard ordered basis. We have computed earlier that the char-
acteristic polynomial for T is f = (x — 1)(z — 2)? and the minimal
polynomial for T is p = (x — 1)(z — 2). Thus we know that in the cyclic
decomposition for T the first vector ey will have p as its T-annihilator.
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Since we are operating in a three-dimensional space, there can be only one
further vector, as. It must generate a cyclic subspace of dimension 1, i.e.,
it must be a characteristic vector for T. Its T-annihilator p, must be
(z — 2), because we must have pp; = f. Notice that this tells us im-
mediately that the matrix A is similar to the matrix

0 -2 0
B=|1 3 0
0 0 2

that is, that 7 is represented by B in some ordered basis. How can we find
suitable vectors a; and «a;? Well, we know that any vector which generates
a T-cyelic subspace of dimension 2 is a suitable ai. So let’s just try e. We
have

Tél = (5, —1, 3)
which is not a scalar multiple of ¢; hence Z(e; T') has dimension 2. This
space consists of all vectors ag + b(Ter):

a(1,0,0) + b(5, —1,3) = (a + 5b, —b, 3b)

or, all vectors (xy, 2y, 7;) satisfying x; = —38z.. Now what we want is
a vector a; such that Tas = 20y and Z(ae; T) is disjoint from Z{e; T).
Since . is to be a characteristic vector for T, the space Z(ay; T) will simply
be the one-dimensional space spanned by as, and so what we require is that
as not be in Z(e; T). If a = (23, 22, 23), one can easily compute that
Ta = 2« if and only if z; = 2z, 4+ 2x;. Thus as = (2, 1, 0) satisfies Tae =
2a; and generates a T-cyclic subspace disjoint from Z(e;; T'). The reader
should verify directly that the matrix of 7' in the ordered basis

{(11 0) O)x (5; —17 3)) (2) 1; O)}

is the matrix B above.

ExampLE 4. Suppose that T is a diagonalizable linear operator on V.
It is interesting to relate a cyclic decomposition for 7 to a basis which
diagonalizes the matrix of T. Let ¢, . . ., ¢z be the distinet characteristic
values of T and let V; be the space of characteristic vectors associated with
the characteristic value ¢;. Then

V=V ---BV:
and if d; = dim V; then
f = (x — Cl)dl . (CL‘ — ck)dl‘
is the characteristic polynomial for 7. If « is a vector in V, it is easy to
relate the eyclic subspace Z(a; T) to the subspaces Vi, ..., Vi. There are
unique vectors 3y, . . ., B such that 8;is in V; and

a=,6‘1+--- +5k-



Sec. 7.2 Cyclic Decompositions and the Rational Form

Since T8; = ¢iB:, we have

(7-20) fMa = fle)Br + - -+ + fler)Br

for every polynomial f. Given any scalars ¢, . . ., & there exists a poly-
nomial f such that f(¢;) = t;, 1 <4 < k. Therefore, Z(a; T) is just the
subspace spanned by the vectors By, . . ., 8x. What is the annihilator of «?
According to (7-20), we have f(T)a = 0 if and only if f(c;)8: = 0 for each 3.
In other words, f(T)a = 0 provided f(¢;) = 0 for each ¢ such that 3; = 0.
Accordingly, the annihilator of « is the product

(7-21) II (—c).
B8:i#0
Now, let ® = {81, ..., 8%} be an ordered basis for V;. Let
T = max d;.
We define vectors ay, . . ., a, by
(7-22) ;=2 B, 1<j<r
di>j

The cyeclic subspace Z(a;; T) is the subspace spanned by the vectors 8, as
7 runs over those indices for which d; > 5. The T-annihilator of «; is

(7-23) p;i= II (x —c).
di>j
We have
V=2a;T)D - DZ(ar; T)
because each G} belongs to one and only one of the subspaces Z(ay; T), . . .,
Z(oy; T and B = (®y, . . ., Bs) is a basis for V. By (7-23), p;41 divides p,.

Exercises

1. Let T be the linear operator on 2 which is represented in the standard ordered
basis by the matrix
[ ]
10

Let ay = (0, 1). Show that F2? # Z(«y; T) and that there is no non-zero vector as
in F? with Z(as; T) disjoint from Z{ey; T).
2. Let T be a linear operator on the finite-dimensional space V, and let K be

the range of T.

(a) Prove that R has a complementary T-invariant subspace if and only if R
is independent of the null space N of T.

(b) If R and N are independent, prove that N is the unique T-invariant sub-
space complementary to R.

3. Let T be the linear operator on R? which is represented in the standard ordered

basis by the matrix
2 00
i
0 0 3
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Let W be the null space of T — 21. Prove that W has no complementary T-invariant
subspace. (Hint: Let 8 = ¢ and observe that (T — 2I)8 is in W. Prove there is
no ¢ in W with (T — 2IN8 = (T — 21)a.)

4. Let T be the linear operator on F4 which is represented in the standard ordered
basis by the matrix

SO =0
SO = O O
-0 OO
o OO0 Q@

Let W be the null space of T — ¢I.

(a) Prove that W is the subspace spanned by e..

(b) Find the monic generators of the ideals S(es; W), S(es; W), S(es; W),
S(e; W).

5. Let T be a linear operator on the vector space V over the field #. If f is a poly-
nomial over F and « is in V, let fa = f(T)ea. If Vi, ..., Vi are T-invariant sub-
spacesand V =V, @ - - @ Vi, show that

V=Vi® - @V
6. Let T, V, and F be as in Exercise 5. Suppose « and 3 are vectors in V which

have the same T-annihilator. Prove that, for any polynomial f, the vectors fa
and f8 have the same T-annihilator.

7. Find the minimal polynomials and the rational forms of each of the following
real matrices.

0 -1 -1 ¢c 0 —1 cos @ sin 6
A N
-1 0 0 -1 1 c

8. Let T be the linear operator on B® which is represented in the standard ordered

basis by
3 —4 -4
|:——1 3 2:|'
2 —4 -3

Find non-zero vectors aj, . . ., «, satisfying the conditions of Theorem 3.
9. Let 4 be the real matrix

1 3 3
4= 3 1 3 |
-3 -3 -5

Find an invertible 3 X 3 real matrix P such that P14 P is in rational form.

10. Let F be a subfield of the complex numbers and let T be the linear operator
on F* which is represented in the standard ordered basis by the matrix

2000

SO =

2 0 04
a 2 0
0 b 2
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Find the characteristic polynomial for T'. Consider the casesa = b = 1;a = b = 0;
a = 0, b = 1. In each of these cases, find the minimal polynomial for T and non-
zero vectors ay, . . ., a, which satisfy the conditions of Theorem 3.

11. Prove that if A and B are 3 X 3 matrices over the field F, a necessary and
sufficient condition that A and B be similar over F is that they have the same
characteristic polynomial and the same minimal polynomial. Give an example
which shows that this is false for 4 X 4 matrices.

12. Let F be a subfield of the field of complex numbers, and let A and Bbe n X n
maftrices over F. Prove that if A and B are similar over the field of complex num-
bers, then they are similar over F. (Hint: Prove that the rational form of A4 is the
same whether A4 is viewed as a matrix over F or a matrix over C; likewise for B.)

13. Let A be an n X n matrix with complex entries. Prove that if every character-
istic value of A4 is real, then A is similar to a matrix with real entries.

14. Let T be a linear operator on the finite-dimensional space V. Prove that there
exists a vector « in V with this property. If f is & polynomial and f(T)a = 0,
then f(T) = 0. (Such a vector « is called a separating vector for the algebra of
polynomials in 7.) When T has a cyclic vector, give a direct proof that any cyelic
vector is a separating vector for the algebra of polynomials in 7.

15. Let F be a subfield of the field of complex numbers, and let A be an n X n
matrix over F. Let p be the minimal polynomial for A. If we regard A as a matrix
over C, then A has a minimal polynomial f as an n X n matrix over C. Use a
theorem on linear equations to prove p = f. Can you also see how this follows from
the cyclic decomposition theorem?

16. Let A be an n X n matrix with real entries such that A? + I = 0. Prove that
nis even, and if n = 2k, then A is similar over the field of real numbers to a matrix

of the block form
0 —I ]
I 0

where I is the £ X k identity matrix.

17. Let T be a linear operator on a finite-dimensional vector space V. Suppose that
(a) the minimal polynomial for T is a power of an irreducible polynomial;
(b) the minimal polynomial is equal to the characteristic polynomial.
Show that no non-trivial T-invariant subspace has a complementary T-invari-
ant subspace.

18. If T is a diagonalizable linear operator, then every T-invariant subspace has
a complementary 7-invariant subspace.

19. Let T be a linear operator on the finite-dimensional space V. Prove that T
has a cyclic vector if and only if the following is true: Every linear operator U
which commutes with 7 is a polynomial in 7.

20. Let V be a finite-dimensional vector space over the field F, and let T be a
linear operator on V. We ask when it is true that every non-zero vector in V is a
cyclic vector for T. Prove that this is the case if and only if the characteristic
polynomial for T is irreducible over F.
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21. Let A be an n X n matrix with real entries. Let T be the linear operator on RB»
which is represented by 4 in the standard ordered basis, and let U be the linear
operator on C* which is represented by A in the standard ordered basis. Use the
result of Exercise 20 to prove the following: If the only subspaces invariant under
T are R and the zero subspace, then U is diagonalizable.

7.3. The Jordan Form

Suppose that N is a nilpotent linear operator on the finite-dimen-
sional space V. Let us look at the cyclic decomposition for N which we
obtain from Theorem 3. We have a positive integer r and r non-zero vectors

ai . . ., a in V with N-annihilators p,, . . ., p,, such that
V=2Ze;N)D - D Z(ar; N)
and p;,; divides p, for¢ = 1,. .., r — 1. Since N is nilpotent, the minimal

polynomial is z* for some & < n. Thus each p; is of the form p; = z¥,
and the divisibility condition simply says that

ky 2 ke 2 oo 2k,

Of course, &y = k and &k, > 1. The companion matrix of x% is the k; X k;

matrix
090 --- 00
10 --- 00
(7-24) A;=10 1 --- 0 0O}
A

Thus Theorem 3 gives us an ordered basis for V in which the matrix of N
is the direct sum of the elementary nilpotent matrices (7-24), the sizes of
which decrease as 7 increases. One sees from this that associated with a
nilpotent » X n matrix is a positive integer r and r positive integers
ki, ..., k. such that ky + --- + k, = n and k; > ki1, and these positive
integers determine the rational form of the matrix, i.e., determine the
matrix up to similarity.

Here is one thing we should like to point out about the nilpotent
operator N above. The positive integer r is precisely the nullity of N;
in fact, the null space has as a basis the r vectors

(7-25) Nb—lg,,
For, let « be in the null space of N. We write « in the form
a=fia+ -+ + fron

where f; is a polynomial, the degree of which we may assume is less than
k;. Since Na = 0, for each 7 we have
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0 = N(fias)
= Nfi(N)a;
= (zfi)a.
Thus zf; is divisible by z*;, and since deg (f;) > k. this means that
fi = cxh1
where c; 18 some scalar. But then
a=a{zh o) + -+ + (¥ a,)

which shows us that the veetors (7-25) form a basis for the null space of N.
The reader should note that this fact is also quite clear from the matrix
point of view.

Now what we wish to do is to combine our findings about nilpotent
operators or matrices with the primary decomposition theorem of Chapter
6. The situation is this: Suppose that 7' is a linear operator on V and that
the characteristic polynomial for T factors over F as follows:

f=@=oh e @ — o)

where ¢y, . . ., ¢ are distinct elements of F and d; > 1. Then the minimal
polynomial for 7' will be

p = (12 - 01)“ . (.’C — Ck)”‘

where 1 < r; < d,. If W, is the null space of (T — ¢:I)", then the primary
decomposition theorem tells us that

V=W @ ®W,

and that the operator T'; induced on W, by T has minimal polynomial
(x — ¢;). Let N, be the linear operator on W, defined by N, = T; — ¢.[.
Then N is nilpotent and has minimal polynomial z7. On W;, T acts like
N; plus the scalar ¢; times the identity operator. Suppose we choose a
basis for the subspace W; corresponding to the cyclic decomposition for
the nilpotent operator N,. Then the matrix of T'; in this ordered basis will
be the direct sum of matrices

¢c 0 00

1 ¢ 00

(7-26) P P
c

00 .-~ 1 ¢

each with ¢ = ¢;. Furthermore, the sizes of these matrices will decrease
as one reads from left to right. A matrix of the form (7-26) is called an
elementary Jordan matrix with characteristic value c¢. Now if we put
all the bases for the W; together, we obtain an ordered basis for V. Let
us describe the matrix A of T in this ordered basis.
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The matrix A is the direct sum

A, 0 .- 0
(7-27) a=|? 4o 0
0 0 --- A,

of matrices 4y, . . ., Ax. Each 4; is of the form
JP 0 ... 0

4, =0 0
o 0o ... J®

where each J° is an elementary Jordan matrix with characteristic value
¢;. Also, within each A;, the sizes of the matrices J{° decrease as j in-
creases. An n X n matrix A which satisfies all the conditions described
so far in this paragraph (for some distinet scalars ¢, . . ., ¢) will be said
to be in Jordan form.

We have just pointed out that if 7 is a linear operator for which the
characteristic polynomial factors completely over the scalar field, then
there is an ordered basis for ¥ in which 7" is represented by a matrix which
is in Jordan form. We should like to show now that this matrix is some-
thing uniquely associated with 7, up to the order in which the charac-
teristic values of T are written down. In other words, if two matrices are
in Jordan form and they are similar, then they can differ only in that the
order of the scalars ¢; is different.

The uniqueness we see as follows. Suppose there is some ordered basis
for V in which T is represented by the Jordan matrix A described in the
previous paragraph. If A, is a d; X d; matrix, then d; is clearly the multi-
plicity of ¢; as a root of the characteristic polynomial for 4, or for 7. In
other words, the characteristic polynomial for 7' is

f=@=—a)h @ = o)h

This shows that ¢, ..., ¢ and dy, . . ., di are unique, up to the order in
which we write them. The fact that A is the direct sum of the matrices
A; gives us a direct sum decomposition V = Wi @ - -- @ W, invariant
under 7. Now note that W, must be the null space of (T — ¢.I)*, where
n = dim V; for, A; — ¢.I is clearly nilpotent and A; — ¢;I is non-singular
for j # 7. So we see that the subspaces W, are unique. If T’ is the operator
induced on W; by T, then the matrix A; is uniquely determined as the
rational form for (7; — ¢.I).

Now we wish to make some further observations about the operator
T and the Jordan matrix A which represents 7' in some ordered basis.
We shall list a string of observations:

(1) Every entry of A not on or immediately below the main diagonal
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is 0. On the diagonal of A occur the k distinct characteristic values
¢, ..., of T. Also, c; is repeated d; times, where d; is the multiplicity
of ¢; as a root of the characteristic polynomial, i.e., d; = dim W,.

(2) For each ¢, the matrix A, is the direct sum of n; elementary
Jordan matrices J;° with characteristic value c¢;, The number n; is pre-
cisely the dimension of the space of characteristic vectors associated with
the characteristic value c;. For, n; is the number of elementary nilpotent
blocks in the rational form for (7; — ¢;I), and is thus equal to the dimen-
sion of the null space of (T — ¢;I). In particular notice that 7 is diag-
onalizable if and only if n; = d; for each <.

(3) For each ¢, the first block J{ in the matrix A4; is an r; X 7;
matrix, where 7; is the multiplicity of ¢; as a root of the minimal poly-
nomial for 7. This follows from the fact that the minimal polynomial for
the nilpotent operator (T'; — ¢;I) is ™.

Of course we have as usual the straight matrix result. If B is an
n X n matrix over the field F and if the characteristic polynomial for B
factors completely over F, then B is similar over F to an n X n matrix
A in Jordan form, and A is unique up to a rearrangement of the order
of its characteristic values. We call A the Jordan form of B.

Also, note that if F is an algebraically closed field, then the above
remarks apply to every linear operator on a finite-dimensional space over
F, or to every n X n matrix over F. Thus, for example, every n X n
matrix over the field of complex numbers is similar to an essentially unique
matrix in Jordan form.

ExampLE 5. Suppose T is a linear operator on C2% The characteristic
polynomial for T is either (x — ¢1)(x — ¢2) where ¢; and ¢ are distinet
complex numbers, or is (x — ¢)2 In the former case, T is diagonalizable
and is represented in some ordered basis by

¢ o)
0 Co

In the latter case, the minimal polynomial for 7' may be (x — ¢), in which
case T = c¢I, or may be (z — ¢)? in which case T is represented in some
ordered basis by the matrix
¢c 0
[1 0]'

Thus every 2 X 2 matrix over the field of complex numbers is similar to
a matrix of one of the two types displayed above, possibly with ¢; = ¢s.

ExampLE 6. Let A be the complex 3 X 3 matrix
2 0 0
A=]a 2 0
b ¢ -1
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The characteristic polynomial for A is obviously (z — 2)2(x + 1). Either
this is the minimal polynomial, in which case A is similar to

2 0 OT
1 2 0
[0 0 —1]
or the minimal polynomial is (x — 2)(z + 1), in which case A is similar to
2 0 0
0 2 0l
|0 0 —1]
Now
0 00
(A=-2D)A+1) = |:3a 0 0]
ac 0 O

and thus A is similar to a diagonal matrix if and only if @ = 0.

ExampLE 7. Let

2
1
4=10

o N O

0
0
2
a

NO OO

0 0

The characteristic polynomial for 4 is (x — 2) Since A is the direct sum
of two 2 X 2 matrices, it is clear that the minimal polynomial for A4 is
(x — 2)2 Now if a = 0 or if @ = 1, then the matrix 4 is in Jordan form.
Notice that the two matrices we obtain for a = 0 and a = 1 have the
same characteristic polynomial and the same minimal polynomial, but
are not similar. They are not similar because for the first matrix the solu-
tion space of (4 — 2I) has dimension 3, while for the second matrix it
has dimension 2.

ExawmprE 8. Linear differential equations with constant coefficients
(Example 14, Chapter 6) provide a nice illustration of the Jordan form.
Let ay, . . ., a,_; be complex numbers and let V be the space of all n times
differentiable functions f on an interval of the real line which satisfy the
differential equation

n n—1
¥, dy

dar T O g

+otadtar-o

Let D be the differentiation operator. Then V is invariant under D, because
V is the null space of p(D), where
p=z"+ - + ;mz + ao.

What is the Jordan form for the differentiation operator on V?
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Let ¢y, . . ., ¢ be the distinet complex roots of p:
p=@—e) - (x— )™
Let V; be the null space of (D — ¢;I)7, that is, the set of solutions to the
differential equation
(D — c:)rif = 0.

Then as we noted in Example 15, Chapter 6 the primary decomposition
theorem tells us that

V=Vi® - DV

Let N; be the restriction of D — ¢.I to V.. The Jordan form for the oper-
ator D (on V) is then determined by the rational forms for the nilpotent
operators Ny, . .., Ni on the spaces Vi, ..., Vi

So, what we must know (for various values of ¢) is the rational form
for the operator N = (D — ¢I) on the space V., which consists of the
solutions of the equation

(D — eI)f = 0.

How many elementary nilpotent blocks will there be in the rational form
for N? The number will be the nullity of N, i.e., the dimension of the
characteristic space associated with the characteristic value ¢. That
dimension is 1, because any function which satisfies the differential
equation

Df = ¢f
is a scalar multiple of the exponential function h(z) = e<. Therefore, the
operator N (on the space V,) has a cyclic vector. A good choice for a
cyclic vector is ¢ = & th:
g(z) = zr1le=,
This gives
Ng = (r — Da™%h

Nrig = (r — 1)l

The preceding paragraph shows us that the Jordan form for D (on
the space V) is the direct sum of &k elementary Jordan matrices, one for
each root ¢;.

Exercises

1. Let Ny and N; be 3 X 3 nilpotent matrices over the field F. Prove that N,
and N are similar if and only if they have the same minimal polynomial.

2. Use the result of Exercise 1 and the Jordan form to prove the following: Let
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A and B be n X n matrices over the field # which have the same characteristic
polynomial
f = (SL‘ —_ Cl)dl N (x — Ck)db

and the same minimal polynomial. If no d; is greater than 3, then A and B are
similar.

3. If A is a complex 5 X 5 matrix with characteristic polynomial
I=@=2+7
and minimal polynomial p = (z — 2)*(x + 7), what is the Jordan form for A?

4. How many possible Jordan forms are there for a 6 X 6 complex matrix with
characteristic polynomial (x + 2)%(z — 1)%?

5. The differentiation operator on the space of polynomials of degree less than
or equal to 3 is represented in the ‘natural’ ordered basis by the matrix

0100
002 0f
000 3
0000

What is the Jordan form of this matrix? (¥ a subfield of the complex numbers.)
6. Let A be the complex matrix

20000 O
12000 0
-1 0200 O
01020 o0f
11112 0
00001 -1

Find the Jordan form for A.
7. If A is an n X n matrix over the field # with characteristic polynomial
F=(x—c)h- (x — c)de
what is the trace of A?
8. Classify up to similarity all 3 X 3 complex matrices A such that 43 = I.
9. Classify up to similarity all n X n complex matrices 4 such that A = I,

10. Let n be a positive integer, n > 2, and let N be an n X n matrix over the
field F such that N» = 0 but N1 0. Prove that N has no square root, i.e.,
that there is no n X n matrix A such that A2 = N.

11. Let N; and N, be 6 X 6 nilpotent matrices over the field F. Suppose that
N, and N, have the same minimal polynomial and the same nullity. Prove that
N, and N, are similar. Show that this is not true for 7 X 7 nilpotent matrices.

12. Use the result of Exercise 11 and the Jordan form to prove the following:
Let A and B be n X n matrices over the field F which have the same characteristic
polynomial

f = (l‘ —_ Cl)dl e (x —_ Ck)db
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and the same minimal polynomial. Suppose also that for each ¢ the solution spaces
of (A — ¢;I) and (B — ¢;I) have the same dimension. If no d; is greater than 6,
then A and B are similar.

13. If N is a k X k elementary nilpotent matrix, i.e., N¥ = 0 but N*! 0, show
that N* is similar to N. Now use the Jordan form to prove that every complex
n X n matrix is similar to its transpose.

14. What’s wrong with the following proof? If 4 is a complex n X n matrix
such that A* = — A, then A is 0. (Proof: Let J be the Jordan form of 4. Since

At = —A, Jt = —J. But J is triangular so that J* = —J implies that every
entry of J is zero. Since J = 0 and A is similar to J, we see that 4 = 0.) (Give
an example of a non-zero A such that 4* = —A4.)

15. If N is a nilpotent 3 X 3 matrix over C, prove that A = I + iN — N2
satisfies A2 =1 + N, i.e., A is a square root of I + N. Use the binomial series for
(1 + t)¥2 to obtain a similar formula for a square root of I + N, where N is any
nilpotent n X n matrix over C.

16. Use the result of Exercise 15 to prove that if ¢ is a non-zero complex number
and N is a nilpotent complex matrix, then (¢ + N) has a square root. Now use
the Jordan form to prove that every non-singular complex n X n matrix has a
square root.

7.4. Computation of Invariant Factors

Suppose that A is an n X n matrix with entries in the field F. We
wish to find a method for computing the invariant factors py, ..., p:
which define the rational form for A. Let us begin with the very simple
case in which A is the companion matrix (7.2) of a monic polynomial

p=3"+caz" '+ -+ +ax + c.

In Section 7.1 we saw that p is both the minimal and the characteristic
polynomial for the companion matrix A. Now, we want to give a direct
calculation which shows that p is the characteristic polynomial for 4. In
this case,

z 00 0 Cop
-1 z O 0 a1
d—a=| 9 71 E o
0 00 - =  cos
0 0 0 --- —1 z+4 ¢

Add z times row n to row (n — 1). This will remove the z in the (n — 1,
n — 1) place and it will not change the determinant. Then, add z times
the new row (n — 1) to row (n — 2). Continue successively until all of
the z’s on the main diagonal have been removed by that process. The
result is the matrix
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0 0 0 0 :c"—l—---—I—cl.’c—l-co_1
-1 00 0 21+ - +ext+a

0 -1 0 0 e e e Y e i

0 0 0 0 z2 + c,._;x + €cns

0 00 -1 z+ e

which has the same determinant as 2 — A. The upper right-hand entry
of this matrix is the polynomial p. We clean up the last column by adding
to it appropriate multiples of the other columns:

0 00 - 0 p]
-1 00 - 00
0 -1 0 --- 00
0 00 -~ 00
0 00 --- =10

Multiply each of the first (n — 1) columns by —1 and then perform
(n — 1) interchanges of adjacent columns to bring the present column n
to the first position. The total effect of the 2n — 2 sign changes is to leave
the determinant unaltered. We obtain the matrix

p 0 0 0
010 0
(7-28) 00 1 0l
000 - 1

It is then clear that p = det (I — A).

We are going to show that, for any » X n matrix 4, there is a suc-
cession of row and column operations which will transform zI — A into
a matrix much like (7-28), in which the invariant factors of 4 appear
down the main diagonal. Let us be completely clear about the operations
we shall use.

We shall be concerned with F[x]™<», the collection of m X n matrices
with entries which are polynomials over the field F. If M is such a matrix,
an elementary row operation on M is one of the following

1. multiplication of one row of M by a non-zero scalar in F;

2. replacement of the rth row of M by row r plus f times row s, where
f is any polynomial over F and r > s;

3. interchange of two rows of M.

The inverse operation of an elementary row operation is an elementary
row operation of the same type. Notice that we could not make such an
assertion if we allowed non-scalar polynomials in (1). An m X m ele-
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mentary matrix, that is, an elementary matrix in F[z]™™, is one which
can be obtained from the m X m identity matrix by means of a single
elementary row operation. Clearly each elementary row operation on M
can be cffccted by multiplying M on the left by a suitable m X m ele-
mentary matrix; in fact, if e is the operation, then

e(M) = e(l)M.
Let M, N be matrices in F[z]™" We say that N is row-equivalent

to M if N can be obtained from M by a finite succession of elementary
row operations:

M=My>M—>- ---—>M,=N.
Evidently N is row-equivalent to M if and only if M is row-equivalent to

N, so that we may use the terminology ‘M and N are row-equivalent.’
If N is row-equivalent to M, then
N =PM
where the m X m matrix P is a product of elementary matrices:
P=E - - E.
In particular, P is an invertible matrix with inverse
P-1=E;'... Ef.
Of course, the inverse of E; comes from the inverse elementary row
operation,

All of this is just as it is in the case of matrices with entries in F. It
parallels the elementary results in Chapter 1. Thus, the next problem
which suggests itself is to introduce a row-reduced echelon form for poly-
nomial matrices. Here, we meet a new obstacle. How do we row-reduce
a matrix? The first step is to single out the leading non-zero entry of row 1
and to divide every entry of row 1 by that entry. We cannot (necessarily)
do that when the matrix has polynomial entries. As we shall see in the
next theorem, we can circumvent this difficulty in certain cases; however,
there is not any entirely suitable row-reduced form for the general matrix
in Flz]™», If we introduce column operations as well and study the type
of equivalence which results from allowing the use of both types of oper-
ations, we can obtain a very useful standard form for each matrix. The
basic tool is the following.

Lemma. Let M be a matriz in F[x]™%» which has some non-zero entry
in its first column, and let p be the greatest common divisor of the eniries in
column 1 of M. Then M is row-equivalent to a matriz N which has

p
0
0

as s first column.
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Proof. We shall prove something more than we have stated.
We shall show that there is an algorithm for finding N, i.e., a prescription
which a machine could use to calculate N in a finite number of steps.
First, we need some notation.
Let M be any m X n matrix with entries in F[2] which has a non-
zero first column

]

Z(Ml) = min degfi
fi#0

p(My) = ged. (fi,. .., fn).
Let j be some index such that deg f; = I(M;). To be specific, let j be
the smallest index ¢ for which deg f; = I(M;). Attempt to divide each f;
by fj:
(7-30) fi=figi + 1y ri=0 or degr; < degf;
For each 7 different from j, replace row ¢ of M by row ¢ minus g; times
row j. Multiply row j by the reciprocal of the leading coefficient of f; and

then interchange rows j and 1. The result of all these operations is a matrix
M’ which has for its first column

Define

(7-29)

7

£

=
I
=
L

(7-31)

T'm

where f; is the monic polynomial obtained by normalizing f; to have leading
coefficient 1. We have given a well-defined procedure for associating with
each M a matrix M’ with these properties.

(a) M’ is row-equivalent to M.
(b) p(M1) = p(My).
(c) Either I[(M1) < I(My) or
p(My)
mp=| ¢
0
1t is easy to verify (b) and (¢) from (7-30) and (7-31). Property (c)



Sec. 7.4 Computation of Invariant Factors

is just another way of stating that either there is some 7 such that r; = 0
and deg r; < deg f; or else r; = 0 for all 7 and f; is (therefore) the greatest
common divisor of fi, . . ., fa.

The proof of the lemma is now quite simple. We start with the matrix
M and apply the above procedure to obtain M’. Property (c) tells us that
either M’ will serve as the matrix N in the lemma or I((M1) < I(M,). In
the latter case, we apply the procedure to M’ to obtain the matrix M® =
(M"Y, If M@ is not a suitable N, we form M® = (M®)’, and so on. The
point is that the strict inequalities

UMy > UMY > UMP) > .-

cannot, continue for very long. After not more than I(M,) iterations of our

procedure, we must arrive at a matrix M® which has the properties we
seek. [

Theorem 6. Let P be an m X m matriz with entries in the polynomial
algebra ¥ [x]. The following are equivalent.

(i) P s invertible.

(1) The determinant of P is a non-zero scalar polynomial.
(iii) P 7s row-equivalent to the m X m identity matriz.
(iv) P is a product of elementary matrices.

Proof. Certainly (1) implies (ii) because the determinant func-
tion is multiplicative and the only polynomials invertible in F[x] are the
non-zero scalar ones. As a matter of fact, in Chapter 5 we used the classical
adjoint to show that (i) and (ii) are equivalent. Qur argument here pro-
vides a different proof that (i) follows from (ii). We shall complete the
merry-go-round

(i) = (i)
L
(iv) = (iii).
The only implication which is not obvious is that (iii) follows from (ii).
Assume (ii) and consider the first column of P. It contains certain
polynomials py, . . ., Pm, and

ged. (p,...,pmn) =1
because any common divisor of pi, . . ., P» must divide (the scalar) det P.
Apply the previous lemma to P to obtain a matrix
1 as . Am
(7-32) o=
- -1 B
0

which is row-equivalent to P. An elementary row operation changes the
determinant of a matrix by (at most) a non-zero scalar factor. Thus det @
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is a non-zero scalar polynomial. Evidently the (m — 1) X (m — 1)
matrix B in (7-32) has the same determinant as does Q. Therefore, we
may apply the last lemma to B. If we continue this way for m steps, we
obtain an upper-triangular matrix

1 a2 « e am

. 0 1 e l:h,.
00 - 1
which is row-equivalent to E. Obviously R is row-equivalent to the m X m
identity matrix. ||

Corollary. Let M and N be m X n malrices with entries in the poly-
nomial algebra ¥ [x]. Then N s row-equivalent to M if and only if

N = PM

where P is an invertible m X m matrix with entries in F[x].

We now define elementary column operations and column-
equivalence in a manner analogous to row operations and row-equivalence.
We do not need a new coneept of elementary matrix because the class of
matrices which ean be obtained by performing one elementary column
operation on the identity matrix is the same as the class obtained by
using a single elementary row operation.

Definition. The matriz N 1s equivalent to the matrix M if we can
pass from M to N by means of a sequence of operations

M=Mo—>M1—)"'—>Mk=N

each of which 1s an elementary row operation or an elementary column
operation.

Theorem 7. Let M and N be m X n mairices with enlries in the
polynomial algebra F[x]. Then N s equivalent to M if and only if

N = PMQ

where P 1s an tnvertible matriz in F[x]™™ and Q is an tnvertible matriz in
F[x]mx»,

Theorem 8. Let A be an n X n matriz with entries in the field F,

and let py, ..., p: be the tnvariant factors for A. The matriz xI — A s
equivalent to the n X n diagonal matriz with diagonal entries py, . . ., P,
L1,...,1

Proof. There exists an invertible n X n matrix P, with entries
in F, such that PAP~! is in rational form, that is, has the block form
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A, O T |
pap-i— |0 4 0 0
0 0 - 4,

where A, is the companion matrix of the polynomial p;. According to
Theorem 7, the matrix
(7-33) Pzl — A)P~! = zI — PAP!
is equivalent to zI — A. Now
xl — 4, 0 o 0
(734) ol —papr=| O #H oA 0
0 0 - zl—4,
where the various I’s we have used are identity matrices of appropriate

sizes. At the beginning of this section, we showed that zI — 4 is equiv-
alent to the matrix

pi 0 == 0
0 1 - 0}
0 0 -.- 1

From (7-33) and (7-34) it is then clear that I — A is equivalent to a
diagonal matrix which has the polynomials p; and (n — r) 1’s on its main
diagonal. By a succession of row and column interchanges, we can arrange
those diagonal entries in any order we choose, for example: p, . . ., D

L,...,L |

Theorem 8 does not give us an effective way of calculating the ele-
mentary divisors p, . . ., p. because our proof depends upon the cyclic
decomposition theorem. We shall now give an explicit algorithm for re-
ducing a polynomial matrix to diagonal form. Theorem 8 suggests that
we may also arrange that successive elements on the main diagonal divide
one another.

Definition. Let N be a mairiz in F[x]™<. We say that N is in (Smith)
normal form if

(a) every eniry off the main diagonal of N is 0;

(b) on the main diagonal of N there appear (in order) polynomials
fi, . .., f1 such that fy divides fxq, 1 <k <1 — 1.

In the definition, the number ! is I = min (m, n). The main diagonal
entriesare fy = Nu, k=1,...,1L

Theorem 9. Let M be an m X n matriz with eniries in the polynomzal
algebra F[x]. Then M is equivalent to a matriz N which s in normal form.
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Proof. If M = 0, there is nothing to prove. If M = 0, we shall
give an algorithm for finding a matrix M’ which is equivalent to M and

which has the form
i 0 --- 0

(7-35) M =

where R is an (m — 1) X (n — 1) matrix and f; divides every entry of R.
We shall then be finished, because we can apply the same procedure to R
and obtain f, ete.

Let {(M) be the minimum of the degrees of the non-zero entries of M.
Find the first column which contains an entry with degree (M) and
interchange that column with column 1. Call the resulting matrix M©,
We describe a procedure for finding a matrix of the form

g 0 LR 0
0
(7-36) : s
0
which is equivalent to M ©. We begin by applying to the matrix M © the
procedure of the lemma before Theorem 6, a procedure which we shall
call PL6. There results a matrix

pa -+ b
(7-37) Mo |0 ¢ 4
gl
If the entries a, . .., b are all 0, fine. If not, we use the analogue of PL6

for the first row, a procedure which we might call PL6’. The result is a
matrix

q 0 LY 0
4 ' v e ’
(7-38) Mo =|% ¢ ¢
l;’ ('i, L. J'u
where ¢ is the greatest common divisor of p, a, . . ., b. In producing M,

we may or may not have disturbed the nice form of column 1. If we did,
we can apply PL6 once again. Here is the point. In not more than (M)
steps:

MO S o P8 o P o
we must arrive at a matrix M® which has the form (7-36), because at
each successive step we have [(M*+D) < [(M®). We name the process
which we have just defined P7-36:

Mo F28 o,
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In (7-36), the polynomial ¢ may or may not divide every entry of S.
If it does not, find the first column which has an entry not divisible by ¢
and add that column to column 1. The new first column contains both g
and an entry gh + r where r # 0 and deg r < deg g. Apply process P7-36
and the result will be another matrix of the form (7-36), where the degree
of the corresponding ¢ has decreased.

It should now be obvious that in a finite number of steps we will
obtain (7-35), i.e., we will reach a matrix of the form (7-36) where the
degree of g cannot be further reduced. |

We want to show that the normal form associated with a matrix M
is unique. Two things we have seen provide clues as to how the poly-
nomials fi, . .., f1 in Theorem 9 are uniquely determined by M. First,
elementary row and column operations do not change the determinant
of a square matrix by more than a non-zero scalar factor. Second, ele-
mentary row and column operations do not change the greatest common
divisor of the entries of a matrix.

Definition. Let M be an m X n matriz with entries in F[x]. If
1 < k < min (m, n), we define 8(M) to be the greatest common divisor of
the determinants of all k X k submatrices of M.

Recall that a k X k submatrix of M is one obtained by deleting some
m — k rows and some n — k columns of M. In other words, we select
certain k-tuples

I=(’l:1,...,’l:k), 1_<21<<1k§m
J=(j1;---’jk)’ ISj1<"'<ij.n
and look at the matrix formed using those rows and columns of M. We
are interested in the determinants

Mm.1 N Mi'u'h
(7-39) Dy y(M) = det| : H
M‘I:hjl e Migjy

The polynomial 8,(}M) is the greatest common divisor of the polynomials
Dy ;(M), as I and J range over the possible k-tuples.

Theorem 10. If M and N are equivalent m X n matrices with entries
in F[x], then

(7-40) (M) = 8:(N), 1 <k < min (m, n).

Proof. It will suffice to show that a single elementary row oper-
ation e does not change &;. Since the inverse of ¢ is also an elementary row
operation, it will suffice to show this: If a polynomial f divides every
Dy s(M), then f divides Dy s(e(M)) for all k-tuples I and J.
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Since we are considering a row operation, let ay, . . ., a,, be the rows
of M and let us employ the notation
DJ(a.i” v ey 0’1',,) = DI,J(M).

Given I and J, what is the relation between D ;(M) and Dy j(e(M))?
Consider the three types of operations e:

(a) multiplication of row r by a non-zero scalar c;
(b) replacement of row r by row r plus g times row s, r = s;
(e) interchange of rows r and s, r # s.

Forget about type (e) operations for the moment, and concentrate
on types (a) and (b), which change only row r. If r is not one of the indices
il, ceey ik, then

Dr,s(e(M)) = Dr s(M).

If r is among the indices 7, . . ., %, then in the two cases we have
(a) DI,J(e(M)) = DJ(OL,;,, v, 0Oy L., 011',)
= CDJ(aiU R aik)
= ¢Dr s(M);
(b) DI.J(G(M)) = DJ(aiu seey Op + golsy . . ., aik)
= Dry(M) + gDslaiyy . - -, sy - . ., ).

For type (a) operations, it is clear that any f which divides Dy ;(M)
also divides Dy s(e(M)). For the case of a type (c) operation, notice that

Dy(aiyy . . -, sy ..., q) =0, if s = 7; for some j
Doy ..oy asy ..., ) = DY (M), if s # 4, for all j.
The I’ in the last equation is the k-tuple (¢, ..., s, ..., %) arranged in

inereasing order. It should now be apparent that, if f divides every Dy (M),
then f divides every Dy s(e(M)).

Operations of type (¢) can be taken care of by roughly the same
argument or by using the fact that such an operation can be effected by
a sequence of operations of types (a) and (b). [l

Corollary. Each matrix M in F[x]™% gs equivalent to precisely one

matriz N which is in normal form. The polynomials f,, . . . , f; which occur
on the main diagonal of N are
g = M ¢ L < i (myn)

T e (M)
where, for convenience, we define §(M) = 1.

Proof. If N is in normal form with diagonal entries fi, . . ., fi,
it is quite easy to see that

&WN) =fife-- fu. 1
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Of course, we call the matrix N in the last corollary the normal form
of M. The polynomials fi, . . ., fi are often called the invariant factors
of M.

Suppose that A isann X n matrix with entriesin F, and let py, . . ., p,
be the invariant factors for A. We now see that the normal form of the
matrix zI — A has diagonal entries 1, 1,...,1,p, ..., . The last
corollary tells us what py, . . ., p, are, in terms of submatrices of I — A.
The number n — r is the largest &k such that §;(x/ — A) = 1. The minimal
polynomial p; is the characteristic polynomial for A divided by the greatest
common divisor of the determinants of all (n — 1) X (n — 1) submatrices
of 2I — A, ete.

Exercises

1. True or false? Every matrix in F[z]* is row-equivalent to an upper-triangular
matrix.

2. Let T be a linear operator on a finite-dimensional vector space and let A be
the matrix of T in some ordered basis. Then T has a cyclic vector if and only if
the determinants of the (n — 1) X (n — 1) submatrices of zI — A are relatively
prime.

3. Let A be an n X n matrix with entries in the field F and let fy, . . ., f, be the
diagonal entries of the normal form of I — A. For which matrices 4 is fi # 1?

4. Construct a linear operator T' with minimal polynomial 2%« ~— 1)2 and charac-
teristic polynomial z%(z — 1)%. Describe the primary decomposition of the vector
space under T and find the projections on the primary components. Find a basis
in which the matrix of T is in Jordan form. Also find an explicit direct sum decom-
position of the space into T-cyclic subspaces as in Theorem 3 and give the invariant
factors.

5. Let T be the linear operator on R® which is represented in the standard
basis by the matrix

1 1 1 1 111 1
0 0 0 0 000 1
0 0 0 0 000 -1
4]0 1 1 0 000 1]
0 0 0 1 100 0
0 1 1 1 110 1
0 -1 -1 -1 =1 01 ~1
0 0 0 0 000 O

(a) Find the characteristic polynomial and the invariant factors.

(b) Find the primary decomposition of R® under 7' and the projections on
the primary components. Find cyclic decompositions of each primary component
as in Theorem 3.
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(¢) Find the Jordan form of A.

(d) Find a direct-sum decomposition of R® into T-cyclic subspaces as in
Theorem 3. (Hint: One way to do this is to use the results in (b) and an appropriate
generalization of the ideas discussed in Example 4.)

7.5. Summary; Semi-Simple Operators

In the last two chapters, we have been dealing with a single linear
operator T on a finite-dimensional vector space V. The program has been
to decompose 7 into a direct sum of linear operators of an elementary
nature, for the purpose of gaining detailed information about how T
‘operates’ on the space V. Let us review briefly where we stand.

We began to study 7' by means of characteristic values and charac-
teristic vectors. We introduced diagonalizable operators, the operators
which can be completely described in terms of characteristic values and
vectors. We then observed that 7' might not have a single characteristic
vector. Even in the case of an algebraically closed scalar field, when every
linear operator does have at least one characteristic vector, we noted that
the characteristic vectors of 7' need not span the space.

We then proved the cyclic decomposition theorem, expressing any
linear operator as the direct sum of operators with a cyclic vector, with
no assumption about the scalar field. If U is a linear operator with a cyclic

vector, there is a basis {a, . . ., a,} with
Ua,-=<x,-+1, ]=1,,n—1
Ua, = —Coo1 — €103 — +** — Cn_1Cn.

The action of U on this basis is then to shift each «; to the next vector
aj.1, except that Ua, is some prescribed linear combination of the vectors
in the basis. Since the general linear operator 7 is the direct sum of a
finite number of such operators U, we obtained an explicit and reasonably
elementary description of the action of 7.

We next applied the ecyclic decomposition theorem to nilpotent
operators. For the case of an algebraically closed scalar field, we combined
this with the primary decomposition theorem to obtain the Jordan form.
The Jordan form gives a basis {4, ..., @} for the space V such that,
for each j, either T«; is a scalar multiple of «; or Te; = ca; + ajp1. Such
a basis certainly describes the action of T' in an explicit and elementary
manner.

The importance of the rational form (or the Jordan form) derives
from the fact that it exists, rather than from the fact that it can be com-
puted in specific cases. Of course, if one is given a specific linear operator
T and can compute its cyclic or Jordan form, that is the thing to do;
for, having such a form, one can reel off vast amounts of information
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about T. Two different types of difficulties arise in the computation of
such standard forms. One difficulty is, of course, the length of the com-
putations. The other difficulty is that there may not be any method for
doing the computations, even if one has the necessary time and patience.
The second difficulty arises in, say, trying to find the Jordan form of a
complex matrix. There simply i1s no well-defined method for factoring the
characteristic polynomial, and thus one is stopped at the outset. The
rational form does not suffer from this difficulty. As we showed in Section
7.4, there is a well-defined method for finding the rational form of a given
n X n matrix; however, such computations are usually extremely lengthy.

In our summary of the results of these last two chapters, we have not
yet mentioned one of the theorems which we proved. This is the theorem
which states that if 7' is a linear operator on a finite-dimensional vector
space over an algebraically closed field, then 7' is uniquely expressible as
the sum of a diagonalizable operator and a nilpotent operator which
commute. This was proved from the primary decomposition theorem and
certain information about diagonalizable operators. It is not as deep a
theorem as the cyclic decomposition theorem or the existence of the
Jordan form, but it does have important and useful applications in certain
parts of mathematics. In concluding this chapter, we shall prove an
analogous theorem, without assuming that the scalar field is algebraically
closed. We begin by defining the operators which will play the role of the
diagonalizable operators.

Definition. Let V be a finite-dimensional vector space over the field F,
and let T be a linear operator on V. We say that T is semi-simple if every
T-invariant subspace has a complementary T-invariant subspace.

What we are about to prove is that, with some restriction on the
field F, every linear operator T' is uniquely expressible in the form T =
S + N, where S is semi-simple, N is nilpotent, and SN = NS. First,
we are going to characterize semi-simple operators by means of their
minimal polynomials, and this characterization will show us that, when F
is algebraically closed, an operator is semi-simple if and only if it is
diagonalizable.

Lemma. Let T be a linear operator on the finite-dimensional vector
space V, and let V.= W, @D - - - @ Wy be the primary decomposition for T.
In other words, if p s the minimal polynomial for T and p = pi' -+ P 18
the prime factorization of p, then W; 7s the null space of pi(T)%. Let W be
any subspace of V which vs tnvariant under T. Then

W=WNW)D---DBWN Wy

Proof. For the proof we need to recall a corollary to our proof
of the primary decomposition theorem in Section 6.8. If Ey, ..., E; are

263



264

The Rational and Jordan Forms Chap. 7

the projections associated with the decomposition V=W, --- @ W,,
then each E; is a polynomial in 7'. That is, there are polynomials hy, . . ., h
such that E; = h(T).

Now let W be a subspace which is invariant under 7. If o« is any

vector in W, then &« = oy + -+ + o4, where a; isin W;. Now o; = F;a =
hi(T)e, and since W is invariant under 7, each «; is also in W. Thus each
vector & in W is of the form @ = oy + +++ + g, where a; is in the inter-

section W M W;. This expression is unique, since V=W, @ --- @ W..
Therefore

W=WNW)D---©DWNW). 1|

Lemma. Let T be a linear operator on V, and suppose that the minimal
polynomial for T is irreducible over the scalar field F. Then T s semi-simple.

Proof. Let W be a subspace of V which is invariant under 7.
We must prove that W has a complementary T-invariant subspace.
According to a corollary of Theorem 3, it will suffice to prove that if f is
a polynomial and B is a vector in V such that f(T)8 is in W, then there is
a vector « in W with f(T)8 = f(T)a. So suppose 8isin V and f is a poly-
nomial such that f(T)8 isin W, If f(T)8 = 0, we let « = 0 and then a is a
vector in W with f(T)8 = f(T)e. If f(T)B # 0, the polynomial f is not
divisible by the minimal polynomial p of the operator 7. Since p is prime,
this means that f and p are relatively prime, and there exist polynomials
g and h such that fg + ph = 1. Because p(T) = 0, we then have
f(Thg(T) = I. From this it follows that the vector 8 must itself be in the
subspace W ; for

8 = g(T)(T)B
= g(T)(f(T)B)

while f(T)B8 is in W and W is invariant under 7. Take a = 8. |}

Theorem 11. Let T be a linear operator on the fintte-dimensional vector
space V. A mecessary and sufficient condition that T be semi-simple 7s that
the minimal polynomial p for T be of the formp = py - - - px, Wherepy, . . ., Px
are distinct irreductble polynomials over the scalar field F.

Proof. Suppose T is semi-simple. We shall show that no irre-
ducible polynomial is repeated in the prime factorization of the minimal
polynomial p. Suppose the contrary. Then there is some non-scalar monic
polynomial ¢ such that g2 divides p. Let W be the null space of the oper-
ator ¢(T). Then W is invariant under 7. Now p = g*h for some poly-
nomial A. Since g is not a scalar polynomial, the operator g(T)r(T) is not
the zero operator, and there is some vector 8 in V such that g(T)h(T)B # 0,
1e., (gh)8 # 0. Now (gh)B is in the subspace W, since g(gh8) = ¢*h8 =
pB8 = 0. But there is no vector « in W such that ghg = ghe; for, if aisin W

(gh)a = (hg)a = R{ga) = R(0) = 0.
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Thus, W eannot have a complementary 7T-invariant subspace, contra-
dicting the hypothesis that T is semi-simple.

Now suppose the prime factorization of p is p = p1 - - pr, where
Py, . . -, pr are distinet irreducible (non-sealar) monic polynomials. Let

W be a subspace of V which is invariant under T. We shall prove that W'

has a complementary T-invariant subspace. Let V=W, P --- D W
be the primary decomposition for T, i.e., let W; be the null space of p;(T).
Let T; be the linear operator induced on W; by T, so that the minimal
polynomial for 7'; is the prime p;. Now W M W; is a subspace of W; which
is invariant under 7'; (or under 7). By the last lemma, there is a subspace
V; of W; such that W, = W N W;) @ V, and V, is invariant under T';
(and hence under T'). Then we have

V=W:® - W
=WNW)OV@ - DWNW)D Vi
=WNW)+--+WNW)DViD---D V.

By the first lemma above, W = (W N\ W) @ -+ @ (W N W), so that
fW=Vi®: ---PVy then V=W@W and W’ is invariant under
T. 1

Corollary. If T is a linear operator on a finite-dimensional vector space
over an algebraically closed field, then T is semi-stimple of and only if T s
diagonalizable.

Proof. If the scalar field F is algebraically closed, the monic
primes over F are the polynomials z — ¢. In this case, T is semi-simple
if and only if the minimal polynomial for Tis p = (¢ — &) « -+ (& — ¢x),
where ¢, . . ., ¢ are distinct elements of F. This is precisely the criterion
for T to be diagonalizable, which we established in Chapter 6. ||

We should point out that 7" is semi-simple if and only if there is some
polynomial f, which is a product of distinct primes, such that f(T) = 0.
This is only superficially different from the condition that the minimal
polynomial be a product of distinct primes.

We turn now to expressing a linear operator as the sum of a semi-
simple operator and a nilpotent operator which commute. In this, we
shall restrict the scalar field to a subfield of the complex numbers. The
informed reader will see that what is important is that the field F be a
field of characteristic zero, that is, that for each positive integer n the
sum 1 4+ --- + 1 (n times) in F should not be 0. For a polynomial f over
F, we denote by f® the kth formal derivative of f. In other words,
f® = D*, where D is the differentiation operator on the space of poly-
nomials. If ¢ is another polynomial, f(g) denotes the result of substituting
g in f, i.e., the polynomial obtained by applying f to the element g in the
linear algebra F[z].
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Lemma (Taylor’s Formula). Let F be a field of characteristic zero
and let g and h be polynomials over F. If f is any polynomial over F with
deg f < n, then

f(g) = () +FO) (g — ) + o (g — 2 4 oo+ ) (g e

Proof. What we are proving is a generalized Taylor formula. The
reader is probably used to seeing the special case in which & = ¢, a scalar
polynomial, and ¢ = z. Then the formula says

f=1@) =fl) + 1P -0

f()(c)( C)z_i_...-i-]%(x—c)”.

The proof of the general formula is just an application of the binomial
theorem

(@ + b)* = a* + ka*b _i_L_u_l) a"2h? -+ ... - bk,

For the reader should see that, since substitution and differentiation are
linear processes, one need only prove the formula when f = z*. The for-

mula for f = T cz* follows by a linear combination. In the case f = z*
k=0

with k < n, the formula says
= # kb — )+ P D g e g —

which is just the binomial expansion of
¢=[Mh+@g-—nk 1

Lemma. Let F be a subfield of the complex numbers, let f be a poly-
nomial over ¥, and let f' be the derivative of f. The following are equivalent:

(a) f s the product of distinct polynomials irreducible over F.
(b) f and ' are relatively prime.
(¢) As a polynomial with complex coefficients, f has no repeated root.

Proof. Let us first prove that (a) and (b) are equivalent state-
ments about f. Suppose in the prime factorization of f over the field F that
some (non-scalar) prime polynomial p is repeated. Then f = p2h for some
h in F[z]. Then

f=p + 2pp’h
and p is also a divisor of f/. Hence f and f are not relatively prime. We
conclude that (b) implies (a).
Now suppose f = p1 - -+ o, Where py, . . ., pr are distinet non-scalar
irreducible polynomials over F. Let f; = f/p;. Then

f= pifl -+ péfz + -+ péfk-
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Let p be a prime polynomial which divides both f and f’. Then p = p. for
some ¢. Now p, divides f; for 7 # ¢, and since p; also divides

k 7
= El pif;

we see that p; must divide pif;. Therefore p; divides either f; or pi. But p;
does not divide f; since py, . . ., px are distinet. So p; divides pi. This is
not possible, since p; has degree one less than the degree of p;, We con-
clude that no prime divides both f and f’, or that (f, /) = 1.

To see that statement (¢) is equivalent to (a) and (b), we need only
observe the following: Suppose f and ¢ are polynomials over F, a subfield
of the complex numbers. We may also regard f and g as polynomials with
complex coefficients. The statement that f and g are relatively prime as
polynomials over F is equivalent to the statement that f and g are rela-
tively prime as polynomials over the field of complex numbers. We leave
the proof of this as an exercise. We use this fact with ¢ = f’. Note that
(¢) is just (a) when f is regarded as a polynomial over the field of complex
numbers. Thus (b) and (¢) are equivalent, by the same argument that
we used above. |

We can now prove a theorem which makes the relation between semi-
simple operators and diagonalizable operators even more apparent.

Theorem 12. Let F be a subfield of the field of complex numbers, let V
be a finite-dimensional vector space over F, and let T be a linear operator on
V. Let ® be an ordered basis for V and let A be the matriz of T in the ordered
basis ®. Then T ¢s semi-simple if and only if the matrix A is similar over the
field of complex numbers to a diagonal matriz.

Proof. Let p be the minimal polynomial for T. According to
Theorem 11, T is semi-simple if and only if p = p1 - -+ pr Where p1, . . ., D&
are distinet irreducible polynomials over F. By the last lemma, we see
that T is semi-simple if and only if p has no repeated complex root.

Now p is also the minimal polynomial for the matrix A. We know
that A is similar over the field of complex numbers to a diagonal matrix
if and only if its minimal polynomial has no repeated complex root. This
proves the theorem. |

Theorem 13. Let F be a subfield of the field of complex numbers, let V
be a finite-dimensional vector space over F, and let T be a linear operator on V.
There is a semi-stmple operator S on 'V and a nilpotent operator N on 'V such
that

(i) T=8+N;
(i) SN = N8S.
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Furthermore, the semi-simple S and nilpotent N satisfying (i) and (i) are
unique, and each is a polynomial in T.

Proof. Let pt' - -+ p¥ be the prime factorization of the minimal
polynomial for T, and let f = p; - - - px. Let r be the greatest of the positive
integers 7y, . . ., r%. Then the polynomial f is a product of distinct primes,
f7 is divisible by the minimal polynomial for 7, and so

ATy =0.

We are going to construct a sequence of polynomials: go, g1, go, - - -

such that
f(x -2 g,-f")
j=0

isdivisible by f*+L,n = 0,1, 2, . ... Wetake go = 0 and then f(z — gof®) =
f(x) = f1is divisible by f. Suppose we have chosen gy, . . ., ga1. Let

n—1

h=z— Z gif

j=0

so that, by assumption, f(h) is divisible by f*. We want to choose g, so that
S = gaf™)
is divisible by f**+'. We apply the general Taylor formula and obtain
b — gaf™) = f(h) — gaff'(h) + f~+'b

where b is some polynomial. By assumption f(k) = ¢f* Thus, we see that
to have f(h — g.f*) divisible by f**! we need only choose g, in such a way
that (¢ — g.f’) is divisible by f. This can be done, because f has no re-
peated prime factors and so f and f’ are relatively prime. If a and e are
polynomials such that af 4+ ¢f’ = 1, and if we let g, = eq, then ¢ — g.f’
is divisible by f.

Now we have a sequence g, g1, ... such that f*+! divides

f(:v — 5) gif"). Let us take n = r — 1 and then since f(7)" = 0
j=0

5(1 -3, g1y = 0.
Let
r—1 r—1
N =3 (AT =3, (T

Since 3 g,f is divisible by f, we see that N* = 0 and N is nilpotent. Let
j=1

S=T—N. Then f(S) =f(T — N) =0. Since f has distinct prime
factors, S is semi-simple.

Now we have T = § + N where S is semi-simple, N is nilpotent,
and each is a polynomial in 7. To prove the uniqueness statement, we
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shall pass from the scalar field F to the field of complex numbers. Let ®
be some ordered basis for the space V. Then we have

(T]e = [Sle + [Nls

while [S]g is diagonalizable over the complex numbers and [N]g is nil-
potent. This diagonalizable matrix and nilpotent matrix which commute
are uniquely determined, as we have shown in Chapter 6. |

Exercises

1. If N is a nilpotent linear operator on V, show that for any polynomial f the
semi-simple part of f(N) is a scalar multiple of the identity operator (F a subfield
of C).

2. Let F be a subfield of the complex numbers, V a finite-dimensional vector
space over F, and T a semi-simple linear operator on V. If f is any polynomial
over F, prove that f(T) is semi-simple.

3. Let T be a linear operator on a finite-dimensional space over a subfield of C.
Prove that T is semi-simple if and only if the following is true: If f is a polynomial
and f(T') is nilpotent, then f(T) = 0.
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8. Inner Product
Spaces

8.1. Inner Products

Throughout this chapter we consider only real or complex vector
spaces, that is, vector spaces over the field of real numbers or the field of
complex numbers. Our main object is to study vector spaces in which it
makes sense to speak of the ‘length’ of a vector and of the ‘angle’ between
two vectors. We shall do this by studying a certain type of scalar-valued
function on pairs of vectors, known as an inner product. One example of
an inner product is the scalar or dot product of vectors in E3. The scalar
product of the vectors

a = (1171, T2y Za) and 8 = (yl; Ya, y3)

in R3 is the real number

(a]B) = mys + z2y2 + 23ys.

Geometrically, this dot product is the product of the length of «, the
length of 8, and the cosine of the angle between « and 8. It is therefore
possible to define the geometric concepts of ‘length’ and ‘angle’ in R?® by
means of the algebraically defined scalar product.

An inner product on a vector space is a function with properties
similar to the dot product in R? and in terms of such an inner product
one can also define ‘length’ and ‘angle.” Our comments about the general
notion of angle will be restricted to the concept of perpendicularity (or
orthogonality) of vectors. In this first section we shall say what an inner
product is, consider some particular examples, and establish a few basic
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properties of inner products. Then we turn to the task of discussing length
and orthogonality.

Definition. Let F be the field of real numbers or the field of complex
numbers, and V a vector space over F. An inner product on V s a function
which assigns to each ordered pair of vectors a, 8 in V a scalar (a|B) in F in
such a way that for all a, 8, v in V and all scalars c

(@) (a4 B8ly) = (alv) + Bl7);
(b) (calB) = c(alB);

(e) (Ble) = (a[B), the bar denoting complex conjugation;
(d) (a)a) >0df a 0.

It should be observed that conditions (a), (b), and (¢) imply that

(e) (eeB + v) = e(alB) + (afv).
One other point should be made. When F is the field R of real numbers,
the complex conjugates appearing in (c¢) and (e) are superfluous; however,
in the complex case they are necessary for the consistency of the condi-
tions. Without these complex conjugates, we would have the contradiction:
(ala) >0 and (ialta) = —1(afa) > 0.

In the examples that follow and throughout the chapter, F is either
the field of real numbers or the field of complex numbers.

ExampLi 1. On F* there is an inner product which we call the

standard inner product. It is defined on @ = (x1,...,2,) and 8 =
(1, - - -, yn) by
(8-1) (alB) = Z x,3;.

J

When F = R, this may also be written
(alB) = ’Exjyf-

In the real case, the standard inner produet is often called the dot or
scalar product and denoted by a - 8.

ExampLE 2. For o = (21, 2,) and 8 = (yy, y2) in R2, let

(a|6) = 01 — TeYr — T1Y2 + 4502?/2-

Since (a]a) = (1 — 22)? + 323, it follows that (ale) > 0 if a # 0. Condi-
tions (a), (b), and (c) of the definition are easily verified.

ExampLE 3. Let V be F» the space of all n X n matrices over F.
Then V is isomorphic to F»* in a natural way. It therefore follows from
Example 1 that the equation

(A|B) = Z}pAﬂEk
I
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defines an inner product on V. Furthermore, if we introduce the conjugate

transpose matrix B* where Bf; = B, we may express this inner product
on F™ in terms of the trace function:

(A|B) = tr (AB*) = tr (B*4).
For

=22 ApBi
7k

= 33 A;Bj.
7k

ExampLi 4. Let F™<1 be the space of # X 1 (column) matrices over
F, and let  be an n X n invertible matrix over F. For X, Y in F»X! set

(X]Y) = 7*Q*QX.

We are identifying the 1 X 1 matrix on the right with its single entry.
When @ is the identity matrix, this inner product is essentially the same
as that in Example 1; we call it the standard inner product on F»xL
The reader should note that the terminology ‘standard inner product’ is
used in two special contexts. For a general finite-dimensional vector space
over F, there is no obvious inner product that one may call standard.

ExawmpLE 5. Let V be the vector space of all continuous complex-
valued functions on the unit interval, 0 < ¢ < 1. Let

mm=ﬁﬂmma

The reader i1s probably more familiar with the space of real-valued con-
tinuous functions on the unit interval, and for this space the complex
conjugate on g may be omitted.

ExampLE 6. This is really a whole class of examples. One may con-
struct new inner products from a given one by the following method.
Let V and W be vector spaces over F and suppose ( | ) is an inner product
on W. If T is a non-singular linear transformation from V into W, then
the equation

pr(e, B) = (Te|TH)

defines an inner produet pr on V. The inner product in Example 4 is a
special case of this situation. The following are also special cases.

(a) Let V be a finite-dimensional vector space, and let

® = {at, ..., an
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be an ordered basis for V. Let e, . . ., €, be the standard basis vectors in
Fr, and let T be the linear transformation from V into = such that Te; =
€,J =1,...,n Inother words, let T be the ‘natural’ isomorphism of V
onto F» that is determined by ®. If we take the standard inner product
on F*, then

n
pr(Z xj05, 2 ) = 2 G5
3 k =1

Thus, for any basis for V there is an inner product on V with the property
(e]ax) = 8j; in fact, it is easy to show that there is exactly one such
inner product. Later we shall show that every inner product on V is
determined by some basis ® in the above manner.

(b) We look again at Example 5 and take V = W, the space of
continuous functions on the unit interval. Let T be the linear operator
‘multiplication by ¢, that is, (T/)(¢) = ¢f(¢), 0 < ¢t < 1. It is easy to see
that T is linear. Also T is non-singular; for suppose 7f = 0. Then tf(t) = 0
for 0 <t £ 1; hence f(f) = 0 for ¢ > 0. Since f is continuous, we have
f(0) = 0 as well, or f = 0. Now using the inner product of Example 5,
we construct a new inner product on V by setting

pe(l,g) = [} (T O at
= [} swygtee at.

We turn now to some general observations about inner products.
Suppose V is a complex vector space with an inner product. Then for all
a,BinV

(a]8) = Re (2]B) + 7 Im («|B)

where Re («|8) and Im («|8) are the real and imaginary parts of the
complex number («|8). If z is a complex number, then Im (2) = Re (—4z2).
It follows that

Im («|8) = Re [~i(alB)] = Re (alif).

Thus the inner product is completely determined by its ‘real part’ in
accordance with

(8-2) (a|8) = Re (a|) + ¢ Re (aliB).

Occasionally it is very useful to know that an inner product on a real
or complex vector space is determined by another function, the so-called
quadratic form determined by the inner product. To define it, we first
denote the positive square root of (a|a) by |la||; ||« is called the norm
of a with respect to the inner product. By looking at the standard inner
products in B, C!, R?, and R3, the reader should be able to convince him-
self that it is appropriate to think of the norm of a as the ‘length’ or
‘magnitude’ of a. The quadratic form determined by the inner product
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is the function that assigns to each vector « the scalar ||a||2. It follows
from the properties of the inner product that

llee = BI[2 = [[all* £ 2 Re (o) + |[8]|?

for all vectors a and 8. Thus in the real case
1 1
83) (@l8) = 7 llec+ 8lJ* = 7 lle = BII
In the complex case we use (8-2) to obtain the more complicated expression
1 1 ) . ) .
64 (@lp) = g lla+Blls = 3 llec = glI2 + § lla + 12 — % [l — 52

Equations (8-3) and (8-4) are called the polarization identities. Note
that (8-4) may also be written as follows:

14 . .
(@) = § 2, i*fla + 8l

The properties obtained above hold for any inner product on a real
or complex vector space V, regardless of its dimension. We turn now to
the case in which V is finite-dimensional. As one might guess, an inner
product on a finite-dimensional space may always be described in terms
of an ordered basis by means of a matrix.

Suppose that V is finite-dimensional, that

(B={a1,...,a,.}

is an ordered basis for V, and that we are given a particular inner product
on V; we shall show that the inner product is completely determined by
the values

(8-5) G = (anle;)
it assumes on pairs of vectors in ®. If a = Zk}xkak and 8 = Z y;a;, then
7
(al8) = (Ekl Tno|B)
= %xk(aklﬁ)
= 2z T Ji(on|ay)
k i
= 2 §G e
Jik
= Y*GX

where X, Y are the coordinate matrices of a, 8 in the ordered basis ®,
and @ is the matrix with entries Gy = (axla;). We call G the matrix
of the inner product in the ordered basis ®. It follows from (8-5)
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that G is hermitian, i.e., that G = G*; however, G is a rather special kind
of hermitian matrix. For G must satisfy the additional condition

(8-6) X*GX > 0, X #0.

In particular, G must be invertible. For otherwise there exists an X = 0
such that GX = 0, and for any such X, (8-6) is impossible. More explicitly,
(8-6) says that for any scalars zi, . . ., 2, not all of which are 0

(8-7) Ek z;Guzi > 0.
Iy

From this we see immediately that each diagonal entry of G must be
positive; however, this condition on the diagonal entries is by no means
sufficient to insure the validity of (8-6). Sufficient conditions for the
validity of (8-6) will be given later.

The above process is reversible; that is, if G is any n X n matrix over
F which satisfies (8-6) and the condition ¢ = G*, then @ is the matrix in
the ordered basis ® of an inner product on V. This inner product is given
by the equation

(af) = Y*GX

where X and Y are the coordinate matrices of « and 8 in the ordered
basis ®.

Exercises

1. Let V be a vector space and ( | ) an inner product on V.
(a) Show that (0|3) = Oforall Bin V.
(b) Show that if («|8) = 0 for all 8in V, then a = 0.

2. Let V be a vector space over F. Show that the sum of two inner products
on V is an inner product on V. Is the difference of two inner products an inner
product? Show that a positive multiple of an inner product is an inner product.

3. Describe explicitly all inner products on R! and on C.
4. Verify that the standard inner product on F~ is an inner product.
5. Let ( | ) be the standard inner product on R2
(a) Let a = (1,2), 8 = (—1,1). If v is a vector such that (a|]y) = —1 and
(Blv) = 38, find .
(b) Show that for any a in R? we have a = (a|e)) e + (a]ez)ea
6. Let ( | ) bethestandard inner product on R, and let T be the linear operator
T(x1, x2) = (—x2, 21). Now T is ‘rotation through 90°’ and has the property
that («|Ta) = 0 for all @ in R2 Find all inner products [ | ] on R? such that
[¢|Ta] = 0 for each a.

7. Let ( | ) be the standard inner product on C2% Prove that there is no non-
zero linear operator on C? such that («|Ta) = 0 for every a in C?2. Generalize.
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8. Let A be a 2 X 2 matrix with real entries. For X, ¥ in R?! let
faX, Y) = YtAX,

Show that f4 is an inner product on R?! if and only if 4 = A*, A;; > 0, A > 0,
and det A > 0.

9. Let V be a real or complex vector space with an inner product. Show that the
quadratic form determined by the inner product satisfies the parallelogram law
lle + Bl1* + lle — Bli* = 2[|er]|* + 2[|B]]

10. Let ( | ) be the inner product on R? defined in Example 2, and let ® be
the standard ordered basis for RZ. Find the matrix of this inner product relative
to ®.

11. Show that the formula
ot kY — —_ 7
(? a,x:|§ brz®) E] TE+l

defines an inner product on the space R[z] of polynomials over the field B. Let W
be the subspace of polynomials of degree less than or equal to n. Restrict the above
inner product to W, and find the matrix of this inner product on W, relative to the
ordered basis {1, z, 2% . . ., 2"}. (Hint: To show that the formula defines an inner
product, observe that

Ulo) = [ 10 a

and work with the integral.)

12. Let V be a finite-dimensional vector space and let ® = {ay, ..., a,} be a
basis for V. Let ( | ) be an inner product on V. If ¢, . .., ¢, are any n scalars,
show that there is exactly one vector « in V such that (a|a;) =¢;,7=1,...,n.

13. Let V be a complex vector space. A function J from V into V is called a
conjugation if J(a + B8) = J(a) + J(B), J(ca) = &J(a), and J(J(a)) = «, for
all scalars ¢ and all «, B in V. If J is a conjugation show that:

(a) The set W of all « in V such that Ja = « is a vector space over B with
respect to the operations defined in V.

(b) For each o in V there exist unique vectors 3, y in W such that o = 8 + #y.

14. Let V be a complex vector space and W a subset of V with the following
properties:
(a) W is a real vector space with respect to the operations defined in V.
(b) For each ain V there exist unique vectors 3, y in W such that « = 8 + y.

Show that the equation Ja = § — %y defines a conjugation on V such that Ja = «
if and only if a belongs to W, and show also that J is the only conjugation on V
with this property.

15. Find all conjugations on C! and C2.

16. Let W be a finite-dimensional real subspace of a complex vector space V.
Show that W satisfies condition (b) of Exercise 14 if and only if every basis of W
is also a bagis of V.
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17. Let ¥V be a complex vector space, J a conjugation on ¥V, W the set of ¢ in ¥V
such that Ja = «, and f an inner product on W. Show that:

(a) There is a unique inner product g on V such that g(a, 8) = f(, 8) for
alla, Bin W,

(b) g(Ja, JB) = ¢(B, a) foralla, Bin V.

What does part (a) say about the relation between the standard inner products
on R*and C4, or on R* and C*?

217

8.2. Inner Product Spaces

Now that we have some idea of what an inner product is, we shall
turn our attention to what can be said about the combination of a vector
space and some particular inner product on it. Specifically, we shall
establish the basic properties of the concepts of ‘length’ and ‘orthogo-
nality’ which are imposed on the space by the inner product.

Definition. An inner product space is a real or complex vector space,
together with a specified inner product on that space.

A finite-dimensional real inner product space is often called a Euclid-
ean space. A complex inner product space is often referred to as a unitary
space.

Theorem 1. If V 1s an inner product space, then for any vectors o, (8
'V and any scalar ¢

(@ leal] = lef {|el;

@) [le]l > O for a < 0;
(iii) |(a[8)] < [le] {I8]];

(iv) |le + 8l < o] + i8]l

Proof. Statements (i) and (i) follow almost immediately from
the various definitions involved. The inequality in (iii) is clearly valid
when o = 0. If a # 0, put

Then (y]e) = 0 and

oo (g Bl 1o Bl
0 < |l (3 [l]]2 B IFE a)
- (slg) — D

_ alle _ 1@B)]*
= g|| Tel]?
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Hence |(|8)]? < ||a/[?|8]|2. Now using (c) we find that

|l 4 BI1* = llel|* + (alB) + (Bl) + [IB8]]>
= |la]|* + 2 Re (a|8) + ||B]|?
< ladl* + 2 [la][ 1|81l + [18]]*
= (llell + {I81D*.

Thus, |le + Bl < llall + 18]l 1

The inequality in (iii) is called the Cauchy-Schwarz inequality.
It has a wide variety of applieations. The proof shows that if (for example)
a is non-zero, then |(a|8)| < [|a|| ||8]| unless

(Bla)

B =-T"a
[l [*
Thus, equality occurs in (iii) if and only if « and 8 are linearly dependent.

ExampLe 7. If we apply the Cauchy-Schwarz inequality to the
inner products given in Examples 1, 2, 3, and 5, we obtain the following:

(a) 12 2] < (2 [aa|)V2(Z |yal?) 2
(b) [xlyl — ToYr — T1Yq + 4x2y2|

< (1 = 22)? + 328)V2((y — 92)? + 3y2) V2
(e) [tr (AB*)| < (tr (AA*))V2(tr (BB*))V2

@ [ @i az| < ([ r@r ) ([ lo@lraz) ™

Definitions. Let o and 8 be vectors in an tnner product space V. Then o
1s orthogonal to B if (a|B) = 0; since this implies B is orthogonal o a,
we often stmply say that a and B are orthogonal. If S s a set of vectors in V,
S is called an orthogonal set provided all pairs of distinct vectors in S are
orthogonal. An orthonormal set is an orthogonal set S with the additional
property that ||a]| = 1 for every a in S.

The zero vector is orthogonal to every vector in ¥ and is the only
vector with this property. It is appropriate to think of an orthonormal
set as a set of mutually perpendicular vectors, each having length 1.

ExampLE 8. The standard basis of either B” or C™ is an orthonormal
set with respect to the standard inner product.

ExampLE 9. The vector (z,y) in R? is orthogonal to (—y, z) with
respect to the standard inner product, for
(@ PI(—y,2)) = —zy +yz = 0.
However, if R? is equipped with the inner product of Example 2, then
(z, ) and (—y, z) are orthogonal if and only if
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y=1(—3+ V13)z.

ExamrLE 10. Let V be C™, the space of complex n X n matrices,
and let £77 be the matrix whose only non-zero entry is a 1 in row p and
column ¢. Then the set of all such matrices £7¢ is orthonormal with respect
to the inner product given in Example 3. For

(E®|E™) = tr (BHE™) = 8,0 tr (BP) = 858,

ExampLe 11. Let V be the space of continuous complex-valued (or
real-valued) functions on the interval 0 < z < 1 with the inner product

(o) = [, @7 @ da.

Suppose f.(z) = V2 cos2rnz and that ga(z) = V2 sin 2rnz. Then
{1, f, g1, f2, g2, - . .} is an infinite orthonormal set. In the complex case,
we may also form the linear combinations

1 : _
7§(f,.—[-zg,,), n=12....

In this way we get a new orthonormal set S which consists of all functions
of the form
halz) = €7, n=41 42 . ...

The set S’ obtained from S by adjoining the constant function 1 is also
orthonormal. We assume here that the reader is familiar with the calcula-
tion of the integrals in question.

The orthonormal sets given in the examples above are all linearly
independent. We show now that this is necessarily the case.

Theorem 2. An orthogonal set of nmon-zero vectors is linearly inde-
pendent.

Proof. Let S be a finite or infinite orthogonal set of non-zero
vectors in a given inner product space. Suppose a, s, . . . , oy, are distinet
vectors in S and that

B = cion + ceas + -+ + Crllm.
Then
Blaw) = (T csa;|an)
7

2 cilajlax)
)

= Ck(aklak).

Since (ox|axr) # 0, it follows that
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e = Blew) | < g < m.

Tleul? -

Thus when 8 = 0, each ¢, = 0; so S is an independent set. ||

Corollary. If a vecior B is a lnear combination of an orthogonal

sequence of non-zero vectors o, ..., am, then B 1s the particular lLinear
combination

m
(8-8) p= § B,

k=1 |lo|

This corollary follows from the proof of the theorem. There is another
corollary which although obvious, should be mentioned. If {a,. .., an}
is an orthogonal set of non-zero vectors in a finite-dimensional inner
product space V, then m < dim V. This says that the number of mutually
orthogonal directions in V cannot exceed the algebraically defined dimen-
sion of V. The maximum number of mutually orthogonal directions in V'
is what one would intuitively regard as the geometric dimension of V,
and we have just seen that this is not greater than the algebraic dimension.
The fact that these two dimensions are equal is a particular corollary of
the next result.

Theorem 3. Let V be an inner product space and let B, ..., Ba be
any tndependent vectors in V. Then one may construct orthogonal vectors
Qi ..., 0tV such that for each k = 1,2, ..., n the set

{al, ceey C!k}
18 a basts for the subspace spanned by By, . . . , Bk

Proof. The vectors ai, . . ., a, will be obtained by means of a
construction known as the Gram-Schmidt orthogonalization process.
First let a; = 81. The other vectors are then given inductively as follows:

Suppose ay, . . ., an (1 < m < n) have been chosen so that for every &

{al,...,ak}, ISkSm
is an orthogonal basis for the subspace of V that is spanned by 8, . . ., Bs.
To construct the next vector a1, let

(Bm+1|ak)
8-9 il = Bl —
(8-9) o1 = B k ||Olk[|2
Then a,y; # 0. For otherwise 8,41 is a linear combination of ay, . . ., am
and hence a linear combination of 8y, . . ., B». Furthermore, if 1 < 7 < m,
then
(6m+1|ak)

(am+llaj) (ﬂm+l|0‘:) k=1 ”allg (akla:‘)

= (Bmlas) ~ Bmya|as)
=0.
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Therefore {a, ..., anu} is an orthogonal set consisting of m + 1 non-
zero vectors in the subspace spanned by 8y, ..., 8. By Theorem 2,
it is a basis for this subspace. Thus the vectors oy, . . ., a, may be con-
structed one after the other in accordance with (8-9). In particular, when
n = 4, we have

o =
_ . (!32!0!1) o
gy = 62 Ha1H2 1
(8-10) a = B — (Bslow)  — (Bsl ) @
’ P Yl T Yol
= B, — (Balo) S (Ba]as) o — (Bs]axs) o
= B Tl T Yl T el

Corollary. Every finite-dimenstonal inner product space has an ortho-
normal basts.

Proof. Let V be a finite~-dimensional inner product space and
{B1, . . ., B} a basis for V. Apply the Gram-Schmidt process to construct
an orthogonal basis {a, ..., a,}. Then to obtain an orthonormal basis,
simply replace each vector ax by ax/||ak||. |

One of the main advantages which orthonormal bases have over
arbitrary bases is that computations involving coordinates are simpler.
To indicatc in general terms why this is true, suppose that V is a finite-
dimensional inner product space. Then, as in the last section, we may use
Equation (8-5) to associate a matrix G with every ordered basis ® =
{og, . . ., @} of V. Using this matrix

Gie = (aulay),

we may compute inner products in terms of coordinates. If ® is an ortho-
normal basis, then @ is the identity matrix, and for any secalars z; and yx

(Z 20l Z yrau) = 2 2,95
7 k J

Thus in terms of an orthonormal basis, the inner produet in V looks like
the standard inner product in F=.

Although it is of limited practical use for computations, it is inter-
esting to note that the Gram-Schmidt process may also be used to test
for linear dependence. For suppose @8i,. .., 8. are linearly dependent
vectors in an inner product space V. To exclude a trivial case, assume
that g1 # 0. Let m be the largest integer for which 8, . . ., 8. are inde-
pendent. Then 1 < m < n. Let oy, ..., a, be the vectors obtained by
applying the orthogonalization process to 8y, ..., Bx. Then the vector
a1 given by (8-9) is necessarily 0. For o, is in the subspace spanned
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by a, ..., an and orthogonal to each of these vectors; hence it is 0 by
(8-8). Conversely, if i, . . ., a, are different from 0 and @,,; = 0, then
Bi, . . ., Bmy1 are linearly dependent.

ExampLE 12. Consider the vectors
B = (3,0,4)
B = (_1; 0’ 7)
B = (2; 97 11)
in R?® equipped with the standard inner product. Applying the Gram-
Schmidt process to 81, B, 8;, we obtain the following vectors.

ar = (3,0, 4)
o = (_1, O, 7) _ ((_1: 0’ ;?(37 Oy 4)) (3’ O, 4)
= ('_'17 0, 7) — (3; 0, 4)
=(—4,0,3)
@ =0,1) - GEB0D) g o 4
(2,9, 11)[(=4, 0, 3))
- s (=4,0,3)
=(2,9,11) — 2(3,0,4) — —4, 0, 3)
= (0, 9, 0).

These vectors are evidently non-zero and mutually orthogonal. Hence
{a, as, a3} is an orthogonal basis for R3. To express an arbitrary vector
(@1, T3, 23) in R® as a linear combination of ai, ey, a3 it is not necessary to
solve any linear equations. For it suffices to use (8-8). Thus

3z, + 4z, —4zx;, + 323 Ty
25 55 @ty

a +

(131, Ty, xs) =

as is readily verified. In particular,
1,2,3)=$%@3,0,4) + 5(—4,0,3) + $(0,9,0).

To put this point in another way, what we have shown is the following:
The basis {fy, f2, fs} of (R®)* which is dual to the basis {1, az, o3} is defined
explicitly by the equations

3 4
fl(xl; T2, Za) = %5%
—4 3
fa(@1, T2, T3) = __g%_x_a
T

fa(xh Ty, T3) = 9
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and these equations may be written more generally in the form

fi(xl: g, xs) = &L’ﬁ.ﬁ_{ﬁgm'

Finally, note that from a), as, a3 we get the orthonormal basis
% (37 07 4)) % (_4; 0’ 3): (0, 1) 0)

ExampLE 13. Let A = I:Z Z] where a, b, ¢, and d are complex num-

bers. Set 81 = (a, b), B: = (¢, d), and suppose that 8 = 0. If we apply
the orthogonalization process to Bi, 8, using the standard inner product
in C?, we obtain the following vectors:

o = (a, b)
- _ (e, D(a, b))

a = (¢, d) [a]® + [5]? (a, b)
_ (e +db)
= (¢, d) a]2 + ]2 (a, b)

_ (cbI; — dl;a’ ddaa — cdb)
|a]? + [b]% |a|? + [b]?

det 4 P
= e oE (0

Now the general theory tells us that a; # 0 if and only if 81, 8; are linearly
independent. On the other hand, the formula for ay shows that this is the
case if and only if det A # 0.

In essence, the Gram-Schmidt process consists of repeated applica-
tions of a basic geometric operation called orthogonal projection, and it
is best understood from this point of view. The method of orthogonal
projection also arises naturally in the solution of an important approxima-
tion problem.

Suppose W is a subspace of an inner product space V, and let 8 be
an arbitrary vector in V. The problem is to find a best possible approxima-~
tion to 8 by vectors in W. This means we want to find a vector « for which
[I8 — || is as small as possible subject to the restriction that « should
belong to W. Let us make our language precise.

A best approximation to 8 by vectors in W is a vector « in ¥ such that

(1B —all < I8 — 7l

for every vector v in W.

By looking at this problem in R? or in R3, one sees intuitively that a
best approximation to 8 by vectors in W ought to be a vector « in W such
that 8 — « is perpendicular (orthogonal) to W and that there ought to
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be exactly one such «. These intuitive ideas are correct for finite-dimen-
sional subspaces and for some, but not all, infinite-dimensional subspaces.
Since the precise situation is too complicated to treat here, we shall prove
only the following result.

Theorem 4. Let W be a subspace of an inner product space V and
let B be a vector in V.

(1) The vector o in W s a best approximaiion to 8 by vectors in W if
and only if B8 — a s orthogonal to every vector in W.
(ii) If a best approximation to B by vectors in W exists, it is unique.
(i11) If W 1s finite-dimensional and {os, ..., an} s any orthonormal
basts for W, then the vector

o = 3 (Blox)

b e *

(243

18 the (unique) best approximation to B by vectors in W.
Proof. First note that if 4 is any vector in V, then 8 — v =
(B —a) + (@ —v),and
I8 — lI* = I8 — «l|* + 2 Re (8 — ala — 7) + ||la — v||~
Now suppose 8 — « is orthogonal to every vector in W, that v is in W
and that v ¥ «. Then, since @ — v is in W, it follows that
18—l = I8 — o> + |l — ¥l
> (|8 = off~
Conversely, suppose that |[8 — v|| > ||8 — «]| for every v in W.
Then from the first equation above it follows that
2Re (8 — ofa — 7) + [la — 7?2 0
for all v in W. Since every vector in W may be expressed in the form
o — v with v in W, we see that
2Re (B — alr) + ||7|[* >0
for every 7 in W. In particular, if v is in W and y # «, we may take
_(B—ala—1)

o — A @~

T =

Then the inequality reduces to the statement

-9 |(i8 _ ala - 7)'2 + |(B - ala - 7)|2 > 0.
[l — ][ [loe — ]|
This holds if and only if (8 — a|a — v) = 0. Therefore, 8 — « is orthog-
onal to every vector in W. This completes the proof of the equivalence
of the two conditions on « given in (i). The orthogonality condition is
evidently satisfied by at most one vector in W, which proves (ii).
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Now suppose that W is a finite-dimensional subspace of V. Then we
know, as a corollary of Theorem 3, that W has an orthogonal basis. Let
{oy, . . ., oz} be any orthogonal basis for W and define « by (8-11). Then,
by the computation in the proof of Theorem 3, 8 — « is orthogonal to
each of the vectors oy (8 — « is the vector obtained at the last stage when
the orthogonalization process is applied t0 ey, . . ., a,, 8). Thus 8 — a is
orthogonal to every linear combination of oy, . . ., ay, 1.e., to every vector
in W. If yisin W and v # «, it follows that ||8 — ~|| > ||8 — «||. There-
fore, a is the best approximation to 8 that lies in W.

Definition. Let V be an inner product space and S any set of vectors
in V. The orthogonal complement of S is the set S* of all vectors in V
which are orthogonal to every vector in S.

The orthogonal complement of V is the zero subspace, and conversely
{0}+ = V. If 8 is any subset of V, its orthogonal complement S+ (S perp)
is always a subspace of V. For S is non-empty, sinece it contains 0; and
whenever a and g are in 8t and ¢ is any scalar,

(ca 4 Bly) = claly) + (Bly)
c0+0
=0

I

I

for every v in S, thus ca + 8 also lies in 8. In Theorem 4 the character-
istic property of the vector « is that it is the only vector in W such that
B — a belongs to W+,

Definition. Whenever the vector a in Theorem 4 exists it vs called the
orthogonal projection of 8 on W. If every vector tn V has an orthogonal
projection on W, the mapping that assigns to each vector in V its orthogonal
projection on W 1s called the orthogonal projection of V on W.

By Theorem 4, the orthogonal projection of an inner product space
on a finite-dimensional subspace always exists. But Theorem 4 also implies
the following result.

Corollary. Let V be an inner product space, W a finile-dimensional
subspace, and ¥ the orthogonal projection of V. on W. Then the mapping

BB — EB
18 the orthogonal projection of V on W+,

Proof. Let 8 be an arbitrary vector in V. Then 8 — EB is in W+,
and for any v in W*, 8 — v = ES8+ (8 — EB — v). Since Ef is in W
and 8 — EB — v is in W+, it follows that
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118 — ~|12 = I|EBI|* + |18 — EB — ~l|?
> |18 — (8B — EB)||*

with strict inequality when v = 8 — EB. Therefore, 8 — EB is the best
approximation to 8 by vectors in W+, ||

ExamprLE 14. Give R? the standard inner product. Then the orthog-
onal projection of (—10, 2, 8) on the subspace W that is spanned by
(3,12, —1) is the vector

(=10, 2, 8)|(3, 12,

- —1) _

—14
= To 312, 1),

The orthogonal projection of R?* on W is the linear transformation E
defined by

4 127, —
(21, T2, T3) = (@ig—:—”ﬂ @3, 12, —1).

The rank of E is clearly 1; hence its nullity is 2. On the other hand,
E(xly T, 173) = (07 O) O)

if and only if 3z; + 12z, — x3 = 0. This is the case if and only if (z1, z3, z3)
is in W+. Therefore, W+ is the null space of E, and dim (W*') = 2.
Computing

3 12z, —
(II: T2, IL'.';) - (I_IW) (3; 127 —1)

we see that the orthogonal projection of R3 on W+ is the linear transforma-
tion I — E that maps the vector (z1, 22, z3) onto the vector

%& (1452,‘1 - 36$2 + 3303, —362:1 + 10x2 + 12233, 3231 + 12232 + 153233)

The observations made in Example 14 generalize in the following
fashion.

Theorem 5. Let W be a finite-dimensional subspace of an inner product
space V and let ¥, be the orthogonal projection of V.on W. Then E s an idem-
potent linear transformation of V onto W, W+ 4s the null space of E, and

V=W@Ww.

Proof. Let 8 be an arbitrary vector in V. Then EB is the best
approximation to 8 that lies in W. In particular, E8 = 8 when 8 is in W.
Therefore, E(EB) = EB for every 8in V; that is, £ is idempotent: £ = E.
To prove that E is a linear transformation, let « and 8 be any vectors in
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V and ¢ an arbitrary scalar. Then, by Theorem 4, « — E« and 8 — EB
are each orthogonal to every vector in W. Hence the vector

cle — Ea) + (B — EB) = (ca + B8) — (cEa + EB)
also belongs to W*. Since cEa + EB is a vector in W, it follows from
Theorem 4 that
’ E(ca + B8) = cEa + EB.

Of course, one may also prove the linearity of E by using (8-11). Again
let 8 be any vector in V. Then EB is the unique vector in W such that
B — EB is in W*. Thus EB = 0 when g is in W*. Conversely, g8 is in W+
when EB = 0. Thus W+ is the null space of E. The equation

B=EB+B— EB
shows that V = W 4 W*; moreover, W N\ W+ = {0}. For if o is a

vector in W (M W+, then (a|a) = 0. Therefore, « = 0, and V is the direct
sum of W and W+t. |

Corollary. Under the conditions of the theorem, I — E 1is the orthogonal
projection of V. on W*. It is an idempotent linear transformation of V onto
WL with null space W.

Proof. We have already seen that the mapping 8 — 8 — EB is
the orthogonal projection of V on W*. Since E is a linear transformation,
this projection on W+ is the linear transformation I — E. From its geo-
metric properties one sees that I — k£ is an idempotent transformation
of V onto W. This also follows from the computation

(I-E(I—-E=I—E—E+E
_y gy}

Moreover, (I — E)3 = 0 if and only if 8 = E@B, and this is the case if and
only if 8 is in W. Therefore W is the null space of I — E. ||

The Gram-Schmidt process may now be described geometrically in

the following way. Given an inner product space V and vectors By, . . ., fa
in V, let P; (k > 1) be the orthogonal projection of V on the orthogonal
complement of the subspace spanned by Bi,. .., 8, and set P, = I.

Then the vectors one obtains by applying the orthogonalization process
to By, . . ., B, are defined by the equations

(8-12) ay = Pkﬁk, 1 S k S n.

Theorem 5 implies another result known as Bessel’s inequality.

Corollary. Let {a, ..., ay} be an orthogonal set of non-zero vectors
in an inner product space V. If B is any vector in V, then
2
3 (Bl 10

o ffow]?
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and equality holds if and only if

_ s (Blow)
P % T

k

Proof. Let ~ = ;2 [(B|ex)/||o||?] ax- Then B = v + & where

(v|8) = 0. Hence
18112 = [I¥vl[* + 1[8]]2.

It now suffices to prove that

1(Blew) |2

2 — .

HY“ % “ak“'z

This is straightforward computation in which one uses the fact that
(alan) = 0forj = k. |

In the special case in which {ay, ..., as} is an orthonormal set,
Bessel’s inequality says that

2 [(@law)l® < [l

The corollary also tells us in this case that 8 is in the subspace spanned by
ai, .. ., o, if and only if

B =2 (Blow) ou
%

or if and only if Bessel’s inequality is actually an equality. Of course, in
the event that V is finite dimensional and {ay, . . ., a,} is an orthogonal
basis for V, the above formula holds for every vector 8 in V. In other
words, if {ai, ..., a,} is an orthonormal basis for V, the kth coordinate
of 8 in the ordered basis {ay, . . ., a.} is (8]ax).

ExamrLe 15. We shall apply the last corollary to the orthogonal
sets described in Example 11. We find that

(a) 3
k=—n

1 2 n
(b) / di= % |of

() A‘ (V2 cos 2t + V2 sindmt)?dt = 1 4- 1 = 2.

A * f(8)erint alt]2 < [) " 1F)2 dt

n

E ckeh’ikt

k=—n

Exercises

1. Consider R* with the standard inner product. Let W be the subspace of
R* consisting of all vectors which are orthogonal to both o = (1,0, —1, 1) and
B8 = (2,3, —1, 2). Find a basis for W.
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2. Apply the Gram-Schmidt process to the vectors 81 = (1,0, 1), 3. = (1,0, —1),
B: = (0, 3,4), to obtain an orthonormal basis for B3 with the standard inner
product.

3. Consider C3, with the standard inner product. Find an orthonormal basis for
the subspace spanned by 8: = (1,0, ¢) and 3> = (2, 1, 1 + 7).
4. Let V be an inner product space. The distance between two vectors a and 8
in V is defined by
d(e, B) = [le — Bl
Show that
(a) d(a, 8) 2 0;
(b) d(a, 8) = 0if and only if & = B;
(c) d(e, B) = d(B, a);
(d) d(a, ) < d(a,7) + d(v, B).
5. Let V be an inner product space, and let «, 8 be vectors in V. Show that
a = B if and only if (a}y) = (8]y) for every v in V.

6. Let W be the subspace of R? spanned by the vector (3, 4). Using the standard
inner product, let £ be the orthogonal projection of B2 onto W. Find
(@) a formula for E(x;, z2);
(b) the matrix of ¥ in the standard ordered basis;
(e) W,

(d) an orthonormal basis in which Z is represented by the matrix

[5 o]

0 ol

7. Let V be the inner product space consisting of R? and the inner product
whose quadratic form is defined by

[|(z1, 2o |2 = (21 — 22)® + 33

Let E be the orthogonal projection of V onto the subspace W spanned by the
vector (3, 4). Now answer the four questions of Exercise 6.
8. Find an inner product on R? such that (e, e) = 2.

9. Let V be the subspace of R[x] of polynomials of degree at most 3. Equip V
with the inner product

1
o) = [ 50 at

(a) Find the orthogonal complement of the subspace of scalar polynomials.

(b) Apply the Gram-Schmidt process to the basis {1, z, 22, z3}.

10. Let V be the vector space of all n X n matrices over C, with the inner product
(A|B) = tr (AB*). Find the orthogonal complement of the subspace of diagonal
matrices.

11. Let V be a finite-dimensional inner product space, and let {as, ..., a.} be
an orthonormal basis for V. Show that for any vectors &, 8in V

(@8) = £ (el Bla).
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12. Let W be a finite-dimensional subspace of an inner product space V, and let E
be the orthogonal projection of V on W. Prove that (Ea|8) = (a|EB) for all «, 8
inV.

13. Let S be a subset of an inner product space V. Show that (S*)* contains the
subspace spanned by S, When V is finite-dimensional, show that (S*)* is the sub-
space spanned by S.

14. Let V be a finite-dimensional inner product space, and let ® = {ay, . . ., an}
be an orthonormal basis for V. Let T be a linear operator on V and 4 the matrix
of T in the ordered basis 3. Prove that

Aij = (Taj|ay).

15. Suppose V = W, @ W, and that fi and f, are inner products on W, and W,
respectively. Show that there is a unique inner product f on V such that

(8) Wo = Wi;

) fla, B) = fula, B), when o, B arein Wi, k = 1, 2.

16. Let V be an inner product space and W a finite-dimensional subspace of V.
There are (in general) many projections which have W as their range. One of
these, the orthogonal projection on W, has the property that ||Eal| < ||a|| for
every a in V. Prove that if E is a projection with range W, such that ||Ea|| < ||e]|
for all @ in V, then E is the orthogonal projection on W,

17. Let V be the real inner product space consisting of the space of real-valued
continuous functions on the interval, —1 <t < 1, with the inner product

(fl9) = /_11 Jtg(t) dt.

Let W be the subspace of odd functions, i.e., functions satisfying f(—t) = —f(?).
Find the orthogonal complement of W.

8.3. Linear Functionals and Adjoints

The first portion of this section treats linear functionals on an inner
product space and their relation to the inner product. The basic result is
that any linear functional f on a finite-dimensional inner product space
is ‘inner product with a fixed vector in the space,’ i.e., that such an f has
the form f(a) = (a|B) for some fixed 8 in V. We use this result to prove
the existence of the ‘adjoint’ of a linear operator T on V, this being a linear
operator T* such that (T«|8) = (a|T*B) for all @ and 8 in V. Through the
use of an orthonormal basis, this adjoint operation on linear operators
(passing from T to T*) is identified with the operation of forming the
conjugate transpose of a matrix. We explore slightly the analogy between
the adjoint operation and conjugation on complex numbers.

Let V be any inner product space, and let 8 be some fixed vector inV.
We define a function fz from V into the scalar field by
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fo(@) = (a|B).
This function fs is a linear functional on V, because, by its very definition,

(alB) is linear as a function of . If V is finite-dimensional, every linear
functional on V arises in this way from some 8.

Theorem 6. Let V be a finite-dimensional inner product space, and f a
linear functional on V. Then there exists a unique vector 8 in V such that
f(a) = (a|B) for all @ in V.

Proof. Let {1, @, . . ., @z} be an orthonormal basis for V. Put
(8-13) p=Z fla)e
i=

and let fs be the linear funetional defined by

fe(a) = (a|B).
Then

Jolow) = (o ?f(Tj)aj) = flow).

Since this is true for each oz, it follows that f = fs. Now suppose v is a
vector in V such that («|8) = (a|y) for all @. Then (8 — v|8 —v) =0
and B8 = v. Thus there is exactly one vector 8 determining the linear fune-
tional f in the stated manner. |

The proof of this theorem can be reworded slightly, in terms of the
representation of linear functionals in a basis. If we choose an ortho-
normal basis {a, . .., @, for V, the inner product of & = 210y + +++ +
Tnoyn and B = yoq + - - - + Yaa, will be

(alﬁ) = xlgl + e + ZnYn-
If f is any linear functional on V, then f has the form

f(a) = Clxl_l_ te +Cnxn

for some fixed scalars ¢, ..., ¢, determined by the basis. Of course
¢; = f(e;). If we wish to find a vector 8 in V such that («|8) = f(a) for all ,

then clearly the coordinates y; of 8 must satisfy #; = ¢; or y; = f(a).
Accordingly,

B = flaas + -+ + flan)en
is the desired vector.

Some further comments are in order. The proof of Theorem 6 that
we have given is admirably brief, but it fails to emphasize the essential
geometric fact that 8 lies in the orthogonal complement of the null space
of f. Let W be the null space of f. Then V = W + W+, and f is completely
determined by its values on W<, In fact, if P is the orthogonal projection
of V on W+, then
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fl@) = f(Pa)

for all « in V. Suppose f # 0. Then f is of rank 1 and dim (W+) = 1. If
is any non-zero vector in W+, it follows that

Pl

= e
for all « in V. Thus

f@) = (aly) - fﬁ

for all o, and 8 = [f(v)/|[¥l[*] ~.

ExamrLE 16. We should give one example showing that Theorem 6
is not true without the assumption that V is finite dimensional. Let V be
the vector space of polynomials over the field of complex numbers, with
the inner product

| Rp—
(lo) = [ 509D at.
This inner product can also be defined algebraically. If f = 2 a;a* and
g = 2 bk, then

(flg) m a;bx.

Let 2 be a fixed complex number, and let L be the linear functional
‘evaluation at 2’:

L(f) = 1.

Is there a polynomial ¢ such that (flg) = L(f) for every f? The answer is
no; for suppose we have

1@ = [ 107 at

for every f. Let h = x — 2, so that for any f we have (Af)(2) = 0. Then

= [ nor@e® a

for all f. In particular this holds when f = hg so that

[ m®Plg@ dt = 0

and so hg = 0. Since h # 0, it must be that ¢ = 0. But L is not the zero
functional; hence, no such g exists.

One can generalize the example somewhat, to the case where L is a
linear combination of point evaluations. Suppose we select fixed complex
numbers 2, . . ., 2, and scalars ¢, . . ., ¢, and let

L(f) = af(z) + + -+ + caf(2a).
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Then L is a linear functional on V, but there is no g with L(f) = (f|g),
unless ¢ = ¢ = -++ = ¢, = 0. Just repeat the above argument with
h=(@x—2z) - (z — 2.).

We turn now to the concept of the adjoint of a linear operator.

Theorem 7. For any linear operator T on a finite-dimensional inner
product space V, there exists a unique linear operator T* on V such that

(8-14) (TalB) = (a|T*B)
forall a, Bin V.

Proof. Let 8 be any vector in V. Then a — (T«|B) is a linear
functional on V. By Theorem 6 there is a unique vector 8’ in V such that
(TeB) = («|B’) for every « in V. Let T* denote the mapping 8 — 8':

g = T8,
We have (8-14), but we must verify that T* is a linear operator. Let 8, v
be in ¥ and let ¢ be a scalar. Then for any «,

(@ T*(cB + 7)) = (TaleB + )
(TalcB) + (Talv)
t(TalB) + (Taly)
e T*8) + (| T*y)
(ecT*B) + (] T*v)
= (afcT*8 + T*y).

Thus T*(eB + v) = ¢T*8 + T*y and T* is linear.

The uniqueness of T* is clear. For any 8 in V, the vector T*8 is
uniquely determined as the vector 8’ such that (T«|8) = (a|8’) for
every a. ||

Theorem 8. Let V be a finite-dimensional inner product space and let
® = {a, ..., be an (ordered) orthonormal basts for V. Let T be a
linear operator on V and let A be the matriz of T in the ordered basis B. Then
Ay = (Taja).

Proof. Since ® is an orthonormal basis, we have
n
a = 21 (ot ete) ot
k=

The matrix A is defined by
and since

we have 4;; = (Taj|la). |}
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Corollary. Let V be a finite-dimensional inner product space, and let
T be a linear operator on V. I'n any orthonormal basis for V, the matriz of T*
18 the conjugate transpose of the matriz of T.

Proof. Let ® = {a4, ..., a,} be an orthonormal basis for V, let
A = [T]a and B = [T*]g. According to Theorem 8,
Ay; = (Tej|on)
By = (T*a;|a).
By the definition of 7* we then have
Byj = (T*aj|eu)

= (ak T*a,-)
— Tl
A |

ExaMmpLE 17. Let V be a finite~-dimensional inner product space and
E the orthogonal projection of ¥V on a subspace W. Then for any vectors
aand 8in V.
(Ea|p) = (EalEB + (1 — E)B)
(Ea|EB)
(Ba + (1 — E)a|EB)
= (a|EB).

From the uniqueness of the operator E* it follows that E* = E. Now
consider the projection E described in Example 14. Then

1 9 36 -3
A=m 36 144 -—12

-3 -12 1

Il

is the matrix of E in the standard orthonormal basis. Since £ = E*, 4 is
also the matrix of E*, and because A = A*, this does not contradict the
preceding corollary. On the other hand, suppose

a = (154, 0,0)

a = (145, —36, 3)
a = (—36, 10, 12).

Then {a), oy, a3} is a basis, and

Ea1 = (9, 36, —3)
Ea2 = (O, O, O)
Ea; = (0,0, 0).

Since (9, 36, —3) = —(154,0,0) — (145, —36, 3), the matrix B of F in
the basis {aj, as, a3} is defined by the equation
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-1 0 0
B=(-1 0 0}
0 00

In this case B # B*, and B* is not the matrix of E* = E in the basis
{au, az, as}. Applying the corollary, we conclude that {a;, as, a;} is not
an orthonormal basis. Of course this is quite obvious anyway.

Definition. Let T be a linear operator on an inner product space V.
Then we say that T has an adjoint on V if there exists a linear operator T*
on V such that (Ta|B) = («|T*8) for all @ and B in V.

By Theorem 7 every linear operator on a finite-dimensional inner
product space V has an adjoint on V. In the infinite-dimensional case this
is not always true. But in any case there is at most one such operator T*;
when it exists, we call it the adjoint of 7.

Two comments should be made about the finite-dimensional case.

1. The adjoint of T depends not only on T but on the inner product
as well.

2. As shown by Example 17, in an arbitrary ordered basis ®, the
relation between [7]g and [T*]g is more complicated than that given in
the corollary above.

ExampLE 18. Let V be ™ the space of complex n X 1 matrices,
with inner product (X|Y) = Y*X. If A is an n X n matrix with complex
entries, the adjoint of the linear operator X — AX is the operator
X = A*X. For

(AX|Y) = Y*AX = (A*Y)*X = (X]A*Y).

The reader should convince himself that this is really a special case of the
last corollary.

ExampLE 19. This is similar to IExample 18. Let V be C** with the
inner product (4|B) = tr (B*4). Let M be a fixed n X n matrix over C.
The adjoint of left multiplication by M is left multiplication by M*. Of
course, ‘left multiplication by M’ is the linear operator Ly defined by
Ly(4) = MA.

(Lu(A4)|B) = tr (B*(MA))
= tr (M AB¥*)
= tr (AB*M)
= tr (A(M*B)*)
= (A|Ly*(B)).
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Thus (Lz)* = Ly« In the computation above, we twice used the char-
acteristic property of the trace function: tr (AB) = tr (BA).

ExampLE 20. Let V be the space of polynomials over the field of
complex numbers, with the inner product

(lg) = [, $09D at.

If f is a polynomial, f = 2 aux*, we let f = Z @*. That is, f is the poly-
nomial whose associated polynomial function is the complex conjugate
of that for f:

i) = 1), t real
Consider the operator ‘multiplication by f,” that is, the linear operator
M, defined by M;(g) = fg. Then this operator has an adjoint, namely,
multiplication by f. For

(M) = gty
= [} 10gOR® at

= [ o0 TOr®] at

= (g|7n)
= (g|M5(h))
and so (M7)* = M,.

ExampLE 21. In Example 20, we saw that some linear operators on
an infinite-dimensional inner product space do have an adjoint. As we
commented earlier, some do not. Let ¥V be the inner product space of
Example 21, and let D be the differentiation operator on C[z]. Integra-
tion by parts shows that

(Dflg) = F(1)g(1) — 5(0)g(0) — (f|Dyg).

Let us fix ¢ and inquire when there is a polynomial D*g such that
(Dflg) = (f|D*g) for all f. If such a D*g exists, we shall have

(fID*g) = f(1)g(1) — f(0)9(0) — (f1Dg)

(/ID*g + Dg) = f(1)g(1) — f(0)¢(0).

With g fixed, L(f) = f(1)g(1) — f(0)g(0) is a linear functional of the type
considered in Example 16 and cannot be of the form L(f) = (f]A) unless
L = 0. If D*g exists, then with b = D*g + Dg we do have L(f) = (f|h),
and so g(0) = g(1) = 0. The existence of a suitable polynomial D*g implies
g(0) = g(1) = 0. Conversely, if g(0) = ¢g(1) = 0, the polynomial D*g =
— Dy satisfies (Dflg) = (f|[D*g) for all f. If we choose any g for which
g(0) % 0 or g(1) # 0, we cannot suitably define D*g, and so we conclude
that D has no adjoint.

or
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We hope that these examples enhance the reader’s understanding of
the adjoint of a linear operator. We see that the adjoint operation, passing
from T to T*, behaves somewhat like conjugation on complex numbers.
The following theorem strengthens the analogy.

Theorem 9. Let V be a finite-dimensional inner product space. If T
and U are linear operators on V and ¢ is a scalar,

@) (T + U)* = T* + U*;
(i) (cT)* = eT*;
(iii) (TU)* = U*T*;
(iv) (T** = T.

Proof. To prove (1), let @ and 8 be any vectors in V.
Then
(T + D)alp) = (Ta + Uealp)
= (TalB) + (UalB)
= (o T*B) + (a|U*B)
= (| T*8 + U*B)
= (of(T* + U*)B).

From the uniqueness of the adjoint we have (T + U)* = T* 4+ U*. We
leave the proof of (ii) to the reader. We obtain (iii) and (iv) from the
relations

(TUalB) = (Ua| T*B) = (| U*T*B)
(T*alg) = (B[T*a) = (TBla) = (2|T8). |

Theorem 9 is often phrased as follows: The mapping 7= T* is a
conjugate-linear anti-isomorphism of period 2. The analogy with complex
conjugation which we mentioned above is, of course, based upon the
observation that complex conjugation has the properties (21 + 22) =
21 4 7o, (2129) = 22, 7 = 2. One must be careful to observe the reversal
of order in a produet, which the adjoint operation imposes: (UT)* =
T*U*. We shall mention extensions of this analogy as we continue our
study of linear operators on an inner product space. We might mention
something along these lines now. A complex number 2 is real if and only
if z = Z. One might expect that the linear operators T’ such that T = T*
behave in some way like the real numbers. This is in fact the case. For
example, if T is a linear operator on a finite-dimensional complex inner
produet space, then

(8-15) T = U, + iU,

where U; = Ut and U, = U3. Thus, in some sense, T has a ‘real part’ and
an ‘imaginary part.’” The operators U; and U, satisfying U = Uf, and
U, = Us, and (8-15) are unique, and are given by
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Ui =z (T + T%

||_‘ DO =

U, == (T — T¥).

2
A linear operator T such that 7 = T* is called self-adjoint (or
Hermitian). If ® is an orthonormal basis for V, then

[T*]e = [T1&

and so T is sclf-adjoint if and only if its matrix in every orthonormal basis
is a self-adjoint matrix. Self-adjoint operators are important, not simply
because they provide us with some sort of real and imaginary part for the
general linear operator, but for the following reasons: (1) Self-adjoint
operators have many special properties. For example, for such an operator
there is an orthonormal basis of characteristic vectors. (2) Many operators
which arise in practice are self-adjoint. We shall consider the special
properties of self-adjoint operators later.

Exercises

1. Let V be the space C?, with the standard inner product. Let T be the linear
operator defined by Te; = (1, —2), Tes = (¢, —=1). If & = (x4, 22), find T*a.

2. Let T be the linear operator on C? defined by Te, = (1 + ¢, 2), Te, = (1, 2).
Using the standard inner product, find the matrix of T* in the standard ordered
basis. Does T commute with 7*?

3. Let V be C* with the standard inner product. Let T be the linear operator on
V whose matrix in the standard ordered basis is defined by

A,’k = 'ii+k, (12 = —1).
Find a basis for the null space of T*.

4. Let V be a finite-dimensional inner product space and T a linear operator on V.
Show that the range of T* is the orthogonal complement of the null space of T.

5. Let V be a finite-dimensional inner product space and T a linear operator on V.
If T is invertible, show that T* is invertible and (T*)~! = (T-1)*,

6. Let V be an inner product space and B8, v fixed vectors in V. Show that
Ta = (a|8)y defines a linear operator on V. Show that T has an adjoint, and
describe T™* explicitly.

Now suppose V is C* with the standard inner product, 8 = (y1,. . ., ¥s), and
vy = (a1 ..., %,). What is the j, k entry of the matrix of 7' in the standard ordered
basis? What is the rank of this matrix?

7. Show that the product of two self-adjoint operators is self-adjoint if and only
if the two operators commute.
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8. Let V be the vector space of the polynomials over R of degree less than or
equal to 3, with the inner product

(flg) = [)‘ F©g(t) dt.

If t is a real number, find the polynomial g, in V such that (flg;) = f(¢) forallfin V.

9. Let V be the inner product space of Exercise 8, and let D be the differentiation
operator on V. Find D*.

10. Let V be the space of n X n matrices over the complex numbers, with the
inner product (4, B) = tr (AB*). Let P be a fixed invertible matrix in V, and
let T» be the linear operator on V defined by Tr(4) = P~1AP. Find the adjoint
Of Tp.

11. Let V be a finite-dimensional inner product space, and let E be an idempotent
linear operator on V, i.e., E2 = E. Prove that E is self-adjoint if and only if
EE* = E*E.

12, Let V be a finite-dimensional complex inner product space, and let T be a
linear operator on V. Prove that T is self-adjoint if and only if (T«|a) is real for
every a in V.

299

8.4. Unitary Operators

In this section, we consider the concept of an isomorphism between
two inner product spaces. If V and W are vector spaces, an isomorphism
of ¥V onto W is a one-one linear transformation from V onto W, i.e., a
one-one correspondence between the elements of V and those of W, which
‘preserves’ the vector space operations. Now an inner product space con-
sists of a vector space and a specified inner product on that space. Thus,
when V and W are inner product spaces, we shall require an isomorphism
from V onto W not only to preserve the linear operations, but also to
preserve inner products. An isomorphism of an inner product space onto
itself is called a ‘unitary operator’ on that space. We shall consider various
examples of unitary operators and establish their basic properties.

Definition. Let V and W be inner product spaces over the same field,
and let T be a linear transformation from V into W. We say that T pre-
serves inner products if (Ta|TB) = («|B) for all @, B in V. An iso-
morphism of V onto W is a vector space vsomorphism T of V onto W which
also preserves inner products.

If T preserves inner products, then ||Ta|| = ||a|| and so T is neces-
sarily non-singular. Thus an isomorphism from V onto W can also be
defined as a linear transformation from V onto W which preserves inner
products. If T is an isomorphism of ¥ onto W, then 7! is an isomorphism
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of W onto V; hence, when such a T exists, we shall simply say V and W
are isomorphic. Of course, isomorphism of inner product spaces is an
equivalence relation.

Theorem 10. Let V and W be finite-dimensional inner product spaces
over the same field, having the same dimension. If T 7s a linear transformation
from V into W, the following are equivalent.

(i) T preserves inner products.
(ii) T 4s an (inner product space) isomorphism.
(iii) T carries every orthonormal basis for V onto an orthonormal basis
for W.
(iv) T carries some orthonormal basts for V onto an orthonormal basis

for W.

Proof. (i) = (ii) If T preserves inner products, then ||Te|| = ||«||
for all @ in V. Thus 7 is non-singular, and since dim V = dim W, we know
that 7T is a vector space isomorphism.

(ii) = (iii) Suppose T' is an isomorphism. Let {ay,..., as} be an
orthonormal basis for V. Since T is a vector space isomorphism and
dim W = dim V, it follows that {Ta, . . ., Te,} is a basis for W. Since T
also preserves inner products, (Te;|Tax) = (ajlar) = 8.

(iii) = (iv) This requires no comment.

(iv) = (i) Let {au, ..., @,} be an orthonormal basis for V such that
{Ta, . .., Ta.} is an orthonormal basis for W. Then

(Taj|Ter) = (ajlen) = 8jn.
Forany @ = zi1 + -+ + Zaanand 8 = y1o1 + - - + Yna. in V, we have

(a|B) = g x;Y;
=1

(Ta|TB) = (T 2Tyl % YT o)
J

2 Z G (Tes| T
J

n -
= 2 z¥;
i=1
and so T preserves inner products. |

Corollary. Let V and W be finite-dimensional inner product spaces
over the same field. Then V and W are isomorphic if and only if they have
the same dimension.

Proof. If {ai, ..., as} is an orthonormal basis for V and
{81, . .., B} is an orthonormal basis for W, let T be the linear transfor-
mation from V into W defined by T«; = 8;. Then T is an isomorphism of
Vonto W. |
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Exawmpre 22. If V is an n-dimensional inner product space, then each
ordered orthonormal basis ® = {a, . .., a.} determines an isomorphism
of V onto F* with the standard inner product. The isomorphism is simply

Tl + -+« + zpan) = (@1, . . ., T,).

There is the superficially different isomorphism which ® determines of V'
onto the space F™<! with (X|Y) = Y*X as inner product. The isomor-
phism is

a— [alg

i.e., the transformation sending « into its coordinate matrix in the ordered
basis ®. For any ordered basis ®, this is a vector space isomorphism;
however, it is an isomorphism of the two inner product spaces if and only
if ® is orthonormal.

ExamprLE 23. Here is a slightly less superficial isomorphism. Let W
be the space of all 3 X 3 matrices 4 over R which are skew-symmetric,
Le, A* = —A. We equip W with the inner product (4|B) = 1 tr (ABY),
the 1 being put in as a matter of convenience. Let V be the space R3 with
the standard inner product. Let T be the linear transformation from V
into W defined by

0 —X3 Xo
T(:vx, L2, xa) = X3 0 —ax|
—x X1 0

Then T maps V onto W, and putting

0 —uxs xﬂ 0 —us Ya
4= T3 0 —xp B = Ys 0 —un
— X2 x1 0 n — Y Y1 0

we have
tr (ABY) = xsys + o2 + TaYs + Taye + Tin
= 2(561?/1 + z2ye + 173.7/3)~

Thus (a|8) = (Ta|TB) and T is a vector space isomorphism. Note that T
carries the standard basis {e, e, &} onto the orthonormal basis consisting
of the three matrices

00 0 001 0 -1 0
00 —1) 0 0 0p 1 0 0}
01 0 -1 0 0 0 00

ExampiE 24. Tt is not always particularly convenient to describe an
isomorphism in terms of orthonormal bases. For example, suppose G = P*P
where P is an invertible n X n matrix with complex entries. Let V be the
space of complex n X 1 matrices, with the inner product [X|Y] = Y*GX.
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Let W be the same vector space, with the standard inner produet (X|¥) =
Y*X. We know that V and W are isomorphic inner product spaces. It
would seem that the most convenient way to describe an isomorphism
between V and W is the following: Let T be the linear transformation
from V into W defined by T(X) = PX. Then

(TX|TY) = (PX|PY)
(PY)*(PX)
Y*P*PX
Y*GX
(X]Y].

Hence T is an isomorphism.

ExampLE 25. Let V be the space of all continuous real-valued func-
tions on the unit interval, 0 < ¢ < 1, with the inner product

lg] = [, S0gyee at

Let W be the same vector space with the inner product

1
(o) = [, F0g(0) at
Let T' be the linear transformation from V into W given by
(TH©®) = ).

Then (Tf|Tg) = [flg], and so T preserves inner products; however, T is
not an isomorphism of V onto W, because the range of 7 is not all of W.
Of course, this happens because the underlying vector space is not finite-
dimensional.

Theorem 11. Let V and W be inner product spaces over the same field,
and let T be a linear transformation from V into W. Then T preserves inner
products if and only if ||Te|| = ||| for every o in V.

Proof. If T preserves inner products, 7' ‘preserves norms.” Sup-
pose ||T¢|| = ||| for every « in V. Then ||T¢||? = ||«||>. Now using the
appropriate polarization identity, (8-3) or (8-4), and the fact that 7T is
linear, one easily obtains («|8) = (Ta|TB8) for alle, Sin V. |

Definition. A unitary operator on an inner product space is an is0-
morphism of the space onto itself.

The produet of two unitary operators is unitary. For, if U, and U,
are unitary, then U,U, is invertible and ||U.Use|| = [|Uie|| = ||al| for
each a. Also, the inverse of a unitary operator is unitary, since |[Uq|| =
[lef] says [|[UB|| = ||8|], where 8 = Ua. Since the identity operator is
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clearly unitary, we see that the set of all unitary operators on an inner
product space is a group, under the operation of composition.

If V is a finite-dimensional inner product space and U is a linear
operator on V, Theorem 10 tells us that U is unitary if and only if
(UalUB) = (a|B) for each a, B in V; or, if and only if for some (every)
orthonormal basis {ay, ..., a,} it is true that {Ua, ..., Ua,} is an
orthonormal basis.

Theorem 12. Let U be a linear operator on an inner prod -~ space V.
Then U is unitary if and only if the adjoint U* of U exists and UU* =
U*U = L.

Proof. Suppose U is unitary. Then U is invertible and
(Ualpy = (Ua|UUB) = (a|U16)
for all a, 8. Hence U™ is the adjoint of U.
Conversely, suppose U* exists and UU* = U*U = I. Then U is

invertible, with U~=! = U*. So, we need only show that U preserves inner
products. We have

(Uea|UB)

(| U*UB)
(alI8)
= (afB)

forall @, 8. |}

ExampLE 26. Consider C™! with the inner product (X|Y) = Y*X.
Let A be an n X n matrix over C, and let U be the linear operator defined
by U(X) = AX. Then

(UX|UY) = (AX|AY) = Y*4*AX
for all X, Y. Hence, U is unitary if and only if 4*4 = I.

Definition. A complex n X n matrix A is called unitary, if A*A = L.

Theorem 13. Let V be a finite-dimensional inner product space and
let U be a linear operator on V. Then U us unitary if and only if the matrix
of U in some (or every) ordered orthonormal basis 1s a unitary matriz.

Proof. At this point, this is not much of a theorem, and we state
it largely for emphasis. If ® = {ai, ..., @.} is an ordered orthonormal
basis for V and A is the matrix of U relative to ®, then A*4 = I if and
only if U*U = I. The result now follows from Theorem 12. |

Let A be an n X n matrix. The statement that A is unitary simply
means

(A*4)px = i
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or
| —
b ArjArk = ajk-
r=1

In other words, it means that the columns of A form an orthonormal set
of column matrices, with respect to the standard inner produet (X|Y) =
Y*X. Since A*4A = I if and only if AA* = I, we see that A is unitary
exactly when the rows of A comprise an orthonormal set of n-tuples in C,
(with the standard inner produet). So, using standard inner products,
A is unitary if and only if the rows and eolumns of A are orthonormal sets.
One sees here an example of the power of the theorem which states that a
one-sided inverse for a matrix is a two-sided inverse. Applying this theorem
as we did above, say to real matrices, we have the following: Suppose we
have a square array of real numbers such that the sum of the squares of
the entries in each row is 1 and distinet rows are orthogonal. Then the
sum of the squares of the entries in each column is 1 and distinet columns
are orthogonal. Write down the proof of this for a 3 X 3 array, without
using any knowledge of matrices, and you should be reasonably impressed.

Definition. A real or complex n X n matriz A s said to be orthogo-
nal, if AtA = 1.

A real orthogonal matrix is unitary; and, a unitary matrix is
orthogonal if and only if each of its entries is real.

IixampLE 27. We give some examples of unitary and orthogonal
matrices.

(a) A 1 X 1 matrix [¢] is orthogonal if and only if ¢ = =1, and
unitary if and only if ¢¢ = 1. The latter condition means (of course) that
le| =1, or ¢ = e, where 6 is real.

(b) Let
-0 dl

Then A is orthogonal if and only if

1 d —b
t -1 — .
'A_Al—ad—bc[—-c a]

The determinant of any orthogonal matrix is easily seen to be £1. Thus
A is orthogonal if and only if

4= ]

or
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where a? + b? = 1. The two cases are distinguished by the value of det 4.
(¢) The well-known relations between the trigonometric functions
show that the matrix

A, = l:cos 6 —sin G:I
= Lsin 0 cos 8

is orthogonal. If 8 is a real number, then 4, is the matrix in the standard
ordered basis for R? of the linear operator U, rotation through the angle 6.
The statement that A4, is a real orthogonal matrix (hence unitary) simply
means that Uy is a unitary operator, i.e., preserves dot products.

(d) Let
a-2d]

Then A is unitary if and only if

[g c':I_ 1 [ d —b]'

b d] ad—bcL~c a

The determinant of a unitary matrix has absolute value 1, and is thus a
complex number of the form e?, 8 real. Thus A is unitary if and only if

AN
—ebh ePa] |0 e®jL-b a

where 6 is a real number, and a, b are complex numbers such that
als + bl = 1.

As noted earlier, the unitary operators on an inner product space
form a group. From this and Theorem 13 it follows that the set U(n) of
all n X n unitary matrices is also a group. Thus the inverse of a unitary
matrix and the product of two unitary matrices are again unitary. Of
course this is easy to sce directly. An n X n matrix A with complex entries
isunitary if and only if A~ = A* Thus, if 4 is unitary, we have (A=)~ =
A=(A"1=(AN* If A and B are n X n unitary matrices, then
(AB)"t = B~14—1 = B*A* = (AB)*.

The Gram-Schmidt process in € has an interesting corollary for
matrices that involves the group U(n).

Theorem 14. For every invertible complex n X n matrix B there exists
a unique lower-triangular matrix M with positive entries on the main diagonal
such that MB s unitary.

Proof. Therows By, ..., 83, of Bform a basis for (. Let au, . . . , an
be the vectors obtained from 8, . . ., 8. by the Gram-Schmidt process.
Then, for 1 < k < n, {ay, ..., ox} i3 an orthogonal basis for the subspace
spanned by {8, .. ., B}, and
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o = i — 3 i)

i< Tl

Hence, for each k there exist unique sealars Cy; such that
o = B — T Cuf.
i<k

Let U be the unitary matrix with rows

[24] [0 7%
fleal]” """ |]etal
and M the matrix defined by
Ao, i<k
ol * 4 5
Mkj = ]. . .

— fj=k

lTeull ™7

0, ifj> k.

Then M is lower-triangular, in the sense that its entries above the main
diagonal are 0. The entries My of M on the main diagonal are all > 0, and

% = z M8, 1<k<Ln
j=1

lleall 5=

Now these equations simply say that
U= MB.

To prove the uniqueness of M, let T*+(n) denote the set of all complex
n X n lower-triangular matrices with positive entries on the main diagonal.
Suppose My and M, are elements of T+(n) such that M;B is in U(n) for
¢ = 1, 2. Then because U(n) is a group

(M,\B)(M,B)! = MM;?

lies in U(n). On the other hand, although it is not entirely obvious, T*(n)
is also a group under matrix multiplication. One way to see this is to con-
sider the geometric properties of the linear transformations

X - MX, (M in T*(n))

on the space of column matrices. Thus Mz, M;M;3?, and (M, M3 ")~! are
all in T+(n). But, since MMz "' is in U(n), (M. Mz")"! = (M, M:")*. The
transpose or conjugate transpose of any lower-triangular matrix is an
upper-triangular matrix. Therefore, M, Ms' is simultaneously upper-
and lower-triangular, i.e., diagonal. A diagonal matrix is unitary if and
only if each of its entries on the main diagonal has absolute value 1; if the

diagonal entries are all positive, they must equal 1. Hence MM:"' = I
and M; = M,. |
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. Let GL(n) denote the set of all invertible complex » X n matrices.
Then GL(n) is also a group under matrix multiplication. This group is
called the general linear group. Theorem 14 is equivalent to the fol-
lowing result.

Corollary. For each B in GL(n) there exist unique matrices N and U
such that N is tn T+(n), U 1s in U(n), and

B=N.T.

Proof. By the theorem there is a unique matrix M in T+(n) such
that MB isin U(n). Let MB = U and N = M~'. Then N is in T+(n) and
B = N - U. On the other hand, if we are given any elements N and U
such that N is in T#(n), U is in U(n), and B = N - U, then N-1B is In
U(n) and N7! is the unique matrix M which is characterized by the
theorem; furthermore U is necessarily N='B. ||

ExampLe 28. Let z; and z, be real numbers such that 2z} + 23 = 1

and z; #= 0. Let
1 22 0
B=j0 1 0}
0 0 1

Applying the Gram-Schmidt process to the rows of B, we obtain the
vectors
ar = (z1, T2, 0)
Qg = (Oy 1) 0) - .’.82(1)1, T, 0)
= 131(—1'2, X1, 0)

a; = (0,0, 1).
Let U be the matrix with rows a1, (@2/1), as. Then U is unitary, and
z 2 0 1 0 O|[z1 22 O
U=|-n n o|={-2 L ollo 1 o0
T I
0 0 1 0 0 1110 0 1
Now multiplying by the inverse of
1 0 0
m=|-2 1
A
0 0 1

we find that

T2 0 1 0 0 1 z2 O
0 1 0} = T2 T 0 —Xy T 0}
0 0 1 0 0 1 0 0 1
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Let us now consider briefly change of coordinates in an inner product
space. Suppose V is a finite-dimensional inner product space and that
® = {a, ..., and ® = {ai,..., an} are two ordered orthonormal
bases for V. There is a unique (necessarily invertible) n X n matrix P
such that

la]er = P alg

for every a in V. If U is the unique linear operator on V defined by
Ua; = o}, then P is the matrix of U in the ordered basis ®:

n

’

o = 2 ijaj.
i=1

Since ® and ®’ are orthonormal bases, U is a unitary operator and P is
a unitary matrix. If 7" is any linear operator on V, then

[Tle = P~ [T)eP = P*[T]aP.

Definition. Let A and B be complex n X n matrices. We say that B
is unitarily equivalent to A if there is an n X n unitary matriz P such
that B = P1AP. We say that B is orthogonally equivalent to A if there
18 an n X n orthogonal matriz P such that B = P1AP.

With this definition, what we observed above may be stated as
follows: If ® and ®’ are two ordered orthonormal bases for V, then, for
each linear operator 7 on V, the matrix [T]g is unitarily equivalent to
the matrix [T]g. In case V is a real inner product space, these matrices
are orthogonally equivalent, via a real orthogonal matrix.

Exercises

1. Find a unitary matrix which is not orthogonal, and find an orthogonal matrix
which is not unitary.

2. Let V be the space of complex n X n matrices with inner product (4{B) =
tr (AB*). For each M in V, let T'y be the linear operator defined by Tu(4) = MA.
Show that T is unitary if and only if M is a unitary matrix.

3. Let V be the set of complex numbers, regarded as a real vector space.

(a) Show that (a|8) = Re (af) defines an inner product on V.

(b) Exhibit an (inner product space) isomorphism of V onto R? with the
standard inner product.

(¢) Foreach+yin V,let M, be the linear operator on V defined by M,(a) = va.
Show that (M, )* = M;5.

(d) For which complex numbers v is M, self-adjoint?

(e) For which vy is M, unitary?
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(f) For which v is M, positive?

(g) What is det (M,)?

(h) Find the matrix of M, in the basis {1, 7}.

(i) If T is a linear operator on V, find necessary and sufficient conditions
for T to be an M,.

(i) Find a unitary operator on V which is not an M,

4. Let V be R?, with the standard inner product. If U is a unitary operator on V,
show that the matrix of U in the standard ordered basis is either

[cos # —sinf cos 8 sin @
sin 8 cos f sin § —cosé@

for some real 8, 0 < 6 < 2m. Let Up be the linear operator corresponding to the
first matrix, i.e., Uy is rotation through the angle 8. Now convince yourself that
every unitary operator on V is either a rotation, or reflection about the e-axis
followed by a rotation.

() What is UpU,?

(b) Show that Ui = U_,.

(c) Let ¢ be a fixed real number, and let 8 = {a), @2} be the orthonormal
basis obtained by rotating {e, e;} through the angle ¢, ie., a; = Uye;. If 0 is
another real number, what is the matrix of Uy in the ordered basis ®?

5. Let V be R? with the standard inner product. Let W be the plane spanned
by @ = (1,1,1) and 8 = (1,1, —2). Let U be the linear operator defined, geo-
metrically, as follows: U is rotation through the angle 8, about the straight line
through the origin which is orthogonal to W. There are actually two such rotations
—choose one. Find the matrix of U in the standard ordered basis. (Here is one
way you might proceed. Find a; and a; which form an orthonormal basis for W.
Let a3 be a vector of norm 1 which is orthogonal to W. Find the matrix of U in
the basis {4, @, aa}. Perform a change of basis.)

6. Let V be a finite-dimensional inner product space, and let W be a subspace
of V. Then V = W @ W+, that is, each « in V is uniquely expressible in the form
a = f + v, with 8in W and 7 in W*. Define a linear operator U by Ua = 8 — #.

(a) Prove that U is both self-adjoint and unitary.
(b) If V is R3 with the standard inner product and W is the subspace spanned
by (1,0, 1), find the matrix of U in the standard ordered basis.

7. Let V be a complex inner product space and T a self-adjoint linear operator
on V. Show that
(@) |la + T¢af| = |la — iTa|| for every e in V.
(b) @ + iTa = B + 176 if and only if & = 8.
(¢) I + ¢7T is non-singular.
(d) I — ¢T is non-singular.
(e) Now suppose V is finite-dimensional, and prove that

U= (-3 +iT)

is a unitary operator; U is called the Cayley transform of 7. In a certain sense,
U = f(T), where f(z) = (1 —iz)/(1 + ).
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8. If 9 is a real number, prove that the following matrices are unitarily equivalent

|:cos0 —sin 0:| ed 0 :I

sin@  cosd) 0 e

9. Let V be a finite-dimensional inner product space and T a positive linear
operator on V. Let pr be the inner product on V defined by pr(e, 8) = (Ta|B).

Let U be a linear operator on V and U* its adjoint with respect to ( | ). Prove
that U is unitary with respect to the inner product pr if and only if T = U*TU.

10. Let V be a finite-dimensional inner product space. For each a, 8 in V, let
T .5 be the linear operator on V defined by T4,s(v) = (v|8)a. Show that

(8) Tip = Tha

(b) trace (Ta,8) = (c|B).

() TapTys = Ta,Bims-

(d) Under what conditions is Tg,g self-adjoint?

11. Let V be an n-dimensional inner product space over the field F, and let L(V, V)
be the space of linear operators on V. Show that there is a unique inner product
on L(V, V) with the property that ||Tepl|? = ||a||?|8]|2 for all a, 8 in V. (Tq,s
is the operator defined in Exercise 10.) Find an isomorphism between L(V, V)
with this inner product and the space of n X n matrices over I, with the inner
product (A]|B) = tr (AB*).

12. Let V be a finite-dimensional inner product space. In Exercise 6, we showed
how to construct some linear operators on V which are both self-adjoint and
unitary. Now prove that there are no others, i.e., that every self-adjoint unitary
operator arises from some subspace W as we described in Exercise 6.

13. Let V and W be finite-dimensional inner product spaces having the same
dimension. Let U be an isomorphism of V onto W. Show that:

(a) The mapping T — UTU~!is an isomorphism of the vector space L(V, V)
onto the vector space L(W, W).

(b) trace (UTU™Y) = trace (T) for each T in L(V, V).

(¢) UTepU™ = Tya,up (Ta,p defined in Exercise 10).

(d) (UTUYHY* = UT*U.

(e) If we equip L(V,V) with inner product (Th|Ts) = trace (T\T3), and
similarly for L(W, W), then T — UTU™! is an inner product space isomorphism.

14. If V is an inner product space, a rigid motion is any function T from V
into V (not necessarily linear) such that ||Ta — T8|| = |la — 8| forall @, 8 in V.
One example of a rigid motion is a linear unitary operator. Another example is
translation by a fixed vector v:

Ty(a) = a+v

(a) Let V be R? with the standard inner product. Suppose T is a rigid motion
of V and that T(0) = 0. Prove that T is linear and a unitary operator.

(b) Use the result of part (a) to prove that every rigid motion of R? is com-
posed of a translation, followed by a unitary operator.

(¢) Now show that a rigid motion of R? is either a translation followed by a
rotation, or a translation followed by a reflection followed by a rotation.
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15. A unitary operator on R* (with the standard inner product) is simply a linear
operator which preserves the quadratic form

[z, 4,2, D2 = a? + y2 + 22 + 12

that is, a linear operator U such that ||Uq||2 = ||a||? for all @ in R In a certain
part of the theory of relativity, it is of interest to find the linear operators T which
preserve the form

H(I, Y, % t)H2 ={* —2? — yZ — 2%

Now || |3 does not come from an inner product, but from something called
the ‘Lorentz metric’ (which we shall not go into). For that reason, a linear operator
T on R* such that ||Te||} = ||a||2, for every « in R4, is called a Lorentz
transformation.
(a) Show that the function U defined by
Uz, y,2 1) = [ut f fz ytJ_r ;Z]

is an isomorphism of R* onto the real vector space H of all self-adjoint 2 X 2
complex matrices.

(b) Show that ||a||7 = det (Ua).

(¢) Suppose T is a (real) linear operator on the space H of 2 X 2 self-adjoint
matrices. Show that L = U™TU is a linear operator on R4,

(d) Let M be any 2 X 2 complex matrix. Show that Tw(A) = M*AM defines
a linear operator T on H. (Be sure you check that Ty maps H into H.)

(e) If M is a 2 X 2 matrix such that |det 37| = 1, show that Ly = U1TyU
is a Lorentz transformation on R4,

(f) Find a Lorentz transformation which is not an Ly.
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8.5. Normal Operators

The principal objective in this section is the solution of the following
problem. If T is a linear operator on a finite-dimensional inner product
space V, under what conditions does V have an orthonormal basis con-
sisting of characteristic vectors for 7? In other words, when is there an
orthonormal basis ® for V, such that the matrix of T in the basis & is

diagonal?

We shall begin by deriving some necessary conditions on 7', which
we shall subsequently show are sufficient. Suppose ® = {a, . .., a,} is
an orthonormal basis for V with the property
(8-16) Ta; =cjoy, j=1,...,n.

This simply says that the matrix of T in the ordered basis ® is the diagonal
matrix with diagonal entries ¢, . . ., ¢,. The adjoint operator T* is repre-

sented in this same ordered basis by the conjugate transpose matrix, i.e.,
the diagonal matrix with diagonal entries &, . . ., ¢, If V is a real inner
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product space, the scalars ci, . . ., ¢, are (of course) real, and so it must
be that T = T* .In other words, if V is a finite-dimensional real inner
probut space and 7 is a linear operator for which there is an orthonormal
basis of characteristic vectos, then T must be self-adjoint. If V is a com-

plex inner product space, the scalars ¢, ..., ¢, need not be real, ie.,
T need not be self-adjoint. But notice that 7" must satisfy
(8-17) TT* = T*T.

For, any two diagonal matrices commute, and since 7 and T* are both
represented by diagonal matrices in the ordered basis ®, we have (8-17).
It is a rather remarkable fact that in the complex case this condition is
also sufficient to imply the existence of an orthonormal basis of charac-
teristic vectors.

Definition. Let V be a finite-dimensional inner product space and T a
linear operator on V. We say that T is normal if it commutes with its adjoint
i.e., TT* = T*T.

Any self-adjoint operator is normal, as is any unitary operator. Any
scalar multiple of a normal operator is normal; however, sums and prod-
ucts of normal operators are not generally normal. Although it is by no
means necessary, we shall begin our study of normal operators by con-
sidering self-adjoint operators.

Theorem 15. Let V be an inner product space and T a self-adjoint
linear operator on V. Then each characteristic value of T is real, and char-
acteristic veclors of T associated with distinct characteristic values are
orthogonal.

Proof. Suppose ¢ is a characteristic value of T, i.e., that Ta = ca
for some non-zero vector a. Then

cla|a) = (cala)
(Te|a)
(a|Ta)
= (efca)
= t(ala).

Since (ale) # 0, we must have ¢ = ¢. Suppose we also have T8 = dg with
B8 # 0. Then
c(alB) = (Talg)

= (| T8)

= (ldg)

= d(a|g)

= d(a|B).
If ¢ # d, then (a|8) = 0. |



Sec. 8.5 Normal Operators

It should be pointed out that Theorem 15 says nothing about the
existence of characteristic values or characteristic vectors.

Theorem 16. On a finite-dimensional tnner product space of positive
dimension, every self-adjoint operator has a (non-zero) characteristic vector.

Proof. Let V be an inner product space of dimension n, where
n > 0, and let 7 be a self-adjoint operator on V. Choose an orthonormal
basis ® for V and let 4 = [T]g. Since T = T%*, we have 4 = 4% Now
let W be the space of n X 1 matrices over C, with inner product (X|Y) =
Y*X. Then U(X) = AX defines a self-adjoint linear operator U on W.
The characteristic polynomial, det (xI — A), is a polynomial of degree n
over the complex numbers; every polynomial over C of positive degree
has a root. Thus, there is a complex number ¢ such that det (¢cI — 4) = 0.
This means that 4 — ¢l is singular, or that there exists a non-zero X
such that AX = ¢X. Since the operator U (multiplication by A) 1s self-
adjoint, it follows from Theorem 15 that ¢ is real. If V is a real vector
space, we may choose X to have real entries. For then A and A — ¢/ have
real entries, and since 4 — ¢l is singular, the system (4 — ¢I)X = 0 has
a non-zero real solution X. It follows that there is a non-zero vector a in
V such that Ta = ca. |

There are several comments we should make about the proof.

(1) The proof of the existence of a non-zero X such that AX = ¢X
had nothing to do with the faet that A was Hermitian (self-adjoint). 1t
shows that any linear operator on a finite-dimensional complex vector
space has a characteristic vector. In the case of a real inner product space,
the self-adjointness of A4 is used very heavily, to tell us that each charac-
teristic value of 4 is real and hence that we can find a suitable X with
real entries.

(2) The argument shows that the characteristic polynomial of a self-
adjoint matrix has real coefficients, in spite of the fact that the matrix
may not have real entries.

(3) The assumption that V is finite-dimensional is necessary for the
theorem; a self-adjoint operator on an infinite-dimensional inner product
space need not have a characteristic value.

ExamrLe 29. Let V be the vector space of continuous complex-
valued (or real-valued) econtinuous functions on the unit interval,
0 < ¢ < 1, with the inner produet

(lg) = [ rg® at.

The operator ‘multiplication by t,” (Tf)({t) = tf(t), is self-adjoint. Let us
suppose that Tf = ¢f. Then

3138
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t—of®) =0, 0<i<1

and so f(t) = 0 for ¢ 5 ¢. Since f is continuous, f = 0. Hence T has no
characteristic values (vectors).

Theorem 17. Let V be a finite-dimensional inner product space, and
let T be any linear operator on V. Suppose W is a subspace of V which is
invariant under T. Then the orthogonal complement of W is invariant
under T*.

Proof. We recall that the fact that W is invariant under 7' does
not mean that each vector in W is left fixed by 7T'; it means that if « is in
W then Ta is in W. Let 8 be in W, We must show that T*3 is in W+,
that is, that («|T*8) = 0 for every a in W. If a is in W, then Ta is in W,
50 (Ta|B) = 0. But (Ta|B) = (a|T*3). |

Theorem 18. Let V be a finite-dimensional inner product space, and
let T be a self-adjoint linear operator on V. Then there is an orthonormal basis
for V, each vector of which s a characteristic vector for T.

Proof. We are assuming dim V > 0. By Theorem 16, T has a
characteristic vector a. Let a1 = a/||a|| so that «; is also a characteristic
vector for T and |[|oy|| = 1. If dim V = 1, we are done, Now we proceed
by induction on the dimension of V. Suppose the theorem is true for inner
product spaces of dimension less than dim V. Let W be the one-dimensional
subspace spanned by the vector a;. The statement that o is a characteristic
vector for T simply means that W is invariant under 7. By Theorem 17,
the orthogonal complement W+ is invariant under 7% = 7. Now W+,
with the inner product from V, is an inner product space of dimension
one less than the dimension of V. Let U be the linear operator induced
on W+ by T, that is, the restriction of 7" to W+. Then U is self-adjoint,
and by the induction hypothesis, W+ has an orthonormal basis {as, . . . , a.}
consisting of characteristic vectors for U. Now each of these vectors is
also a characteristic vector for T, and since V = W @ W+, we conclude
that {oyq, . . ., @} is the desired basis for V. |

Corollary. Let A be an n X n Hermitian (self-adjoint) matriz. Then
there is a unilary malriz P such that P7IAP s diagonal (A s unitarily
equivalent to a diagonal matriz). If A is a real symmetric matriz, there is a
real orthogonal matriz P such that P*AP s diagonal.

Proof. Let V be C*!, with the standard inner product, and let T
be the linear operator on V which is represented by 4 in the standard

ordered basis. Since 4 = A* we have T = T* Let ® = {ay, ..., an}
be an ordered orthonormal basis for V, such that Te; = ¢ja;,j = 1,...,n.
If D = [T]a, then D is the diagonal matrix with diagonal entriescy, . . ., ¢,

Let P be the matrix with column vectors oy, . . ., a,. Then D = P714AP.



Sec. 8.5 Normal Operators

In case each entry of 4 is real, we can take V to be R» with the
standard inuer product, and repeat the argument. In this case, P will be
a unitary matrix with real entries, i.e., a real orthogonal matrix. |

Combining Theorem 18 with our comments at the beginning of this
section, we have the following: If V is a finite-dimensional real inner
product space and 7 is a linear operator on V, then V has an orthonormal
basis of characteristic vectors for T if and only if 7 is self-adjoint. Equiv-
alently, if 4 is an n X n matrix with real entries, there is a real orthogonal
matrix P such that P'AP is diagonal if and only if A = A* There is no
such result for complex symmetric matrices. In other words, for complex
matrices there is a significant difference between the conditions 4 = A!
and A = A*,

Having disposed of the self-adjoint case, we now return to the study
of normal operators in general. We shall prove the analogue of Theorem 18
for normal operators, in the complex case. There is a reason for this restric-
tion. A normal operator on a real inner product space may not have any
non-zero characteristic vectors. This is true, for example, of all but two
rotations in R2.

Theorem 19. Let V be a finite-dimensional inner product space and
T a normal operator on V. Suppose a s a vector in V. Then a is a charac-
teristic vector for T with characteristic value ¢ if and only if « is a charac-
teristic vector for T* with characteristic value €.

Proof. Suppose U is any normal operator on V. Then ||Uq|| =
(|U*a||. For using the condition UU* = U*U one sees that

[|Ual|? = (Ua|Ua) = (a)U*Uq)

= (a|lUU*a) = (U*a|U*a) = ||U*q|]2
If ¢ is any scalar, the operator U = T — ¢l is normal. For (T — ¢I)* =
T* — I, and it is easy to check that UU* = U*U. Thus
(T = eDal| = [[(T* — cD)e]

so that (T — ¢)a = 0 if and only if (T* —él)a = 0. |

Definition. A complex n X n mairiz A s called normal if AA* =
A*A.

It is not so easy to understand what normality of matrices or oper-
ators really means; however, in trying to develop some feeling for the
concept, the reader might find it helpful to know that a triangular matrix
is normal if and only if it is diagonal.

Theorem 20. Let V be a finile-dimensional inner product space, T a
linear operator on V, and ® an orthonormal basis for V. Suppose that the
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matriz A of T in the basis ® is upper triangular. Then T is normal if and
only if A is a diagonal matriz.

Proof. Since ® is an orthonormal basis, A* is the matrix of T*
in @. If A is diagonal, then AA* = A*A, and this implies TT* = T*T.
Conversely, suppose T' is normal, and let & = {ay, ..., a,}. Then, since
A is upper-triangular, Tay = Ay, By Theorem 19 this implies, T*a; =
Anay. On the other hand,

T*al = E (A*),-la,-
7
= E Aljaj.
7

Therefore, A;; = 0 for every j > 1. In particular, 4;; = 0, and since A
is upper-triangular, it follows that

Taz = Azgaz.

Thus T*a; = Aga, and Ay; = 0 for all j 2. Continuing in this fashion,
we find that A is diagonal. |

Theorem 21. Let V be a finite-dimensional complex inner product
space and let T be any linear operator on V. Then there is an orthonormal
basts for V in which the matrixz of T is upper triangular.

Proof. Let n be the dimension of V. The theorem is true when
n = 1, and we proceed by induction on n, assuming the result is true for
linear operators on complex inner product spaces of dimension n — 1.
Since V is a finite-dimensional complex inner product space, there is a
unit veetor « in ¥V and a scalar ¢ such that

T*a = ca.

Let W be the orthogonal complement of the subspace spanned by « and
let S be the restriction of T to W. By Theorem 17, W is invariant under 7.
Thus S is a linear operator on W. Since W has dimension n — 1, our
inductive assumption implies the existence of an orthonormal basis
{a, . .., anq} for W in which the matrix of S is upper-triangular; let
a, = a. Then {a, ..., a,} is an orthonormal basis for V in which the
matrix of 7' is upper-triangular. |

This theorem implies the following result for matrices.

Corollary. For every complex n X n matriz A there is a unitary matriz
U such that U™AU s upper-triangular.

Now combining Theorem 21 and Theorem 20, we immediately obtain
the following analogue of Theorem 18 for normal operators.
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Theorem 22, Let V be a finite-dimensional complex tnner product
space and T a normal operator on V. Then V has an orthonormal basis con~
sisting of characteristic vectors for T.

Again there is a matrix interpretation.

Corollary. For every normal matrix A there is a unitary matrix P
such that P—AP 7s a diagonal matriz.

Exercises

1. For each of the following real symmetric matrices 4, find a real orthogonal
matrix P such that P!AP is diagonal.

1 1] 1 2] I:coso sin 0]
1 1) 2 17} sin & —cos @

2. Is a complex symmetric matrix self-adjoint? Is it normal?

3. For
1 2 3
4= I:Z 3 4]
3 4 5

there is a real orthogonal matrix P such that PtAP = D is diagonal. Find such a
diagonal matrix D.

4. Let V be C?, with the standard inner product. Let 7' be the linear operator on
V which is represented in the standard ordered basis by the matrix

N

Show that 7' is normal, and find an orthonormal basis for V, consisting of charac-
teristic vectors for 7.

5. Give an example of a 2 X 2 matrix 4 such that A2 is normal, but 4 is not
normal.

6. Let T be a normal operator on a finite-dimensional complex inner product
space. Prove that T is self-adjoint, positive, or unitary according as every charac-
teristic value of T is real, positive, or of absolute value 1. (Use Theorem 22 to
reduce to a similar question about diagonal matrices.)

7. Let T be a linear operator on the finite-dimensional inner product space V,
and suppose 7T is both positive and unitary. Prove T = 1.

8. Prove T is normal if and only if T = T+ iTs, where Ty and T are seli-
adjoint operators which commute.

9. Prove that a real symmetric matrix has a real symmetric cube root; ie., if 4
is real symmetric, there is a real symmetric B such that B3 = A.

10. Prove that every positive matrix is the square of a positive matrix.
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11. Prove that a normal and nilpotent operator is the zero operator.

12. If T is a normal operator, prove that characteristic vectors for 7 which are
associated with distinet characteristic values are orthogonal.

13. Let T be a normal operator on a finite-dimensional complex inner product
space. Prove that there is a polynomial f, with complex coefficients, such that
T* = f(T). (Represent T by a diagonal matrix, and see what f must be.)

14. If two normal operators commute, prove that their product is normal.



9. Operators on

Inner Product Spaces

9.1. Introduction

We regard most of the topics treated in Chapter 8 as fundamental,
the material that everyone should know. The present chapter is for the
more advanced student or for the reader who is eager to expand his knowl-
edge concerning operators on inner product spaces. With the exception of
the Principal Axis theorem, which 1s essentially just another formulation of
Theorem 18 on the orthogonal diagonalization of self adjoint operators, and
the other results on forms in Section 9.2, the material presented here is
more sophisticated and generally more involved technically. We also make
more demands of the reader, just as we did in the later parts of Chapters
5 and 7. The arguments and proofs are written in a more condensed style,
and there are almost no examples to smooth the way; however, we have
seen to it that the reader is well supplied with generous sets of exercises.

The first three sections are devoted to results concerning forms on
inner product spaces and the relation between forms and linear operators.
The next section deals with spectral theory, i.e., with the implications of
Theorems 18 and 22 of Chapter 8 concerning the diagonalization of self-
adjoint and normal operators. In the final section, we pursue the study of
normal operators treating, in particular, the real case, and in so doing we
examine what the primary decomposition theorem of Chapter 6 says about
normal operators.

319



320 Operators on Inner Product Spaces Chap. 9

9.2. Forms on Inner Product Spaces

If T is a linear operator on a finite-dimensional inner product space V
the function f defined on V X V by

f(e, 8) = (TalB)
may be regarded as a kind of substitute for 7. Many questions about T are
equivalent to questions eoncerning f. In fact, it is easy to see that f deter-
mines 7. For if ® = {ay, . . ., a,} is an orthonormal basis for V, then the
entries of the matrix of T in ® are given by

Ap = flau, a;).

It is important to understand why f determines 7' from a more abstract
point of view. The crucial properties of f are described in the following
definition.

Definition. A (sesqui-linear) form on a real or complex vector space
V is a function f on V X V with values in the field of scalars such that

(a) fca + B, v) = cf(a,v) + (8, v)
(b) f(a, B + v) = (e, B) + (o, 1)

for all a, B, v in V and all scalars c.

Thus, a sesqui-linear form is a function on V X V such that f(a, 8)
is a linear function of a for fixed 8 and a conjugate-linear function of 8
for fixed a. In the real case, f(a, §) is linear as a function of each argument;
in other words, f is a bilinear form. In the complex case, the sesqui-
linear form f is not bilinear unless f = 0. In the remainder of this chapter,
we shall omit the adjective ‘sesqui-linear’ unless it seems important to
include it.

If f and g are forms on V and ¢ is a scalar, it is easy to check that
¢f + ¢ is also a form. From this it follows that any linear combination of
forms on V is again a form. Thus the set of all forms on V is a subspace of
the vector space of all sealar-valued funetions on ¥V X V.

Theorem 1. Let V be a finite-dimensional inner product space and f a
form on V. Then there is a unique linear operator T on 'V such that

f(a, B) = (TalB)
for all a, B in V, and the map f = T is an tsomorphism of the space of forms
onto L(V, V).
Proof. Fix a vector 8in V. Then a = f(a, 8) is a linear function
on V. By Theorem 6 there is a unique vector 8’ in V such that f(e, 8) =

(a|B’) for every a. We define a function U from V into V by setting UB =
G’. Then
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flaleB +v) = («|U(eB + 7))
tf(e, B) + fle, v)
&(a|UB) + (o|Uy)

(a]cUB + Un)

for all , B, v in V and all scalars ¢. Thus U is a linear operator on V and
T = U*is an operator such that f(a, 8) = (T«|B) for all @ and 8. If we also
have f(a, 8) = (T"«|8), then

(Ta — T'alB) = 0

for all « and B; so Tae = T"a for all «. Thus for each form f there is a unique
linear operator T, such that

fe, 8) = (TselB)
for all a, B in V. If f and ¢ are forms and ¢ a scalar, then
@ +9)(@ 8) = (Tysald)
f(, B) + g(e, B)

c(TselB) + (TyalB)
((cTy + Ty)alB)

I

for all @ and 8 in V. Therefore,
Teprg =T+ T,

so f = T, is a linear map. For each T in L(V, V) the eaquation
fla, B) = (TalB)

defines a form such that 7, = T, and T, = 0 if and only if f = 0. Thus

/= T, is an isomorphism. |}

Corollary. The equation

(flg) = tr (L4T%)

defines an inner product on the space of forms with the property that

(flg) = J‘Z;c fo, ;g (o i)
for every orthonormal basis {ay, . . ., an} of V.

Proof. Tt follows easily from Example 3 of Chapter 8 that
(T, Uy = tr (TU*) is an inner product on L(V, V). Since f = T, is an
isomorphism, Example 6 of Chapter 8 shows that
(flg) = tr (T,T%)

is an inner product. Now suppose that 4 and B are the matrices of T, and
T, in the orthonormal basis & = {a, . . ., a.f. Then

Au = (Traulay) = flow, ;)
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and Bj = (T,axle;) = glax, a;). Since AB* is the matrix of T;T} in the
basis ®, it follows that

(flg) = tr (AB¥*) =j2k Aij;'b- l

Definition. If f is a form and ® = {o, . . ., an} an arbitrary ordered
basts of V, the matriz A with entries
Ajx = f(o, a;)

s called the matrix of f in the ordered basis ®.

When ® is an orthonormal basis, the matrix of f in ® is also the matrix
of the linear transformation 7, but in general this is not the case.

If A4 is the matrix of f in the ordered basis 8 = {ay, . . ., aa}, it follows
that

(9’1) f(E T30, > yrar) =2 yrAraxa
for all scalars x, and . (1 < r, s < n). In other words, the matrix A has

the property that
fla, B) = Y*AX

where X and Y are the respective coordinate matrices of @ and 8 in the
ordered basis ®.
The matrix of f in another basis

€= BPyx, (1<j<n)
=1

is given by the equation
(9-2) A’ = P*4P.
For
Aje = f(ak, af)
= f(? Pakaa; 21; P,,'a,)

= 2 ZJ_ﬁAraPsk
— (P*AP),.

Since P* = P-! for unitary matrices, it follows from (9-2) that results
concerning unitary equivalence may be applied to the study of forms.

Theorem 2. Let f be a form on a finite-dimensional complex inner
product space V. Then there 1s an orthonormal basts for V in which the matrix
of f vs upper-triangular.

Proof. Let T be the linear operator on V such that f(a, 8) =
(T«|B) for all @ and B. By Theorem 21, there is an orthonormal basis
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{ay, . . ., as} in which the matrix of T is upper-triangular. Hence,

flew, @j) = (Tewla;) =0
whenj > k. |

Definition. A form f on a real or complex vector space V 1s called

Hermitian if
f(e, B) = (B, @)
fordll a and Bin V.

If T is a linear operator on a finite-dimensional inner product space V
and f is the form

fle, B) = (TelB)

then (8, @) = (|TB) = (T*|B); so f is Hermitian if and only if 7T is self-
adjoint.

When f is Hermitian f(«, ) is real for every «, and on complex spaces
this property characterizes Hermitian forms.

Theorem 3. Let V be a complex vector space and f a form on V such
that f(a, ) s real for every a. Then f is Hermatian,

Proof. Let o and 8 be vectors in V. We must show that f(a, 8) =
f(B, a). Now

fla + B, a+B8) =f(aﬂ8) +f(ayl8) +f(6:a) +f(l87l8)

Since f(a + B, @ + 8), f(e, @), and f(B, 8) are real, the number f(a, 8) +
f(B, a) is real. Looking at the same argument with « -+ 48 instead of « + 8,
we see that —if(a, B) -+ (B, @) is real. Having concluded that two num-
bers are real, we set them equal to their complex conjugates and obtain

fle, ) + (8, @) = j(a, B) + f(B, )
—tf(e, B) + #f(8, @) = 1f(e, B) — if(B, @)

If we multiply the second equation by 7 and add the result to the first
equation, we obtain

2f(a) 6) = 2f(l6, a). l

Corollary. Let T be a linear operator on a complex finite-dimensional
wnner product space V. Then T s self-adjoint if and only if (Ta|a) s real for
every ain V.,

Theorem 4 (Principal Axis Theorem). For every Hermitian form f
on a finite-dimensional tnner product space V, there is an orthonormal basts of
V in which f is represented by a diagonal matriz with real entries.
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Proof. Let T be the linear operator such that f(e, 8) = (Ta|B) for
all & and 8 in V. Then, since f(a, 8) = f(8, @) and (TBla) = (a|TB), it
follows that

(TalB) = f(8, a) = (a|TB)

for all « and 8; hence T = T*. By Theorem 18 of Chapter 8, there is an
orthonormal basis of ¥V which consists of characteristic vectors for 7.
Suppose {ay, . . ., a,} is an orthonormal basis and that

Ta,' = Cjay
for1 <j < n. Then
flaw, @) = (Tarla;) = dejor
and by Theorem 15 of Chapter 8 each ¢ is real. |

Corollary. Under the above condilions
(2 x5 ZEYkak) = 2 ¢xfs.
J J

Exercises

1. Which of the following functions f, defined on vectors a = (x1, z2) and 8 =
(1, y2) in C? are (sesqui-linear) forms on C??

(@) fle, B) = 1.

(b) fla, B) = (21 — T1)? + 2dYn.

(e) fley, B) = (m1 + )2 — (21 — 70)%
(d) fle, B) = T17z — Toya.

2. Let f be the form on R? defined by
Sz, 1), (22, 92)) = 21 + 2y
Find the matrix of f in each of the following bases:

{(1; 0)1 (0; 1)}, {(lr _1), (11 1)}; {(ly 2): (3’ 4)}

4= ]

and let g be the form (on the space of 2 X 1 complex matrices) defined by ¢(X, ¥) =
Y*4X. Is g an inner product?

3. Let

4. Let V be a complex vector space and let f be a (sesqui-linear) form on ¥ which
is symmetric: f(e, 8) = f(2, «). What is f?

5. Let f be the form on R? given by
F((@1, 22), (41, ¥2)) = 2 + 422 + 27192 + 27291
Find an ordered basis in which f is represented by a diagonal matrix.

6. Call the form f (left) non-degenerate if 0 is the only vector a such that
f(a, B) = 0 for all 8. Let f be a form on an inner product space V. Prove that f is
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non-degenerate if and only if the associated linear operator T, (Theorem 1) is
non-singular.

7. Let f be a form on a finite-dimensional vector space V. Look at the definition
of left non-degeneracy given in Exercise 6. Define right non-degeneracy and prove
that the form f is left non-degenerate if and only if f is right non-degenerate.

8. Let f be a non-degenerate form (Exercises 6 and 7) on a finite-dimensional
space V. Let L be a linear functional on V. Show that there exists one and only one
vector 8 in V such that L{a) = f(a, B) for all a.

9. Let f be a non-degenerate form on a finite-dimensional space V. Show that
each linear operator S has an ‘adjoint relative to f,’ i.e., an operator S’ such that

f(Se, B) = fla, §'B) for all @, B.

9.3. Positive Forms

In this section, we shall discuss non-negative (sesqui-linear) forms
and their relation to a given inner product on the underlying vector space.

Definitions. A form f on a real or complex vector space V is non-
negative if it is Hermitian and (e, a) > O for every a in V. The form f is
positive if { is Hermitian and f(a, a) > 0 for all o« 5% 0.

A positive form on V is simply an inner product on V. A non-negative
form satisfies all of the properties of an inner product except that some non-
zero vectors may be ‘orthogonal’ to themselves.

Let f be a form on the finite-dimensional space V. Let ® = {a, . . ., an}
be an ordered basis for ¥, and let 4 be the matrix of f in the basis ®, that is,
Ajk = f(ak, aj). Ha=z00+ -+ TpOty, then

fla, @) = f(z T30, Ek Trou)
f
=2 % z,Tif (@, )
]

= E E Aijjfk.
ik
So, we see that f is non-negative if and only if
A =A*
and
(9-3) 22 ArjzZy > 0 for all scalars zy, . . ., z,.
ik

In order that f should be positive, the inequality in (9-3) must be strict for
all (zy, ..., z.) # 0. The conditions we have derived state that f is a
positive form on V if and only if the function

g(X, Y) = Y*AX
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is a positive form on the space of n X 1 column matrices over the scalar
field.

Theorem 5. Lel F be the field of real numbers or the field of complex
numbers. Lel A be an n X n matriz over F. The function g defined by

(9-4) g(X,Y) = Y*AX

is a posttive form on the space F™<' if and only if there exists an inveriible
n X n matriz P with entries in F such that A = P*P,

Proof. For any n X n matrix A, the function ¢ in (9-4) is a form
on the space of column matrices. We are trying to prove that ¢ is positive
if and only if A = P*P. First, suppose A = P*P. Then ¢ is Hermitian and

g(X, X) = X*P*PX
= (PX)*PX
> 0.
If P is invertible and X # 0, then (PX)*PX > 0.
Now, suppose that g is a positive form on the space of column matrices.

Then it is an inner product and hence there exist column matrices @, . .
Q) such that

2

Sk = g(Qi, Ux)
= Q¥AQ;.
But this just says that, if @ is the matrix with columns @, . . ., ., then
Q*AQ = I.8Since {Qy, . . ., Q.} is a basis, Q is invertible. Let P = Q' and

we have A = P*P. |

In practice, it is not easy to verify that a given matrix A satisfies the
criteria for positivity which we have given thus far. One consequence of
the last theorem is that if ¢ is positive then det A > 0, because det A =
det (P*P) = det P* det P = |det P|% The fact that det A > 0 is by no
means sufficiecnt to guarantee that g is positive; however, there are n
determinants associated with A which have this property: If A = A* and
if each of those determinants is positive, then g is a positive form.

Definition. Let A be an n X n matrix over the field ¥. The principal
minors of A are the scalars Ay(A) defined by

All M Alk
Ax(A) = det| : 1<k <n
Akl st Akk

Lemma. Let A be an inwvertible n X n matriz with entries in a field F.
The following two statements are equivalent.
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(a) There is an upper-triangular matriz P with P = 1 (1 <k < n)
such that the matriz B = AP is lower-triangular.
(b) The principal minors of A are all different from 0.
Proof. Let P be any n X n matrix and set B = AP. Then

Bjk = 2 A;'rPrk-
If P is upper-triangular and Py = 1 for every k, then
k=1
?1 Aj,.P,k = Bjk - Akk, k > 1.

Now B is lower-triangular provided Bj = 0 for j < k. Thus B will be
lower-triangular if and only if

k—1
(9'5) ?1 Aerrk = _Akk)

So, we see that statement (a) in the lemma is equivalent to the statement
that there exist scalars Py, 1 < r <k, 1 < k < n, which satisfy (9-5) and
P;,k=1,1§k§n.

In (9-5), for each &k > 1 we have a system of £ — 1 linear equations
for the unknowns Py, P, ..., Prai The coefficient matrix of that

system is
All tte Al,k—l }
Ak—l “t Ak—l,k—l

and its determinant is the principal minor A;...(A). If each Ax1(4) # 0,
the systems (9-5) have unique solutions. We have shown that statement
(b) implies statement (a) and that the matrix P is unique.

Now suppose that (a) holds. Then, as we shall see,

Ax(4) = A(B)

9-6
(9-6) = BuBy - -+ Bi, Ek=1,...,n.
To verify (9-6), let Ay, ..., A, and By, ..., B, be the columns of A and
B, respectively. Then
B1 = Al
(9-7)

r—1
B.= 3% Pj,A;+ 4, r> 1.
j=1
Fix k, 1 < k < n. From (9-7) we see that the rth column of the matrix
Bll e Bkk
Bkl s Bkk
is obtained by adding to the rth column of
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All Tt Alk

Akl e Akk

a linear combination of its other columns. Such operations do not change
determinants. That proves (9-6), except for the trivial observation that
because B is triangular Ax(B) = By - - - Bi. Since A and P are invertible,
B is invertible. Therefore,

A(B)=B11"'Bnn#0
and so A(A) # 0, k=1,...,n |

Theorem 6. Let f be a form on a fintte-dimensional vector space V
and let A be the matriz of f in an ordered basts ®. Then f is a positive form if
and only if A = A* and the principal minors of A are all positive.

Proof. Let’s do the interesting half of the theorem first. Suppose
that 4 = A* and A(4) > 0, 1 < k < n. By the lemma, there exists an
(unique) upper-triangular matrix P with Py, = 1 such that B = AP is
lower-triangular. The matrix P* is lower-triangular, so that P*B = P*AP
is also lower-triangular. Since A is self-adjoint, the matrix D = P*AP is
self-adjoint. A self-adjoint triangular matrix is necessarily a diagonal
matrix. By the same reasoning which led to (9-6),

Av(D) = A(P*B)
= Ax(4).

Since D is diagonal, its principal minors are
Ak(D) =Dy -+ Du.

From Ax(D) > 0,1 < k < n, we obtain Dy, > 0 for each k.
If A is the matrix of the form f in the ordered basis ® = {ay, . . ., aa},
then D = P*AP is the matrix of f in the basis {ai, . . ., an} defined by

n

’

a; = 2 P,’ja,'.
1=1

See (9-2). Since D is diagonal with positive entries on its diagonal, it is
obvious that
X*DX > 0, X#0

from which it follows that f is a positive form.

Now, suppose we start with a positive form f. We know that 4 = A4*.
How do we show that A:(4) > 0, 1 <k < n? Let Vi be the subspace
spanned by ai, . . ., ax and let f; be the restriction of f to Vi X Vi. Evi-
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dently fi is a positive form on Vi and, in the basis {ay, ..., e} it is
represented by the matrix

An - An

Akl st Alck

As a consequence of Theorem 5, we noted that the positivity of a form
implies that the determinant of any representing matrix is positive. ||

There are some comments we should make, in order to complete our
discussion of the relation between positive forms and matrices. What is it
that characterizes the matrices which represent positive forms? If f is a
form on a complex vector space and A is the matrix of f in some ordered
basis, then f will be positive if and only if A = A* and

(9-8) X*4AX > 0, for all complex X = 0.

It follows from Theorem 3 that the condition A = A* is redundant, i.e.,
that (9-8) implies A = A*. On the other hand, if we are dealing with a real
vector space the form f will be positive if and only if A = A* and

(9-9) Xt4X >0, for all real X = 0.

We want to emphasize that if a real matrix A satisfies (9-9), it does not
follow that A = A* One thing which is true is that, if A = A* and (9-9)
holds, then (9-8) holds as well. That is because

(X 4 V)*A(X + 1Y) = (Xt — sY)A(X + ¢Y)
= X'AX + YVAY + i[X'AY — Y4X]

and if A = A¢then V!AX = X'AY.

If A is an n X n matrix with complex entries and if A satisfies (9-9),
we shall call A a positive matrix. The comments which we have just
made may be summarized by saying this: In either the real or complex
case, a form f is positive if and only if its matrix in some (in fact, every)
ordered basis is a positive matrix.

Now suppose that V is a finite-dimensional inner produet space. Let f
be a non-negative form on V. There is a unique self-adjoint linear operator
T on V such that

(9-10) fla, B) = (Talp).
and 7T has the additional property that (I'a|e) > 0.

Definition. A linear operator T on a finite-dimensional inner product
space V is non-negative ¢f T = T* and (Tala) > 0 for all @ in V. 4
positive linear operator is one such that T = T* and (Tala) > 0 for all
a# 0.
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If V is a finite-dimensional (real or complex) vector space and if (-|-) is
an inner product on V, there is an associated class of positive linear oper-
ators on V. Via (9-10) there is a one-one correspondence between that class
of positive operators and the collection of all positive forms on V. We shall
use the exercises for this section to emphasize the relationships between
positive operators, positive forms, and positive matrices. The following
summary may be helpful.

If A is an n X n matrix over the field of complex numbers, the follow-
ing are equivalent.

(1) A is positive, ie., 2 % Ayjx;Zy > 0 whenever zi,...,z, are

7

complex numbers, not all 0.

(2) (X|Y) = Y*AX is an inner product on the space of n X 1 complex
matrices.

(8) Relative to the standard inner product (X|Y) = Y*X onn X 1
matrices, the linear operator X = AX is positive.

(4) A = P*P for some invertible » X n matrix P over C.

() A = A*, and the principal minors of A are positive.

If each entry of A is real, these are equivalent to:

(6) A =AY and I % Axjr;ze > 0 whenever x,...,z, are real

7

numbers not all 0.

(7) (X|Y) = Y*AX is an inner product on the space of n X 1 real
matrices.

(8) Relative to the standard inner product (X|Y) = Y*X on n X 1
real matrices, the linear operator X = AX is positive.

(9) There is an invertible n X n matrix P, with real entries, such
that 4 = P*P.

Exercises

1. Let V be C?% with the standard inner product. For which vectors & in V is
there a positive linear operator T such that a = T¢?

2. Let V be R? with the standard inner product. If 6 is a real number, let T
be the linear operator ‘rotation through 6,

To(z1, 2) = (z1c05 6 — 250 0, z; sin § + x2 cos 6).
For which values of 6 is Ty a positive operator?
3. Let V be the space of n X 1 matrices over C, with the inner product (X|Y) =
Y*GX (where G is an n X n matrix such that this is an inner product). Let A be
an n X n matrix and T the linear operator T(X) = AX. Find T*. If Y is a fixed

element of V, find the clement Z of V which determines the linear functional
X — Y*X. In other words, find Z such that Y*X = (X|Z) for all X in V.
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4. Let V be a finite-dimensional inner product space. If T and U are positive
linear operators on V, prove that (7 + U) is positive. Give an example which
shows that TU need not be positive.

5. Let
A= [f
2

(a) Show that A is positive.

(b) Let V be the space of 2 X 1 real matrices, with the inner product
(X|Y) = Y*AX. Find an orthonormal basis for V, by applying the Gram-Schmidt
process to the basis {X;, X,} defined by

5[} x-[)

(¢) Find an invertible 2 X 2 real matrix P such that A = P*P,

ol D3l
—
)

6. Which of the following matrices are positive?

1 2 1 144 -1
34 - 3 ) |2 Py
¢ 3 =11
7. Give an example of an n X n matrix which has all its principal minors positive,

but which is not a positive matrix.

8. Does ((z1, 22)| (Y1, ¥2)) = @i + 22471 + 22472 + 247: define an inner product
on C%?

9. Prove that every entry on the main diagonal of a positive matrix is positive.

Wafbe GOl 2O

Ol il G
e

o Nt

10. Let V be a finite-dimensional inner product space. If 7 and U are lincar
operators on V, we write T < U if U — T is a positive operator. Prove the fol-
lowing:

(a) T < Uand U < T is impossible.

M UT<Uand U < S, then T < 8.

(¢) T < Uand0 <8, it need not be that ST < SU.
11. Let V be a finite-dimensional inner product space and E the orthogonal
projection of ¥ onto some subspace.

(a) Prove that, for any positive number ¢, the operator ¢l + E is positive.

(b) Express in terms of E a self-adjoint linear operator T such that 72 = I + E.

12, Let n be a positive integer and 4 the n X n matrix

T ]
L1 1
2 3 n
11 1 !
A=12 3 4 n+1
1 1 1 1
n n+1l nt2 2n — 1

Prove that A is positive.
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13. Let A be a self-adjoint n X » matrix. Prove that there is a real number ¢
such that the matrix ¢I -+ A is positive.

14. Prove that the product of two positive linear operators is positive if and
only if they commute.

15. Let S and T be positive operators. Prove that every characteristic value of
ST is positive.

9.4. More on Forms

This section contains two results which give more detailed information
about (sesqui-linear) forms.

Theorem 7. Let f be a form on a real or complex vector space V and
{a1, . . ., a:} a basis for the finite-dimensional subspace W of V. Let M be the
r X r matriz with entries

Mk = f(o, a;)
and W’ the set of all vectors 8 1n V such that f(a, 8) = 0 for all a in W. Then

W’ is a subspace of V, and W N\ W’ = {0} if and only if M 1s tnvertible.
When this is the case, V. = W + W',

Proof. If § and v are vectors in W’ and ¢ is a scalar, then for
every a in W

fla, B + ) = tf(a, B) + fla, V)
0.

Hence, W’ is a subspace of V.

T r
Now suppose a = I ziax and that 8 = I y;a;. Then
k=1 '

=1
He, B) = Zk TiM i
s
=2 (E 7iM i\
kE \J

It follows from this that W N W’ # {0} if and only if the homogeneous
system

[\

M = 0, 1<k<Lr

i=1
has a non-trivial solution (yy, . . ., ¥,). Hence W N\ W’ = {0} if and only
if M* is invertible. But the invertibility of M* is equivalent to the inverti-
bility of M.

Suppose that M is invertible and let

A = (M*™ = (M-Y)*,
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Define g; on V by the equation

0(6) = Z AufTa B).
Then

gi(cB + ) %A:‘kf(ak, B+ )

C % Ajkf(ak; B) + % Afkf(aky ')’)

= ¢g;(8) + ¢;(v).

Hence, each g; is a linear function on V. Thus we may define a linear
operator E on V by setting

Since
gilan) = % Ajif (o, am)

=2 A (M*)in

= 8]11

it follows that E(a,) = a, for 1 < n < r. This implies Ea = « for every
«a in W. Therefore, £ maps V onto W and E* = E. If 8 is an arbitrary
vector in V, then

f(am EB) = f (am 2 gi(ﬁ)ai)
= ? mf(am ai)
= ? (% Ajuf(ox, 5))f(an, aj).
Since A* = M, it follows that
flaw, EB) = Z (2 (M=1)i;M J'n) flex, B)
kE\J
= % Bknf(ak: B)

= f(am 6)
This implies f(e, EB) = f(, 8) for every « in W. Hence
f(a7 g — EB) =0

for all « in W and 8 in V. Thus I — E maps V into W’. The equation
B=E8+ (I —EQ

shows that V = W 4+ W’. One final point should be mentioned. Since
W N W = {0}, every vector in V is uniquely the sum of a vector in W
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and a vector in W’. If 8 is in W/, it follows that E8 = 0. Hence I — E
maps V onto W’. |

The projection I constructed in the proof may be characterized as
follows: EB = « if and only if @ isin W and 8 — « belongs to W’. Thus E
1s independent of the basis of W that was used in its construction. Hence
we may refer to E as the projection of V on W that is determined by
the direct sum decomposition

V=wopw.
Note that F is an orthogonal projection if and only if W/ = W+,

Theorem 8. Let f be a form on a real or complex vector space V and A
the matriz of f in the ordered basts {au, . . ., as} of V. Suppose the principal
manors of A are all different from 0. Then there is a unique upper-triangular
matriz P with P = 1 (1 < k < n) such that

P*AP
18 upper-triangular.

Proof. Since A(A*) = Ax(A) (1 < k < n), the principal minors
of A* are all different from 0. Hence, by the lemma used in the proof of
Theorem 6, there exists an upper-triangular matrix P with Py = 1 such
that A*P is lower-triangular. Therefore, P*4 = (A*P)* is upper-tri-
angular. Since the product of two upper-triangular matrices is again upper-
triangular, it follows that P*AP is upper-triangular. This shows the
existence but not the uniqueness of P. However, there is another more
geometric argument which may be used to prove both the existence and
uniqueness of P.

Let W, be the subspace spanned by aj, . . ., ax and Wj the set of all
B in V such that f(a, 8) = 0 for every « in Wy. Since Ai(A) # 0, the
k X k matrix M with entries

Mij = flaj, i) = Ay
(1 <1,57 < k) is invertible. By Theorem 7
V=Ww:®aWs.

Let E, be the projection of V' on W, which is determined by this decom-
position, and set £y = 0. Let

Br = ax — Eria, 1 <k<n).
Then 8; = o, and E;_ijax belongs to Wy_; for &k > 1. Thus when £ > 1,

there exist unique scalars Pjx such that

k—1
By = — 2 ija,-.
=1
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Setting Pu. = 1 and Pj = 0 for j > k, we then have an n X n upper-
triangular matrix P with Py, = 1 and

k
Br = E ijaj
i=1

fork =1,...,n Suppose 1 <7 < k. Then 8;is in W; and W; C W,_,.
Since B: belongs to Wi_1, it follows that f(8., 8:) = 0. Let B denote the
matrix of f in the ordered basis {8y, . . ., 8.}. Then

Bi: = f(8s, i)
80 By; = 0 when k& > ¢. Thus B is upper-triangular. On the other hand,
B = P*AP.

Conversely, suppose P is an upper-triangular matrix with Py = 1
such that P*AP is upper-triangular. Set

B =2 Puaj, (1<k<m).
]

Then {8, ..., B8 is evidently a basis for W,. Suppose & > 1. Then
{81, . . ., Br—1} 1s a basis for Wy, and since f(B;, Bc) = 0 when ¢ < k, we
see that 8 is a vector in Wi_,. The equation defining 8 implies

k-1
a = — (_21 P,-ka,-) + B
i

E—1
Now X Pje;belongsto Wi and 8 is in Wi_1. Therefore, Pu, . . ., Pr—w
i=1

are the unique scalars such that
k-1
Ei i = ~ ‘21 Pia;
=

so that P is the matrix constructed earlier. |}

9.5. Spectral Theory

In this section, we pursue the implications of Theorems 18 and 22
of Chapter 8 concerning the diagonalization of self-adjoint and normal
operators.

Theorem 9 (Spectral Theorem). Let T be a normal operator on a
Jinite-dimensional complex inner product space V or a self-adjoint operator on
a finite-dimensional real inner product space V. Let ¢,, . . ., ¢k be the distinct
characteristic values of T. Let W ; be the characteristic space assoctated with ¢;
and E; the orthogonal projection of V on W;. Then W; ¢s orthogonal to W;
when 1 5= 3, V is the direct sum of Wy, . . ., Wy, and

(9-11) T = C]El "‘I- LI + ckEk.
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Proof. Let o be a vector in W;, 8 a vector in W, and suppose
i # j. Then ¢i(alp) = (Talf) = (a|T*B) = (alcif). Hence (c; — c:)(al8) =
0, and since ¢; — ¢; # 0, it follows that («|8) = 0. Thus W; is orthogonal
to W;when ¢ # j. From the fact that ¥ has an orthonormal basis consisting
of characteristic vectors (cf. Theorems 18 and 22 of Chapter 8), it fol-
lows that V = Wy + -+ 4 Wi If o; belongs to V; (1 <j<k) and
a1-|- et +C¥;¢—_— O,then

0= (ailZ ;) = 2 (aslay)
J 7

= |le|?

for every 7, so that V is the direct sum of Wy, ..., Wi Therefore E; +
coo + By =1 and
T=TE, + --- + TE,

=alh+ - + alh. I

The decomposition (9-11) is called the spectral resolution of T.
This terminology arose in part from physical applications which caused
the spectrum of a linear operator on a finite-dimensional vector space
to be defined as the set of characteristic values for the operator. It is
important to note that the orthogonal projections Ej, . . ., Ex are canoni-
cally associated with T'; in fact, they are polynomials in 7'.

Corollary. If €; = II (X — Zl>r then Ej = ej(T) fOT 1 S ] S k.

i%j \Cj —
Proof. Since E;E; = 0 when ¢ # j, it follows that
T*=cEi+ -+ + il
and by an easy induction argument that
Tn = ciE + -+ + cklix

for every integer n > 0. For an arbitrary polynomial

we have

AT)

Il I I
T"Mw I 1M~
MU £
1M ~

B
£

&

&

k
55;1 J(eHE;

Since ej(cn) = &;m, it follows that ¢;(T) = E;. ||



Sec. 9.5 Spectral Theory

Because Ey, . . ., Ei are canonically associated with T' and
I=E+4 -+ E
the family of projections {E, ..., E;} is called the resolution of the

identity defined by 7.

There is a comment that should be made about the proof of the spectral
theorem. We derived the theorem using Theorems 18 and 22 of Chapter 8
on the diagonalization of self-adjoint and normal operators. There is an-
other, more algebraie, proof in which it must first be shown that the mini-
mal polynomial of a normal operator is a product of distinct prime factors.
Then one proceeds as in the proof of the primary decomposition theorem
(Theorem 12, Chapter 6). We shall give such a proof in the next section.

In various applications it is necessary to know whether one may
compute certain functions of operators or matrices, e.g., square roots.
This may be done rather simply for diagonalizable normal operators.

Definition. Let T be a diagonalizable normal operator on a finite-
dimensional tnner product space and

k
T = E CjEj
j=1

its spectral resolution. Suppose f 1s a function whose domain tncludes the
spectrum of T that has values tn the field of scalars. Then the linear operalor
f(T) 7s defined by the equation

(9-12) (1) = 3 )T

Theorem 10. Let'T be a diagonalizable normal operator with spectrum S
on a finite-dimenstonal inner product space V. Suppose f is a function whose
domain contains S that has values in the field of scalars. Then {(T) is a
diagonalizable normal operator with spectrum £(S). If U is a untary map of
V onto V' and T' = UTUY, then S is the spectrum of T' and

£(T") = Uf(T)U-L

Proof. The normality of f(T) follows by a simple computation
from (9-12) and the fact that

JI)* = 2 1) By

Moreover, it is clear that for every « in E;(V)

F(Ma = fej)a.

Thus, the set f(S) of all f(¢) with ¢ in S is contained in the spectrum of f(7').
Conversely, suppose a > 0 and that

F(P)a = ba.
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Then @ = T Eja and
’ ST = TFT)Esa
= JZJ'"(CJ')EJ-OI
= Z bE;a.
Hence, ’
||JZ (f(e;) — b)Ejal* = z f(es) — BI*|Ejall®
= 0.

Therefore, f(c;) = b or E;a = 0. By assumption, a # 0, so there exists an
index 7 such that Eix # 0. It follows that f(c;) = b and hence that f(S) is
the spectrum of f(T'). Suppose, in fact, that

J@) = {by, ..., b}

where b, ¥ b, when m = n. Let X, be the set of indices ¢ such that
1 <4<k and f(c;) = bn. Let Pn = 2 E;, the sum being extended over

the indices 7 in X,. Then P, is the orthogonal projection of ¥V on the
subspace of characteristic vectors belonging to the characteristic value b,
of f(T), and

f (T) = 2—1 b P
is the spectral resolution of f(T).

Now suppose U is a unitary transformation of ¥ onto V' and that
T’ = UTU. Then the equation

Ta = ca
holds if and only if
T'Ua = ¢Ua.

Thus 8 is the spectrum of T”, and U maps each characteristic subspace for
T onto the corresponding subspace for T”. In fact, using (9-12), we see that

T = 2 CjE;', E; = UVE:,'U'_'1
7

is the spectral resolution of T”. Hence
(T = 2 f(e)) E;
7

= 2 f(e) UE;U™
7

U (2 f(e)Ey) U

urmu-. g
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In thinking about the preceding discussion, it is important for one to
keep in mind that the spectrum of the normal operator T is the set

S={e,...,c}

of distinet characteristic values. When T is represented by a diagonal
matrix in a basis of characteristic vectors, it is necessary to repeat each
value ¢; as many times as the dimension of the corresponding space of
characteristic vectors. This is the reason for the change of notation in the
following result.

Corollary. With the assumptions of Theorem 10, suppose that T 1s
represented in the ordered basis ® = {ay, . .., an} by the diagonal mairiz D
with entries di, . .., dn. Then, in the basis ®, f(T) 7s represented by the
diagonal matriz f(D) with entries f(dy), ..., f(dn). If ® = {a1,..., an}
18 any other ordered basis and P the matrix such that

o) = 2 Pijas
1

then P~ (D)P s the matriz of f(T) in the basis ®'.

Proof. For each index 1, there is a unique j such that 1 < j <k,
a; belongs to E;(V), and d; = ¢;. Hence f(T)a: = f(d;)a; for every 7, and

f(T)aj = ?Pi:if(T)ai
= ZdiPya:
=z (DP)ijei
=2 (DP)l-jkz Piilag

= % (P_IDP)kja/lc. I

Tt follows from this result that one may form certain functions of a
normal matrix. For suppose 4 is a normal matrix. Then there is an inverti-
ble matrix P, in fact a unitary P, such that PAP~!is a diagonal matrix, say
D with entries dy, . . ., d.. Let f be a complex-valued function which can
be applied to dy, . . ., d,, and let f(D) be the diagonal matrix with entries
f(dy), . .., f(d,). Then P}f(D)P is independent of D and just a function of
A in the following sense. If @ is another invertible matrix such that Q4Q~!
is a diagonal matrix D', then f may be applied to the diagonal entries of D’
and

Pf(D)P = Q7f(D)Q.
Definition. Under the above conditions, f(A) is defined as P7(D)P.

The matrix f(A) may also be characterized in a different way. In
doing this, we state without proof some of the results on normal matrices
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that one obtains by formulating the matrix analogues of the preceding
theorems.

Theorem 11. Let A be a normal matriz and ¢y, . .., cx the distinct
complex roots of det (xI — A). Let

X — Cj
i=i \Ci — Cj

and E; = e;(A) (1 <1< k). ThenEE; = Owheni = j,E} = E;,, Ef = E
and

iy

I=E+: -+ Eu
If f is a complex-valued function whose domain includes ¢y, . . ., cx, then
f(A) = f(e)Er + -+ + f(cw)Ey;
in particular, A = ¢;E; + -+ - + cxEx

We recall that an operator on an inner product space V is non-negative
if T is self-adjoint and (Taja) > 0 for every a in V,

Theorem 12. Let T be a diagonalizable normal operator on a finite-
dimensional inner product space V. Then T is self-adjoint, non-negative, or
unitary according as each characteristic value of T s real, non-negative, or of
absolute value 1.

Proof. Suppose T has the spectral resolution T' = ¢,F; + --- +
iy, then T* = B, + -+ 4+ @Ee. To say T is self-adjoint is to say
T = T* or

(Cl — El)El + . + (Ck —_ Ek)Ek = 0.

Using the fact that E.E; = 0 for 7 # j, and the fact that no E; is the zero
operator, we see that T 1s self-adjoint if and only if ¢; = ¢;,7=1,..., k.
To distinguish the normal operators which are non-negative, let us look at

k k
(Teled = ( £ el E, o)
=1 =1
= 2 Z ¢j(EjalEe)
)
= 3 ¢il|Eall
7

We have used the fact that (F;a|E.«) = 0 for 7 & j. From this it is clear
that the condition (T'a|a) > 0 is satisfied if and only if ¢; > 0 for each j.
To distinguish the unitary operators, observe that

TT* = C1ClE1 + s + CkaEk
= |01|2E1 + -+ le[2Ek-
If TT* = I, then I = |¢|®E1 4+ - -+ + |ck|2E%, and operating with E;
E; = |c}*E;.
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Since E; # 0, we have |c;|2 = 1 or |c;] = 1. Conversely, if |c;}2 =1 for
each j, it is clear that TT* = 1. |}

It is important to note that this is a theorem about normal operators.
If T is a general linear operator on ¥V which has real characteristic values,
it does not follow that T is self-adjoint. The theorem states that if 7 has
real characteristic values, and ¢f T is diagonalizable and normal, then T is
self-adjoint. A theorem of this type serves to strengthen the analogy be-
tween the adjoint operation and the process of forming the conjugate of a
complex number. A complex number z is real or of absolute value 1 aceord-
ing as z = %, or 2z = 1. An operator T is self-adjoint or unitary according
as T = T*or T*T = 1.

We are going to prove two theorems now, which are the analogues of
these two statements:

(1) Every non-negative number has a unique non-negative square
root.

(2) Every complex number is expressible in the form ru, where r is
non-negative and |u| = 1. This is the polar decomposition z = re# for
complex numbers.

Theorem 13. Let V be a finite-dimensional inner product space and
T a non-negative operator on V. Then T has a unique non-negative square root,
that s, there vs one and only one non-negative operator N on V such that

N2=T.

Progf. Let T = ¢y + -+ - + ekl be the spectral resolution of
T. By Theorem 12, each ¢; > 0. If ¢ is any non-negative real number, let
V¢ denote the non-negative square root of ¢. Then according to Theorem
11 and (9-12) N = VT is a well-defined diagonalizable normal operator
on V. It is non-negative by Theorem 12, and, by an obvious computation,
Nt=T.
Now let P be a non-negative operator on ¥V such that P2 = T. We
shall prove that P = N. Let

P=d1Fl+"'+drFr

be the spectral resolution of P. Then d; > 0 for each j, since P is non-
negative. From P? = T we have

T=diF,+ - + dF,.

Now Fy, ..., F, satisfy the conditions I = F;+ --- +F, F,F; =0
for ¢ # 7, and no F; is 0. The numbers d3, . . ., d? are distinct, because
distinet non-negative numbers have distinet squares. By the uniqueness

of the spectral resolution of 7', we must have r = &, and (perhaps reorder-
ing) F; = E;, df = ¢;. ThusP = N. |
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Theorem 14. Let V be a finite-dimensional inner product space and
let T be any linear operator on V. Then there exist a unitary operator U on 'V
and a non-negattwe operator N on V such that T = UN. The non-negative
operator N is unique. If T is invertible, the operator U s also unique.

Proof. Suppose we have T = UN, where U is unitary and N
is non-negative. Then T* = (UN)* = N*U* = NU* Thus T*T =
NU*UN = N2 This shows that N is uniquely determined as the non-
negative square root of the non-negative operator T*7.

So, to begin the proof of the existence of U and N, we use Theorem
13 to define N as the unique non-negative square root of T*7T. If T is
invertible, then so is N because

(Na|Na) = (N%ala) = (T*Tala) = (To|Ta).

In this case, we define U = TN-! and prove that U is unitary. Now
U* = (TN-)* = (N-)*T* = (N*)~IT* = N-'T* Thus

UU* = TN-\N-'T*
T(N-1)2T*
T(N2)-1T*
T(T*T)'\T*
TT-\(T*)-1T*
=1

I

It

and U is unitary.

If T is not invertible, we shall have to do a bit more work to define U.
We first define U on the range of N. Let o be a vector in the range of
N, say a = NB. We define Ua = T8, motivated by the fact that we
want UNB = TB. We must verify that U is well-defined on the range
of N; in other words, if N3’ = NB then T’ = TB. We verified above
that |[Nv||2 = ||T||? for every v in V. Thus, with vy = 8 — 8, we see
that N(8 — B8’) = 0 if and only if T(8 — 8’) = 0. So U is well-defined on
the range of N and is clearly linear where defined. Now if W is the range
of N, we are going to define U on W+, To do this, we need the following
observation. Since T and N have the same null space, their ranges have
the same dimension. Thus W+ has the same dimension as the orthogonal
complement of the range of T. Therefore, there exists an (inner product
space) isomorphism U, of W+ onto T'(V)*. Now we have defined U on W,
and we define U on W+ to be U,.

Let us repeat the definition of U. Since V = W @ W+, each a in V
is uniquely expressible in the form & = NS 4 v, where N§ is in the range
W of N, and v is in W+. We define

Ua = TB 4 Uyy.
This U is clearly linear, and we verified above that it is well-defined. Also
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(Ua|Ua) = (TB + Uyy|TB + Uyy)
= (TBITB) + (Usy|Usy)
= (NBINB) + (v|v)
= (ala)
and so U is unitary. We also have UNB = T8 for each 8. |

Wecall T = UN a polar decomposition for T. We certainly cannot
call it the polar decomposition, since U is not unique. Even when T is
invertible, so that U is unique, we have the difficulty that U and N may
not commute. Indeed, they commute if and only if 7 is normal. For
example, if T' = UN = NU, with N non-negative and U unitary, then

TT* = (WNU)(NU)* = NUU*N = N* = T*T.

The general operator T' will also have a decomposition T = N,U;, with
N, non-negative and U, unitary. Here, N, will be the non-negative square
root of TT* We can obtain this result by applying the theorem just
proved to the operator T*, and then taking adjoints.

We turn now to the problem of what can be said about the simultane-
ous diagonalization of commuting families of normal operators. For this
purpose the following terminology is appropriate.

Definitions. Let § be a family of operators on an inner product space
V. A function r on §F with values in the field F of scalars will be called a root
of F if there is a non-zero a in 'V such that

Ta = r(T)e

for all T in §. For any function r from § to F, let V(r) be the set of all . tn 'V
such that Ta = r{T)a for every T in .

Then V(r) is a subspace of V, and r is a root of F if and only if V(r) =
{0}. Each non-zero a in V(r) is simultaneously a characteristic vector for
every T in &.

Theorem 15. Let & be a commuting family of diagonalizable normal
operators on a finite-dimensional inner product space V. Then § has only a
finite number of roots. If 11, . . ., 1y are the distinct roots of &, then

(i) V(ry) is orthogonal to V(r;) when i # j, and
(G) V=Vr)® - - @ V().

Proof. Suppose r and s are distinet roots of F. Then there is an
operator T in & such that r(T) # s(T). Since characteristic vectors
belonging to distinet characteristic values of T are necessarily orthogonal,
it follows that V(r) is orthogonal to V(s). Because V is finite-dimensional,
this implies & has at most a finite number of roots. Let 7y, . . ., 7% be the
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roots of F. Suppose {Ty, . . ., T'n} is 2 maximal linearly independent subset
of §, and let
{Eq, Ew, ...}

be the resolution of the identity defined by T; (1 <4 < m). Then the
projections I;; form a commutative family. For each E,; is a polynomial
inT;and Ty, ..., T, commute with one another. Since

I= (E Eljl) (z E2j2) et (E Emjm)
5 J2 Jm

each vector « in ¥V may be written in the form

(9-13) a= X Eibsy - Epe
I P P9
Suppose 71, . . ., jm are indices for which 8 = Ey;Eq; -+ Enj.a = 0. Let
Bi = (H Enj.) a.
n#

Then 8 = E;;8;; hence there is a scalar ¢; such that
T8 = ciB, 1 <7< m.

For each T in &, there exist unique scalars b; such that

m

T = 2 b,;Ti.
i=1
Thus
= (Z b)) B.

The function T'—= ¥ bic, is evidently one of the roots, say r, of , and g lies

in V(r,). Therefore, each non-zero term in (9-13) belongs to one of the
spaces V(r1), ..., V(re). It follows that V is the orthogonal direct sum of
Viry,..., Vi), |1

Corollary. Under the assumptions of the theorem, let P; be the orthogonal
projection of V.on V(r;), (1 <j < k). Then PiP; = 0 when i # j,
I=P+ - + Py
and every T in §F may be written in the form
(9-14) T = ?rj(T)P,-.

Definitions. The family of orthogonal projections {Pi, ..., Pi} s
called the resolution of the identity determined by &, and (9-14) s the
spectral resolution of T in terms of this family.

Although the projections Py, ..., P in the preceding corollary are
canonically associated with the family &, they are generally not in § nor
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even linear combinations of operators in ¥; however, we shall show that
they may be obtained by forming certain products of polynomials in
elements of .

In the study of any family of linear operators on an inner product
space, it is usually profitable to consider the self-adjoint algebra generated
by the family.

Definition. A self-adjoint algebra of operators on an inner
product space V is a linear subalgebra of L(V, V) which contains the adjoint
of each of its members.

An example of a self-adjoint algebra is L(V, V) itself. Since the
intersection of any collection of self-adjoint algebras is again a self-adjoint
algebra, the following terminology is meaningful.

Definition. If § s a family of linear operators on a finite-dimensional
inner product space, the self~adjoint algebra generated by & vs the smallest
self-adjoint algebra which contains F.

Theorem 16. Let & be a commuting family of diagonalizable normal
operators on a finite-dimensional inner product space V, and let Q be the self-
adjovnl algebra generated by § and the identity operator. Let {P, . . ., Py} be
the resolution of the identily defined by F. Then @ is the set of all operators on
V of the form
(9'15) T = _zk:l CjP,‘

=

where ¢y, . . ., ¢y are arbitrary scalars.

Proof. Let € denote the set of all operators on V of the form
(9-15). Then € contains the identity operator and the adjoint

T* = 2 Eij

J

of each of its members. If T' = ¥ ¢;P; and U = ¥ d;P;, then for every
i J
scalar a
aT+U=2(ac+d,)P,

J

and

TU = 2 Cide,-Pj
%)
= z deij
7
= UT.

Thus @€ is a self-adjoint commutative algebra containing § and the identity
operator. Therefore C contains Q.
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Now let ry, . . ., 7z be all the roots of §. Then for each pair of indices
(4, n) with 7 # =, there is an operator T';, in § such that r,(T;,) # r(Ts,).
Let ain = 74(Tin) — 72(Tin) and b, = 7,(T'). Then the linear operator
Q: = I ai'(Tin — binl)

n#l
is an element of the algebra G. We will show that @; = P; (1 <7 < k). For
this, suppose j # 7 and that « is an arbitrary vector in V(r;). Then

T;_,‘a = Tj(T{j)Ol

= bija

so that (T':; — bi;jI)a = 0. Since the factors in @; all commute, it follows
that Q:x = 0. Hence Q; agrees with P; on V(r;) whenever j # 7. Now
suppose « is a vector in V(r;). Then Tina = 7;(Tin)e, and

at_nl(Tin - binl)a = aﬁl[ri(Ti,,) — ’I‘,,(Ti,,)]a = a.
Thus Q. = @ and €; agrees with P; on V(r;); therefore, Q; = P; for
i =1,...,k From this it follows that @ = €. |

The theorem shows that the algebra @ is commutative and that each
element of @ is a diagonalizable normal operator. We show next that @ has
a single generator.

Corollary. Under the assumptions of the theorem, there is an operator
T in @ such that every member of @ is a polynomial in T.

k
Proof. Let T = ¥ t;P;wheret,, . . ., t are distinct scalars. Then
j=1
k
T = 3 t;L J
i=1
forn=1,2....If
8
f= 2 az"
n=1

it follows that
J(T)

Il
i M e
£
~
3
I
Mm
1M
£
S3
>z

Given an arbitrary
k
U = 2 CjP 3
i=1

in @, there is a polynomial f such that f(¢;) = ¢; (1 <j < k), and for any
such f, U = f(T). |
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Exercises

1. Give a reasonable definition of a non-negative n X n matrix, and then prove
that such a matrix has a unique non-negative square root.

2. Let A be an n X n matrix with complex entries such that A* = — A, and let
B = e4. Show that

(a) det B = ¢tr 4,
(b) B* = o~4;
(¢) B is unitary.

3. If U and T are normal operators which commute, prove that U + T and UT
are normal.

4. Let T be a linear operator on the finite-dimensional complex inner product
space V. Prove that the following ten statements about T are equivalent.

(a) T is normal.

(b) ||Tal| = ||T*al| for every a in V.

(¢) T =T, + T, where T, and T, are self-adjoint and 71T = ToT}.

(d) If a is a vector and ¢ a scalar such that Ta = ca, then T*a = ta.

(e) There is an orthonormal basis for V consisting of characteristic vectors
for T.

(f) There is an orthonormal basis ® such that [T]g is diagonal.

(g) There is a polynomial ¢ with complex coefficients such that T* = ¢(T).

(h) Every subspace which is invariant under 7 is also invariant under T*.

(i) T = NU, where N is non-negative, U is unitary, and N commutes with U.

(]) T = 61E1+ +CkEk, Where I = E1+ +Ek, E.‘Ei =0 fOI‘?:?éj,
and E? = E; = E}.

5. Use Exercise 3 to show that any commuting family of normal operators (not
necessarily diagonalizable ones) on a finite-dimensional inner product space gen-
erates a commutative self-adjoint algebra of normal operators.

6. Let V be a finite-dimensional complex inner product space and U a unitary
operator on V such that Ua = a implies @ = 0. Let

' _.(1+2)
flz) = z(l =

z#1
and show that

(@) f(U) =« + U)I — U)7Y
(b) f(U) is self-adjoint;
(c) for every self-adjoint operator T on V, the operator

U= (T —iXT+i)!
is unitary and such that T = f(U).
7. Let V be the space of complex n X n matrices equipped with the inner product

(A|B) = tr (AB¥).
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If B is an element of V, let Lg, Rs, and Tz denote the linear operators on V de-
fined by

(a) Ls(4) = BA.
(b) Rs(A) = AB.
(c) Ts(4) = BA — AB.

Consider the three families of operators obtained by letting B vary over all diagonal
matrices. Show that each of these families is a commutative self-adjoint algebra
and find their spectral resolutions.

8. If B is an arbitrary member of the inner product space in Exercise 7, show that
Lp is unitarily equivalent to Rs:.

9. Let V be the inner product space in Exercise 7 and @ the group of unitary
matrices in V. If B is in @, let Cs denote the linear operator on V defined by

Cs(A) = BAB™,
Show that

(a) Cp is a unitary operator on V;
(b) Cp,By = CB,CBs;

(c) there is no unitary transformation U on V such that

ULBU—l = CB
for all Bin G.

10. Let F be any family of linear operators on a finite-dimensional inner product
space V and @ the self-adjoint algebra generated by F. Show that

(a) each root of @ defines a root of F;
(b) each root r of @ is a multiplicative linear function on 4, i.e.,

r(TU) = r(T)r(U)
r(eT + U) = er(T) + r(U)

for all 7 and U in @ and all scalars c.

11. Let § be a commuting family of diagonalizable normal operators on a finite-
dimensional inner product space V; and let @ be the self-adjoint algebra generated
by & and the identity operator I. Show that each root of @ is d.fferent from 0,
and that for each root r of § there is a unique root s of @ such that s(T) = r(T)
for all T in F.

12. Let § be a commuting family of diagonalizable normal operators on a finite-
dimensional inner product space V and 4, the self-adjoint algebra generated by .
Let @ be the self-adjoint algebra generated by ¥ and the identity operator I.
Show that

(a) @ is the set of all operators on V of the form ¢ + T where ¢ is a scalar
and T an operator in @

(b) There is at most one root r of @ such that r(T) = 0 for all 7' in Q.

(c¢) If one of the roots of @ is 0 on @y, the projections Py, . . ., Py in the resolu-
tion of the identity defined by F may be indexed in such a way that Gy consists
of all operators on V of the form
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where ¢y, . . ., ¢x are arbitrary scalars.
(d) @ = @ if and only if for each root r of @ there exists an operator T in @,
such that r(T) # 0.

9.6. Further Properties of Normal
Operators

In Section 8.5 we developed the basic properties of self-adjoint and
normal operators, using the simplest and most direct methods possible.
In Section 9.5 we considered various aspects of spectral theory. Here we
prove some results of a more technical nature which are mainly about
normal operators on real spaces.

We shall begin by proving a sharper version of the primary decompo-
sition theorem of Chapter 6 for normal operators. It applies to both the
real and complex cases.

Theorem 17. Let T be a normal operator on a finite-dimensional inner
product space V. Let p be the minimal polynomial for T and py,- -+, Px
its distinct monic prime factors. Then each p; occurs with multiplicity 1 in
the factorization of p and has degree 1 or 2. Suppose W; is the null space of
p; (T). Then

(1) W; is orthogonal to W; when i # j;
i) V=Wi®D - - D Wy
(iii) W; 7s enwariant under T, and p; ©s the minimal polynomial for the
restriction of T to Wj;
(iv) for every j, there is a polynomial e; with coefficients in the scalar
field such that e;(T) s the orthogonal projection of V on W;.

In the proof we use certain basic facts which we state as lemmas.

Lemma 1. Let N be a normal operator on an inner product space W.
Then the null space of N s the orthogonal complement of its range.
Proof. Suppose («|NB) = 0 for all 8 in W. Then (N*¢|8) =0
for all 8; hence N*a = 0. By Theorem 19 of Chapter 8, this implies Na = 0.
Conversely, if Na = 0, then N*« = 0, and

(N*alB) = (¢|NB) =0
forallgin W. |

Lemma 2. If N is a normal operator and « is a vector such that
Nia = 0, then Na = 0.
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Proof. Suppose N is normal and that N2a = 0. Then Na lies in
the range of N and also lies in the null space of N. By Lemma 1, this
implies Na = 0. |

Lemma 3. Let T be a normal operator and f any polynomial with
coeffictents in the scalar field. Then £(T) 7s also normal.

Proof. Suppose f = ay -+ ax + - -+ + az2". Then

f(T) = aOI+a1T+ CROS +a"Tn
and

F(D)* = Gl + @T* + -+ + @, (T*"
Since T*T = TT*, it follows that f(T) commutes with f(T)*. |

Lemma 4. Let T be a normal operator and f, g relatively prime poly-
nomials with coefficients in the scalar field. Suppose a and B are vectors such
that f(T)a = 0 and g(T)8 = 0. Then (a|8) = 0.

Proof. There are polynomials a and b with coefficients in the
scalar field such that af + bg = 1. Thus

a(Tf(T) + o(T)g(T) = 1
and a = g(T)b(T)a. It follows that
(l8) = (g(T)b(T)alB) = (b(T)lg(T)*B).

By assumption ¢(7)8 = 0. By Lemma 3, ¢(7T) is normal. Therefore, by
Theorem 19 of Chapter 8, ¢(T)*8 = 0; hence (a|8) = 0. |

Proof of Theorem 17. Recall that the minimal polynomial for T
is the monie polynomial of least degree among all polynomials f such that
f(T) = 0. The existence of such polynomials follows from the assumption
that V is finite-dimensional. Suppose some prime factor p; of p is repeated.
Then p = pig for some polynomial g. Since p(T) = 0, it follows that

(AT))g(T)a = 0
for every « in V. By Lemma 3, p,(T) is normal. Thus Lemma 2 implies

pi(T)g(T)a = 0
for every o in V. But this contradicts the assumption that p has least
degree among all f such that f(T) = 0. Therefore, p = p, --- pe. If V is
a complex inner produect space each p; is necessarily of the form

Di=T— ¢
with ¢; real or complex. On the other hand, if V is a real inner product
space, then p; = x; — ¢; with ¢; in R or
pi=(@ -0k -7
where ¢ is a non-real complex number.
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Now let f; = p/p;. Then, since fi, . . ., fi are relatively prime, there
exist polynomials g; with coefficients in the scalar field such that
(9-16) 1 =2,
7

We briefly indicate how such g; may be constructed. If p; = z — ¢,
then f;(c;) # 0, and for g; we take the scalar polynomial 1/f;(c;). When
every p; is of this form, the f;g; are the familiar Lagrange polynomials
associated with ¢, ..., ¢, and (9-16) is clearly valid. Suppose some
p; = (x — ¢)(x — ¢) with ¢ a non-real complex number. Then V is a real
inner product space, and we take
_r—C xr—c

g; = +

s S

where s = (¢ — ©)f;(c). Then
_ (s + 3)xz — (cs + Ts)

SS

g;

so that ¢, is a polynomial with real coefficients. If p has degree n, then
1 - ?fjgj

is a polynomial with real coefficients of degree at most n — 1; moreover,
it vanishes at each of the n (complex) roots of p, and hence is identically 0.
Now let « be an arbitrary vector in V. Then by (9-16)

a= ?fj(T)gj(T)a

and since p,(T)f;(T) = 0, it follows that f;(T)g;(T)a is in W; for every j.
By Lemma 4, W, is orthogonal to W, whenever ¢ # j. Therefore, V is the
orthogonal direct sum of Wi, ..., Wi If 8 is any vector in W}, then
pi(1HT8 = Tpi(T)B = 0;

thus W; is invariant under T. Let T; be the restriction of 7' to W;. Then
pi{(T;) = 0, so that p; is divisible by the minimal polynomial for T';. Since
p; is irreducible over the scalar field, it follows that p; is the minimal poly-
nomial for T'.

Next, let e; = f;g;, and E; = ¢;(T). Then for every vector a in V,
E;aisin W, and

a =23 Eja.
J

Thus @ — E;a = X Eja; since W, is orthogonal to W, when j 5 4, this
Jj#EE

implies that o — E« is in Wit. It now follows from Theorem 4 of Chapter

8 that E; is the orthogonal projection of V on W.. |

Definition. We call the subspaces W; (1 < j < k) the primary com-
ponents of V under T.

851
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Corollary. Let T be a normal operator on a finite-dimensional inner

product space V and Wy, . .., Wy the primary components of V under T.
Suppose W is a subspace of V which us invariant under T. Then
W=ZWNW,
]

Proof. Clearly W contains Z W M W;. On the other hand, W, being
J

invariant under 7', is invariant under every polynomial in 7. In particular,

W is invariant under the orthogonal projection E;of Von W,. If aisin W,

it follows that E,a is in W N W;, and, at the same time, o = T E;a.
7

Therefore W is contained in T W N W;. |
}

Theorem 17 shows that every normal operator 7' on a finite-
dimensional inner product space is canonically specified by a finite number
of normal operators 7';, defined on the primary components W, of ¥V under
T, each of whose minimal polynomials is irreducible over the field of
scalars. To complete our understanding of normal operators it is necessary
to study normal operators of this special type.

A normal operator whose minimal polynomial is of degree 1 is elearly
just a scalar multiple of the identity. On the other hand, when the minimal
polynomial is irreducible and of degree 2 the situation is more complicated.

ExampLE 1. Suppose r > 0 and that 6 is a real number which is not
an integral multiple of 7. Let T be the linear operator on R? whose matrix
in the standard orthonormal basis is

A=y I:cos 6 —sin 0]
~ Lsin® cosé

Then 7T is a sealar multiple of an orthogonal transformation and hence
normal. Let p be the characteristic polynomial of 7. Then
p = det (xI — A)
(x ~— 7 cos 6)2 + r2sin? 0
=z — 2rcos 6z + %

Leta =rcos8 b=rsinb and ¢ = a 4+ ¢b. Then b # 0, ¢ = re?

a —b
4= [b a]
and p = (z — ¢)(x — ¢). Hence p is irreducible over R. Since p is divisible

by the minimal polynomial for 7, it follows that p is the minimal poly-
nomial.

This example suggests the following converse.



Sec. 9.6 Further Properties of Normal Operators 353

Theorem 18. Let T be a normal operator on a finite-dimensional real
inner product space V and p its minvmal polynomial. Suppose

p=(x—a)+ b’
where a and b are real and b 7 0. Then there is an integer s > 0 such that

p® is the characteristic polynomial for T, and there exist subspaces Vy, . . ., Vs
of V such that

(1) V; is orthogonal to Vi when 1 5 j;
i) V=ViD: - DV
(iil) each V; has an orthonormal basis {a;, 8;} with the property that
Taj = aa; + bp;
T8; = —ba; + aBi.

In other words, if » = Va? + b2 and 6 is chosen so that a = r cos @
and b = r sin 6, then V is an orthogonal direct sum of two-dimensional
subspaces V; on each of which T acts as ‘r times rotation through the
angle ¢’ .

The proof of Theorem 18 will be based on the following result.

Lemma. Let V be a real inner product space and S a normal operator
on 'V such that S + 1 = 0. Let o be any vector in V and 8 = Sa. Then
S*a = —f
(9-17)
S*¥8 = ¢
(e}B) = 0, and [fal| = [I8]].

Proof. We have Sa = g and S8 = S2a = —a. Therefore

0 = [[Sa — B2 + [[SB + alf* = [|Sef[* — 2(S«|B) + [[8]|?
+ 1)SBII* + 2(SBle) + {|af|®

Since S is normal, it follows that

0 = [IS*al[* — 2(S*8le) + [IB11* + [S*BII2 + 2(S*alB) + [lel®
= |I8%a + BI|* + {|S*8 — off%
This implies (9-17); hence

(alf) = (S*BIB) = (81SB)
(Bl—e)
—(alf)

I

and («|f) = 0. Similarly
[lad[2 = (S*Bla) = (B]Sa) = [IB][*. §
Proof of Theorem 18. Let Vi, ..., V, be a maximal collection

of two-dimensional subspaces satisfying (1) and (ii), and the additional
conditions
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T*a; = aa; — bB;,
(9-18) 1<j<s
T*8; = ba; + aB;

Let W=V, + ... + V. Then W is the orthogonal direct sum of
Vi, ..., Vs We shall show that W = V. Suppose that this is not the case.
Then W+ = {0}. Moreover, since (iii) and (9-18) imply that W is invariant
under T and T, it follows that W+ is invariant under 7% and T = T**.
Let S = b=Y(T — aI). Then S* = b={(T* — al), S*S = SS* and W* is
invariant under S and S*. Since (T — al)? + bl = 0, it follows that
82+ I = 0. Let @ be any vector of norm 1 in W+ and set 3 = Sa. Then
Bisin W+ and S = —a. Since T = al + bS, this implies

Ta = aa + b8
T8 = —ba + aB.

By the lemma, S*a = —pB, 8*8 = a, () = 0, and ||8]| = 1. Because
T* = al + bS*, it follows that

T*a = aa — bB
T*8 = ba + aB.
But this contradicts the faet that Vi, ..., V, is a maximal collection of

subspaces satisfying (1), (ii1), and (9-18). Therefore, W = V, and since
zT—a b e .
detl: —b x—a]— (*—a)?+b
it follows from (i), (ii) and (iii) that
det (@ — T) = [(x — a)2 + b2]°. |

Corollary. Under the conditions of the theorem, T is tnvertible, and

T* = (a? + b?) T
Proof. Since

I:a —b:H: a b]_l:a2+b2 0 ]

b all—=b al 0 a? + b?

it follows from (iii) and (9-18) that T'T* = (a? + b2)I. Hence T isinvertible
and T* = (a4 b3 T

Theorem 19. Let T be a normal operator on a finite-dimensional inner
product space V. Then any linear operator that commutes with T also com-
mutes with T*. Moreover, every subspace invariant under T 1s also tnvariant
under T*.

Proof. Suppose U is a linear operator on V that commutes with
T. Let E; be the orthogonal projection of V on the primary component
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W; (1 <j7<k)of Vunder T. Then E; is a polynomial in 7" and hence
commutes with U. Thus

Thus U(W;) is asubset of W;. Let T; and U; denote the restrictions of T and
U to W; Suppose I; is the identity operator on W; Then U; commutes
with T;, and if T; = ¢,1;, it is clear that U; also commutes with T = ¢;/;.
On the other hand, if T'; is not a scalar multiple of 1;, then T'; is invertible
and there exist real numbers a; and b; such that

Tt = (af + b)) T5 .

Since U,;T; = T;U;, it follows that T;'U; = U,;T;'. Therefore U; com-
mutes with T in both cases. Now T* also commutes with E;, and hence
W; is invariant under 7*. Moreover for every a and 8 in W;

(T;al8) = (Talf) = («T*8) = (| T7B).
Since T*(W;) is contained in W, this implies 77 is the restriction of T*
to W;. Thus
UT*(XJ' = T*Ua,-
for every «; in W;. Since V is the sum of Wy, . . ., W,, it follows that
UT*a = T*Ua
for every a in V and hence that U commutes with 7*.

Now suppose W is a subspace of V that is invariant under T, and let
Z; = W N W;. By the corollary to Theorem 17, W = ¥ Z;. Thus it suffices

7
to show that each Z; is invariant under 7. This is clear if T; = ¢;/. When

this is not the case, T'; is invertible and maps Z; into and hence onto Z;.
Thus T;%(Z,) = Z;, and since

T = (af + )T
it follows that 7*(Z,) is contained in Z;, for every 5. ||

Suppose 7T is a normal operator on a finite-dimensional inner product
space V. Let W be a subspace invariant under 7. Then the preceding
corollary shows that W is invariant under T*. From this it follows that
W+ is invariant under 7** = T (and hence under T* as well). Using this
fact one can easily prove the following strengthened version of the cyclic
decomposition theorem given in Chapter 7.

Theorem 20. Let T be a normal linear operator on a finite-dimensional
inner product space V (dim V > 1). Then there exist r non-zero vectors
aiy . . .y o tn V with respective T-annihilators ey, . . . , e, such that

() V="2c;T)D " DZe; T);
(i) f 1 <k <r — 1, then exy divides ex;

356
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(iii) Z(ey; T) #s orthogonal to Z(ax; T) when j 5= k. Furthermore, the
integer v and the annihilators ey, . . ., e: are uniquely determined by condi-
tions (1) and (i1) and the fact that no ay 15 0.

Corollary. If A is a normal matriz with real (complex) entries, then
there 1s a real orthogonal (unitary) matrix P such that P—'AP s in rational
canonical form.

It follows that two normal matrices A and B are unitarily equivalent
if and only if they have the same rational form; A and B are orthogonally
equivalent if they have real entries and the same rational form.

On the other hand, there is a simpler criterion for the unitary equiv-
alence of normal matrices and normal operators.

Definitions. Let V and V' be inner product spaces over the same field.
A linear transformation

U:. V=V

18 called a unitary transformation #f it maps V onto V' and preserves
inner products. If T is a linear operator on V and T’ a linear operator on V',
then T s unitarily equivalent to T if there exists a unitary transformation
U of V onto V' such that

UTU- ' =T".

Lemma. Let V and V' be finite-dimensional inner product spaces over
the same field. Suppose T s a linear operator on V and that T’ is a linear
operator on V'. Then T s unitarily equivalent to T’ if and only if there is an
orthonormal basts ® of V and an orthonormal basis ®' of V' such that

[Tle = [T']e-
Proof. Suppose there is a unitary transformation U of V onto
V' such that UTU-1= T'. Let & = {a,..., a,} be any (ordered)

orthonormal basis for V. Let o = Uqa,; (1 < j < n). Then ®' = {«, . .
az} is an orthonormal basis for ¥V’ and setting

)

n
Taj = kzl Akjak

we see that
'aj = UTa;

= EAHU(I);
= 2 441:]‘(11/5
k
Hence [Tlg = A = [T']w.
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Conversely, suppose there is an orthonormal basis & of V and an
orthonormal basis & of V' such that

(Tle = [T']w
and let A = [Tlg. Suppose & = {a, ..., a.} and that ® = {af,..., ar}.
Let U be the linear transformation of V into V' such that Ue; = of
(1 €j < n). Then U is a unitary transformation of V onto V’, and
UTU ) = UTa;
= U% Akjak

= 3 Apjoi.
%

Therefore, UTU'a; = T’o; (1 <j < n), and this implies UTU! =
7. |

It follows immediately from the lemma that unitarily equivalent
operators on finite-dimensional spaces have the same characteristic poly-
nomial. For normal operators the converse is valid.

Theorem 21. Let V and V' be finite-dimensional inner product spaces
over the same field. Suppose T is a normal operator on V and that T’ is a
normal operator on V'. Then T s unitarily equivalent to T’ of and only of T
and T’ have the same characteristic polynomial.

Proof. Suppose T and T’ have the same characteristic poly-
nomial f. Let W; (1 < j < k) be the primary components of V under T
and T'; the restriction of 7' to W ;. Suppose [; is the identity operator on
W ;. Then

k
f= II1 det (2I; — T}).
=

Let p; be the minimal polynomial for 7. If p; = z — ¢; it is clear that
det (:CI] —T,) =(x —¢)%

where s; is the dimension of W;. On the other hand, if p; = (x — a;)* + b}
with a;, b; real and b; & 0, then it follows from Theorem 18 that

det (a; — T)) = 77
where in this case 2s; is the dimension of W;. Therefore f = IT pj’. Now
M

we can also compute f by the same method using the primary coraponents
of V' under 7". Since py, . . ., pir are distinet primes, it follows from the
uniqueness of the prime factorization of f that there are exactly ¥ primary
components W (1 < j < k) of V' under 7” and that these may be indexed
in such a way that p; is the minimal polynomial for the restriction T of
T" to Wi If p; = x — ¢, then T; = ¢;I; and T; = ¢;I; where I} is the
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identity operator on Wj. In this case it is evident that T; is unitarily
equivalent to T5. If p; = (x — a;)® + b}, as above, then using the lemma
and Theorem 20, we again see that T is unitarily equivalent to 7. Thus
for each j there are orthonormal bases ®; and ®; of W, and W}, respec-
tively, such that

(T,]e; = [Ti]e,-
Now let U be the linear transformation of ¥ into ¥’ that maps each ®;
onto ®;. Then U is a unitary transformation of V onto V’ such that

urv—r=1. |



10. Bilinear

Forms

10.1. Bilinear Forms

In this chapter, we treat bilinear forms on finite-dimensional vector
spaces. The reader will probably observe a similarity between some of the
material and the discussion of determinants in Chapter 5 and of inner
products and forms in Chapter 8 and in Chapter 9. The relation between
bilinear forms and inner products is particularly strong; however, this
chapter does not presuppose any of the material in Chapter 8 or Chapter 9.
The reader who is not familiar with inner products would probably profit
by reading the first part of Chapter 8 as he reads the discussion of bilinear
forms.

This first section treats the space of bilinear forms on a vector space
of dimension n. The matrix of a bilinear form in an ordered basis is intro-
duced, and the isomorphism between the space of forms and the space of
n X n matrices is established. The rank of a bilinear form is defined, and
non-degenerate bilinear forms are introduced. The second section discusses
symmetric bilinear forms and their diagonalization. The third section
treats skew-symmetric bilinear forms. The fourth section discusses the
group preserving a non-degenerate bilinear form, with special attention
given to the orthogonal groups, the pseudo-orthogonal groups, and a
particular pseudo-orthogonal group—the Lorentz group.

Definition. Let V be a vector space over the field F. A bilinear form
on 'V is a function {, which assigns to each ordered pair of vectors o, B in V a
scalar f(a, 8) 1n F, and which satisfies

3569
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(10-1) flcas + an, B) = cf(eu, B) + f(as, B)
f(a) 0,31 + :82) = Cf(a) .31) + f(a) .32)

If we let V X V denote the set of all ordered pairs of vectors in V,
this definition can be rephrased as follows: A bilinear form on V is a funec-
tion f from V X V into F which is linear as a function of either of its
arguments when the other is fixed. The zero function from V X V into F
is clearly a bilinear form. It is also true that any linear combination of
bilinear forms on V is again a bilinear form. To prove this, it is sufficient
to consider linear combinations of the type ¢f + ¢, where f and g are
bilinear forms on V. The proof that ¢f 4 ¢ satisfies (10-1) is similar to many
others we have given, and we shall thus omit it. All this may be summarized
by saying that the set of all bilinear forms on V is a subspace of the space
of all functions from V X V into F (Example 3, Chapter 2). We shall
denote the space of bilinear forms on V by L(V, V, F).

ExampLE 1. Let V be a vector space over the field ¥ and let L; and
L; be linear functions on V. Define f by

fla, B) = Ln(a) Lx(B).

If we fix 8 and regard f as a function of @, then we simply have a scalar
multiple of the linear functional I,. With « fixed, f is a scalar multiple of
L,. Thus it is clear that f is a bilinear form on V.

ExampLE 2. Let m and n be positive integers and F a field. Let V be
the vector space of all m X n matrices over F. Let 4 be a fixed m X m
matrix over F. Define

FA(X, Y) = tr (X!AY).

Then f4 is a bilinear form on V. For, if X, Y, and Z are m X n matrices
over F,

faleX + Z,Y) = tr [(cX + Z)'4Y]
tr (cXtAY) + tr (Z'AY)
cfA(X) Y) +fA(Z) Y)

Of course, we have used the fact that the transpose operation and the
trace function are linear. Tt is even easier to show that f4 is linear as a
function of its second argument. In the special case n = 1, the matrix
XtAY is 1 X 1, ie., a scalar, and the bilinear form is simply

f4(X,Y) = XtAY
= Z E A.‘j(l:.'y,'.
t 7

I

We shall presently show that every bilinear form on the space of m X1
matrices is of this type, i.e., is f4 for some m X m matrix 4.
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ExampLE 3. Let F be a field. Let us find all bilinear forms on the
space F2. Suppose f is such a bilinear form. If &« = (z1, 2;) and 8 = (11, ¥2)
are vectors in #2, then

f(a; B) = f(xlél + o6, ﬁ)
= m1f(er, B) + 2of (e, B)
= 21f(e1, &1 + y2e2) + 22f (e, tre1 1 Yoe2)
= zinf(e, a) + 21yaf(ea, e) + Tanf(e, a) + 22y2f(e, €).

Thus f is completely determined by the four scalars A;; = f(e;, ¢;) by
f(a) ﬁ) = Allzlyl + Alleyz + A21x2y1 + Azgxzyg
= E A;,-:ciy,-.
%7
If X and Y are the coordinate matrices of « and 3, and if 4 is the 2 X 2
matrix with entries A(Z, 7)) = Ay = f(e;, €;), then
(10-2) fla,B) = XtAY.

We observed in Example 2 that if A is any 2 X 2 matrix over F, then
(10-2) defines a bilinear form on F2. We see that the bilinear forms on #2
are precisely those obtained from a 2 X 2 matrix as in (10-2).

The discussion in Example 3 can be generalized so as to describe all
bilinear forms on a finite-dimensional vector space. Let V be a finite-
dimensional vector space over the field F and let & = {o1, ..., as} be
an ordered basis for V. Suppose f is a bilinear form on V. If

a=giq+ - 4 Taan and B =100 + -+ + Yaan
are vectors in V, then
f(a; B) = f (E T, B)
= 2 zif(a, B)
= Z} z:f (Oli, 2]: Z/:’ai)
= 2 T zyif(a; ;).
7
If we let Ay; = f(ay, @), then
fla, B) = ? ,E Aijxiy;
= X'AY

where X and Y are the coordinate matrices of « and 8 in the ordered
basis ®. Thus every bilinear form on V is of the type

(10-3) fe, B) = [a]6A[Bls
for some 7 X n matrix A over F. Conversely, if we are given any n X n

matrix A, it is easy to see that (10-3) defines a bilinear form f on V, such
that A,;j = f(a,‘, a,-).
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Definition. Let V be a finite-dimensional vector space, and let
® = {ou,...,an be an ordered basis for V. If { is a bilinear form on V,
the matrix of { in the ordered basis ® is the n X n matriz A with entries
As; = f(ai, o). At temes, we shall denote this mairiz by [f]g.

Theorem 1. Let V be a finite-dimensional vector space over the field F.
For each ordered basis ® of V, the function which associates with each bilinear
form on V its matriz in the ordered basis ® 1s an isomorphism of the space
L(V, V, F) onto the space of n X n matrices over the field F.

Proof. We observed above that f— [f]le is a one-one corre-
spondence between the set of bilinear forms on V and the set of all n X n
matrices over F. That this is a linear transformation is easy to see, because

(of + g) (e, @) = ef(ay, &) + g(ai, @)
for each 7 and j. This simply says that
lef + gle = c[fle + [g]e. 1
Corollary. If ®& = {a1,...,0an} s an ordered basis for V, and
®* = {Ly,. .., La} 15 the dual basis for V*, then the n? bilinear forms
fij(e, 8) = Li()L;(8), 1<i<nl1<j<n

form a basis for the space L(V,V, F). In particular, the dimension of
L(V, V, F) is n2.

Proof. The dual basis {Li, . .., L.} is essentially defined by the
fact that L.(a) is the ¢th coordinate of « in the ordered basis ®& (for any
a in V). Now the functions f;; defined by

fii(e, B) = Li(a)L;(B)
are bilinear forms of the type considered in Example 1. If

a=x00+ ++ + 2uan and B = yion + -0 F Yatin,
then
fiia, B) = ziy;.
Let f be any bilinear form on V and let A be the matrix of f in the
ordered basis ®&. Then

fla, B) = z Ay,
¥
which simply says that
f = Z Aijfij-
¥
It is now clear that the n? forms f;; comprise a basis for L(V, V, F). |

One can rephrase the proof of the corollary as follows. The bilinear
form f;; has as its matrix in the ordered basis ® the matrix ‘unit’ £,
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whose only non-zero entry is a 1 in row ¢ and column j. Since these matrix
units comprise a basis for the space of n X n matrices, the forms f;; com-
prise a basis for the space of bilinear forms.

The concept of the matrix of a bilinear form in an ordered basis is
similar to that of the matrix of a linear operator in an ordered basis. Just
as for linear operators, we shall be interested in what happens to the
matrix representing a bilinear form, as we change from one ordered basis
to another. So, suppose ® = {ay,...,a,} and ® = {af,..., o} are
two ordered bases for ¥V and that f is a bilinear form on V. How are the
matrices [flg and [flg related? Well, let P be the (invertible) n X n
matrix such that

[a]e = Plale

for all @ in V. In other words, define P by
a; = 2 P
i=1

For any vectors o, B in V

fle, B) = [al6[fls[Ble
= (Pla]e)![fleP [Ble
= [a]e(P![f1aP)[Bla-

By the definition and uniqueness of the matrix representing f in the
ordered basis ®’, we must have

(10-4) [fle = P'[flaP.

ExampLi 4. Let V be the vector space R2 Let f be the bilinear form
defined on o = (21, 25) and 8 = (y1, y2) by

f(a; 5) = 1l + T1Y2 + Zal1 + TolYa.

fla, B) = [a1, 23] ﬁ }] [zﬂ

and so the matrix of f in the standard ordered basis ® = {e, €} is

=1 1]

Let ® = {el, ez} be the ordered basis defined by ¢f = (1, —1), & = (1, 1).
In this case, the matrix P which changes coordinates from &' to ® is

=[]
[fle = PfloP

ol FRY i

Now

Thus
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1 —-17fo 2]

IR 11L0 2

_ [0 O]'

T Lo 4
What this means is that if we express the vectors @ and 8 by means of
their coordinates in the basis &', say

a = ziel + 2€h, B = yia + yres

then

One consequence of the change of basis formula (10-4) is the following:
If A and B are n X n matrices which represent the same bilinear form
on V in (possibly) different ordered bases, then A and B have the same
rank. For, if P is an invertible n X n matrix and B = P'AP, it is evident
that A and B have the same rank. This makes it possible to define the
rank of a bilinear form on V as the rank of any matrix which represents
the form in an ordered basis for V.

It is desirable to give a more intrinsic definition of the rank of a
bilinear form. This can be done as follows: Suppose f is a bilinear form
on the vector space V. If we fix a vector « in V, then f(«, 8) is linear as
a function of 8. In this way, each fixed « determines a linear functional
on V; let us denote this linear functional by L;(«). To repeat, if « is a
vector in V, then L;(a) is the linear functional on V whose value on any
vector 8 is f(e, ). This gives us a transformation o« = L;(«) from V into
the dual space V*. Since

flear + a3, B) = ¢f(cu, B) + floa, B)

we see that
Ly(co1 + a3) = cLf(ar) + Ly(az)

that is, Ly is a linear transformation from V into V*.

In a similar manner, f determines a linear transformation R, from V
into V*. For each fixed 8 in V, f(a, 8) is linear as a function of a. We define
R;(B) to be the linear functional on ¥V whose value on the vector « is f(e, 8).

Theorem 2. Let f be a bilinear form on the finite-dimensional vector
space V. Let Li and Ry be the linear transformations from V into V* defined
by (Lia)(8) = f(e, B) = (RiB)(e). Then rank (Lg) = rank (Ry).

Proof. One can give a ‘coordinate free’ proof of this theorem.

Such a proof is similar to the proof (in Section 3.7) that the row-rank of a

matrix is equal to its column-rank. So, here we shall give a proof which

proceeds by choosing a coordinate system (basis) and then using the
‘row-rank equals column-rank’ theorem.

To prove rank (L) = rank (R;), it will suffice to prove that L, and
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Ry have the same nullity. Let ® be an ordered basisfor V, and let A = [f]g.
If @ and 8 are vectors in V, with coordinate matrices X and Y in the
ordered basis ®, then f(a, 8) = X‘AY. Now R,;(8) = 0 means that
fle,B) = Oforeveryain V, i.e., that X*AY = O forevery n X 1 matrix X.
The latter condition simply says that AY = 0. The nullity of R, is there-
fore equal to the dimension of the space of solutions of AY = 0.

Similarly, L;(«) = 0 if and only if X*AY = O for every n X 1 matrix
Y. Thus « is in the null space of L, if and only if X‘4 = 0, i.e,, A'X = 0.
The nullity of L; is therefore equal to the dimension of the space of solu-
tions of A‘X = 0. Since the matrices A and A* have the same column-
rank, we see that

nullity (L;) = nullity (By). |

Definition. If f is a bilinear form on the finite-dimensional space V,
the rank of f is the integer r = rank (Ls) = rank (Ry).

Corollary 1. The rank of a bilinear form is equal to the rank of the
matrix of the form in any ordered basis.

Corollary 2. If f is a bilinear form on the n-dimensional vector space
V, the following are equivalent:

(a) rank (f) = n.
(b) For each non-zero a in V, there is a 8 in V such that f(a, 8) # 0.
(¢) For each non-zero 8 in V, there is an o in V such that f(a, 8) £ 0.

Proof. Statement (b) simply says that the null space of L, is the
zero subspace. Statement (c¢) says that the null space of R, is the zero
subspace. The linear transformations L; and R, have nullity 0 if and only
if they have rank n, i.e., if and only if rank (f) = n. ||

Definition. A bilinear form f on a vector space V 1is called non-
degenerate (or non-singular) if i satisfies conditions (b) and (c¢) of
Corollary 2.

If V is finite-dimensional, then f is non-degenerate provided f satisfies
any one of the three conditions of Corollary 2. In particular, f is non-
degenerate (non-singular) if and only if its matrix in some (every) ordered
basis for V is a non-singular matrix.

ExaMpii 5. Let V = R and let f be the bilinear form defined on
a=(x,...,2,)and 8 = (y1,...,Ys) by

fla,8) =z + -+ + Tan:
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Then f is a non-degenerate bilinear form on RE» The matrix of f in the
standard ordered basis is the » X n identity matrix:

X, 7) = XY.
This f is usually called the dot (or scalar) product. The reader is probably
familiar with this bilinear form, at least in the case n = 3. Geometrically,
the number f(a, 8) is the product of the length of «, the length of 8, and

the cosine of the angle between « and 8. In particular, f(a, 8) = 0 if and
only if the vectors o and B are orthogonal (perpendicular).

Exercises

1. Which of the following functions f, defined on vectors a = (21, 22) and 3 =
(y1, ¥2) in R?, are bilinear forms?

@) fle,8) = 1.

(b) f(a; .3) = (2, — ’!/1)2 + zaye.

() fle, B) = (w1 4+ )2 — (21 — )
d) fla, B) = Ty — T

2. Let f be the bilinear form on R? defined by
J((z1, y1), (22, 42)) = 1 + zgyo.
Find the matrix of f in each of the following bases:
{@0,0, 0,1} {1 -D,@q,D} {1260}

3. Let V be the space of all 2 X 3 matrices over R, and let f be the bilinear form
on V defined by f(X, Y) = trace (X!AY), where

1 2
4= [3 4]'
Find the matrix of f in the ordered basis
{Eu’ Eu, Els’ EZI, Ezz’ Eza}
where E* is the matrix whose only non-zero entry is a 1 in row ¢ and column j.

4. Describe explicitly all bilinear forms f on R? with the property that f(a, 8) =
(B, @) for all o, B.

5. Describe the bilinear forms on R? which satisfy f(a, 8) = —f(8, a) for all «, 8.

6. Let n be a positive integer, and let V be the space of all n X n matrices over
the field of complex numbers. Show that the equation
f(4,B) = ntr (AB) — tr (4) tr (B)
defines a bilinear form f on V. Is it true that f(4, B) = f(B, A) for all A, B?
7. Let f be the bilinear form defined in Exercise 6. Show that f is degenerate

(not non-degenerate). Let V, be the subspace of V consisting of the matrices of
trace 0, and let f; be the restriction of f to V1. Show that f, is non-degenerate.
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8. Let f be the bilinear form defined in Exercise 6, and let ¥, be the subspace
of V consisting of all matrices A such that trace (4) = 0 and 4A* = —4 (A* is
the conjugate transpose of 4). Denote by f, the restriction of f to V, Show that
f» is negative definite, i.c., that fo(4, A) < 0 for each non-zero A in V.

9. Let f be the bilinear form defined in Exercise 6. Let W be the set of all matrices
A in V such that f(4, B) = 0 for all B. Show that W is a subspace of V. Describe
W explicitly and find its dimension.

10. Let f be any bilinear form on a finite-dimensional vector space V. Let W be the
subspace of all 8 such that f(a, 8) = 0 for every a. Show that

rank f = dim V — dim W.
Usc this result and the result of Exercise 9 to compute the rank of the bilinear
form defined in Exercise 6.

11. Let f be a bilinear form on a finite-dimensional vector space V. Suppose V;
is a subspace of V with the property that the restriction of f to V; is non-degenerate.
Show that rank f > dim V.

12. Let f, g be bilinear forms on a finite-dimensional vector space V. Suppose g
is non-singular. Show that there exist unique linear operators T4, T2 on V such that

Jla, B) = g(Thex, B) = g(a, ToB)
for all a, 8.

13. Show that the result given in Exercise 12 need not be true if g is singular.

14. Let f be a bilinear form on a finite-dimensional vector space V. Show that f can
be expressed as a product of two linear functionals (i.e., f(a, 8) = Li(a)Ly(8) for
Ly, Ly in V*) if and only if f has rank 1.

367

10.2. Symmetric Bilinear Forms

The main purpose of this section is to answer the following question:
If f is a bilinear form on the finite-dimensional vector space V, when is
there an ordered basis ® for V in which f is represented by a diagonal
matrix? We prove that this is possible if and only if f is a symmetric
bilinear form, i.e., f(e, B) = f(B8, «). The theorem is proved only when
the scalar field has characteristic zero, that is, that if » is a positive integer
the sum 1 4 --- + 1 (n times) in F is not 0.

Definition. Let { be a bilinear form on the vector space V. We say
that f is symmetric of {(a, 8) = {(8, a) for all vectors o, 8 in V.

If V is a finite-dimensional, the bilinear form f is symmetric if and
only if its matrix 4 in some (or every) ordered basis is symmetric, A* = 4.
To see this, one inquires when the bilinear form

f(X,Y) = X'AY
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is symmetric. This happens if and only if X!AY = Y'4X for all column
matrices X and Y. Since X‘4Y isa 1l X 1 matrix, we have X'AY = Y!4'X.
Thus f is symmetric if and only if Y¢4!X = Y*4X for all X, Y. Clearly
this just means that A = 4% In particular, one should note that if there
is an ordered basis for V in which f is represented by a diagonal matrix,
then f is symmetric, for any diagonal matrix is a symmetric matrix.

If f is a symmetric bilinear form, the quadratic form associated
with f is the function ¢ from V into F defined by

q(e) = fla, @).
If F is a subfield of the complex numbers, the symmetric bilinear form f

is completely determined by its associated quadratic form, according to
the polarization identity

(10-5) fle, B) = 1g(a + B) — iq(a — B).
The establishment of (10-3) is a routine computation, which we omit. If
f is the bilinear form of Example 5, the dot product, the associated quad-
ratic form is

Xy, ..., 2,) =25 + -+ + 22
In other words, ¢(a) is the square of the length of «. For the bilinear form
fa(X,Y) = X'AY, the associated quadratic form is

qu(X) = X'AX = T Az,
LY

One important class of symmetric bilinear forms consists of the inner
products on real vector spaces, discussed in Chapter 8. If V is a real
vector space, an inner product on V is a symmetric bilinear form f on
V which satisfies

(10-6) fla,) >0 if a0

A bilinear form satisfying (10-6) is called positive definite. Thus, an
inner product on a real vector space is a positive definite, symmetric
bilinear form on that space. Note that an inner product is non-degenerate.
Two vectors a, 8 are called orthogonal with respect to the inner product f
if f(e, ) = 0. The quadratic form g(a) = f(a, @) takes only non-negative
values, and ¢(a) is usually thought of as the square of the length of «. Of
course, these concepts of length and orthogonality stem from the most
important example of an inner product—the dot product of Example 5.

If f is any symmetric bilinear form on a vector space V, it is con-
venient to apply some of the terminology of inner products to f. It is
especially convenient to say that o« and 8 are orthogonal with respect to
fif f(a, 8) = 0. It is not advisable to think of f(e, @) as the square of the
length of «; for example, if V is a complex vector space, we may have
fla, @) = \/——1, or on a real vector space, f(a, o) = —2.

We turn now to the basic theorem of this section. In reading the
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proof, the reader should find it helpful to think of the special case in
which V is a real vector space and f is an inner product on V.

Theorem 3. Let 'V be a finite-dimensional vector space over a field
of characteristic zero, and let f be a symmetric bilinear form on V. Then there
18 an ordered basis for V in which f s represented by a diagonal matriz.

Proof. What we must find is an ordered basis
® = {ag, ...,

such that f(a;, ;) = 0 for ¢ # 4. If f =0 or n = 1, the theorem is obvi-
ously true. Thus we may suppose f# 0 and n > 1. If f(e, @) = 0 for
every « in V, the associated quadratic form ¢ is identically 0, and the
polarization identity (10-5) shows that f = 0. Thus there is a vector « in
¥ such that f(a, @) = q(a) ¥ 0. Let W be the one-dimensional subspace
of V which is spanned by «, and let W+ be the set of all vectors 8 in V
such that f(e, 8) = 0. Now we claim that V = W @ W+, Certainly the
subspaces W and W+ are independent. A typical vector in W is ce, where ¢ is
a scalar. If ca is also in W+, then f(cq, ca) = ¢*f(a, ) = 0. But f(e, o) = 0,
thus ¢ = 0. Also, each vector in V is the sum of a vector in W and a vector
in W+, For, let v be any vector in V, and put

(v, a)
fla, @) *

B=v—
Then

- (e v, @)
fle, B) = fla, v) — faa f(,)

and since f is symmetrie, f(a, 8) = 0. Thus [3 is in the subspace W+. The
expression

f('Y; a)

~ faa TP

shows us that V = W 4+ W+,
The restriction of f to W+ is a symmetric bilinear form on W+. Since
W+ has dimension (n — 1), we may assume by induction that W+ has a
basis {as, . . ., a.} such that
flay, e;) = 0, 1= 2>2,72>2).

Putting oy = @, we obtain a basis {a, . . ., an} for V such that f(a, o;) = 0
forv=j. |

Corollary. Let ¥ be a subfield of the complex numbers, and let A be a
symmetric n X n mairix over F. Then there is an tnvertible n X n matrix
P over F such that P*AP s diagonal.

In case F is the field of real numbers, the invertible matrix P in this
corollary can be chosen to be an orthogonal matrix, ie., P* = P~L In
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other words, if A is a real symmetric n X n matrix, there is a real or-
thogonal matrix P such that P‘AP is diagonal; however, this is not at all
apparent from what we did above (see Chapter 8).

Theorem 4. Let V be a finite-dimensional vector space over the field of
complex numbers. Let f be a symmetric bilinear form on V which has rank r.

Then there is an ordered basis ® = {Bi, . . ., Ba} for V such that
(i) the matriz of f in the ordered basis ® is diagonal;
. ey S 1=1 0
) 6,8 = {5 131

Proof. By Theorem 3, there is an ordered basis {ai, ..., an}

for V such that
flay, @) =0 for 75 j.
Since f has rank 7, so does its matrix in the ordered basis {a, .. ., a.}.
Thus we must have f(a;, @;) = 0 for precisely r values of j. By reordering
the vectors «;, we may assume that
flej, a;) #= 0, J=1L...,n

Now we use the fact that the scalar field is the field of complex numbers.
If Vf(a;, @;) denotes any complex square root of f(aj, «;), and if we put

1 .
5, = mvmaj, j=1...,r
a, j>r
the basis {8y, . . ., 8.} satisfies conditions (i) and (ii). ||

Of course, Theorem 4 is valid if the scalar field is any subfield of the
complex numbers in which each element has a square root. It is not valid,
for example, when the scalar field is the field of real numbers. Over the
field of real numbers, we have the following substitute for Theorem 4.

Theorem 5. Let V be an n-dimensional vector space over the field of
real numbers, and let f be a symmetric bilinear form on V which has rank r.

Then there is an ordered basis {81, Bs, . . ., Bn} for V in which the mairiz of
f 2s diagonal and such that
£(8;, Bi) = =+1, i=1,...,r

Furthermore, the number of basis vectors B; for which £(8;, 8j) = 1 s inde-
pendent of the choice of basis.

Proof. There is a basis {ay, . . ., a,} for ¥V such that
f(aiy ai) = O; 7’#.7
flej,0) #0,  1<j<v
f(aj; ai) =0, .7 >
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Let
Bi = |f(as, )7 %ax;, 1<5<r
ﬁ:’ = aj, .7 > 71

Then {81, . . ., Ba} is a basis with the stated properties.

Let p be the number of basis vectors 8; for which f(8;, 8;) = 1; we
must show that the number p is independent of the particular basis we
have, satisfying the stated conditions. Let V* be the subspace of V
spanned by the basis vectors 8, for which f(8;, 8;) = 1, and let V— be the
subspace spanned by the basis vectors 8; for which f(8;, 8;) = —1. Now
p = dim V+, so it is the uniqueness of the dimension of ¥+ which we
must demonstrate. It is easy to see that if « is a non-zero vector in V+,
then f(a, @) > 0; in other words, f is positive definite on the subspace V+.
Similarly, if « is a non-zero vector in V=, then f(a, ) < 0, i.e., f is negative
definite on the subspace V—. Now let ¥+ be the subspace spanned by the
basis vectors 8; for which f(8;, 8;) = 0. If @ is in V*, then f(e, 8) = 0 for
allgin V.

Since {B1, . . ., B} is a basis for ¥, we have

V=V+DV-D V-
Furthermore, we claim that if W is any subspace of V on which f is posi-
tive definite, then the subspaces W, V—, and V* are independent. For,
suppose aisin W, 8isin V-, yisin V*, and @ + 8 + v = 0. Then
0 =fle,a+B+7v) = fla, @) + fla, B) + fle, 7)
0 =78 a+B+1v) =fB e + 18 8) + f8, 7).
Since v isin V4, f(a, v) = f(8, v) = 0; and since f is symmetric, we obtain
0 = fla, @) + fe, B)
0 = f(B, B) + fa, B)
hence f(a, ) = f(8, 8). Since f(a, a) > 0 and f(8, 8) < 0, it follows that

f(ay a) = f(ﬁl ﬁ) = 0.
But f is positive definite on W and negative definite on V—. We conclude
that « = 8 = 0, and hence that v = 0 as well.

Since -

V=V+@V-ev:
and W, V-, V% are independent, we see that dim W < dim V+. That is,
if W is any subspace of V on which f is positive definite, the dimension
of W cannot exceed the dimension of V*. If ®; is another ordered basis
for V which satisfies the conditions of the theorem, we shall have corre-
sponding subspaces Vi, Vi, and Vi; and, the argument above shows
that dim Vi < dim V+. Reversing the argument, we obtain dim V+ <
dim Vi, and consequently

dim V+ = dim Vi. |
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There are several comments we should make about the basis
{By, - . ., Bs} of Theorem 5 and the associated subspaces V+, V=, and V*
First, note that V* is exactly the subspace of vectors which are ‘orthogonal’
to all of V. We noted above that V* is contained in this subspace; but,

dim Vt = dim V — (dim V* 4+ dim V=) = dim V — rank f

so every vector « such that f(a, 8) = 0 for all 8 must be in V*. Thus, the
subspace V* is unique. The subspaces V+ and V— are not unique; however,
their dimensions are unique. The proof of Theorem 5 shows us that dim
V+ is the largest possible dimension of any subspace on which f is positive
definite. Similarly, dim V— is the largest dimension of any subspace on
which f is negative definite. Of course

dim V+ 4+ dim V= = rank f.
The number
dim V+ — dim V-

is often called the signature of f. It is introduced because the dimensions
of V*+ and V— are easily determined from the rank of f and the signature
of f.

Perhaps we should make one final comment about the relation of
symmetric bilinear forms on real vector spaces to inner products. Suppose
V is a finite-dimensional real vector space and that Vi, V,, V3 are sub-
spaces of V such that

V=Vi0OV.®D Vs

Suppose that f; is an inner product on ¥y, and f; is an inner product on V.
We can then define a symmetric bilinear form f on V as follows: If «, 8
are vectors in ¥, then we can write

a=oa+a+a and B =B+ B+ B
with «; and 8; in V;. Let

fla, B) = filon, B1) — foag, Be).

The subspace V* for f will be V3, V; is a suitable V+ for f, and V; is a
suitable V—. One part of the statement of Theorem 5 is that every sym-
metric bilinear form on V arises in this way. The additional content of
the theorem is that an inner product is represented in some ordered basis
by the identity matrix.

Exercises

1. The following expressions define quadratic forms ¢ on RZ Find the symmetric
bilinear form f corresponding to each g.
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(a) azi. (e) 2% + 9z
(b) bxizs. ) 3zxs — x2.
(c) exi. (g) 422 + 6z, — 3xd.

@) 222 — }zi20.

2. Find the matrix, in the standard ordered basis, and the rank of each of the
bilinear forms determined in Exercise 1. Indicate which forms are non-degenerate.

3. Let gz, xy) = ax? + bxuxs + cal be the quadratic form associated with a
symmetric bilinear form f on R2 Show that f is non-degenerate if and only if
0% — dac # 0.

4. Let V be a finite-dimensional vector space over a subfield F of the complex
numbers, and let S be the set of all symmetric bilinear forms on V.

(a) Show that S is a subspace of L(V, V, F).
(b) Find dim S.

Let Q be the set of all quadratic forms on V.

(c) Show that Q is a subspace of the space of all functions from V into F.

(d) Describe explicitly an isomorphism T of @ onto S, without reference to
a basis.

(e) Let U be a linear operator on V and ¢ an element of Q. Show that the
equation (Ulgq)(a) = ¢(Ua) defines a quadratic form Ulq on V.

(f) 1t U is a linear operator on V, show that the function Ut defined in part
(e) is a linear operator on Q. Show that U7 is invertible if and only if U is invertible.

5. Let ¢ be the quadratic form on R? given by
q(x1, Ts) = az? + 2bxixs + c23, a % 0.

Find an invertible linear operator U on R? such that

(Utg) (21, x2) = aa? + (c - %2) 3.
(Hint: To find U~ (and hence U), complete the square. For the definition of UT,
see part (e) of Exercise 4.)
6. Let g be the quadratic form on R? given by
q(zy, 29) = 2bz120.
Find an invertible linear operator U on R? such that
(Utg){(xy, 72) = 20z — 2ba?.
7. Let g be the quadratic form on R? given by
g(x1, T, T3) = ;Zs + 2z123 + T
Find an invertible linear operator U on R3 such that
(UtQ) (z1, 22, 22) = 2 — 2§ + 23.

(Hwnt: Express U as a product of operators similar to those used in Exercises 5
and 6.)
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8. Let A be a symmetric n X n matrix over R, and let ¢ be the quadratic form
on R given by
9@, . oy Te) = T AT
47

Generalize the method used in Exercise 7 to show that there is an invertible linear
operator U on R* such that

n

Uiy, ..., z.) = 2 ca?

i=1
where ¢;is 1, —1,0r 0,2 =1,...,n.

9. Let [ be a symmetric bilinear form on R*. Use the result of Exercise 8 to prove
the existence of ah ordered basis ® such that [f]@ is diagonal.

10. Let V be the real vector space of all 2 X 2 (complex) Hermitian matrices,
that is, 2 X 2 complex matrices 4 which satisfy 4;; = 4.

(a) Show that the equation ¢(A) = det A defines a quadratic form ¢ on V.,
(b) Let W be the subspace of V of matrices of trace 0. Show that the bilinear
form f determined by ¢ ix negative definite on the subspace W.

11. Let V be a finite~dimensional vector space and f a non-degenerate symmetric
bilinear form on V. Show that for each linear operator 7' on ¥ there is a unique
linear operator T’ on V such that f(Ta, 8) = f(a, T'B8) for all @, 8 in V. Also
show that

(T\Ty)' = T3T]
(aTy + Ty = CxT{ 4+ T4
Ty =T.

How much of the above is valid without the assumption that 7" is non-degenerate?

12. Let F be a field and V the space of n X 1 matrices over F. Suppose 4 is a
fixed n X n matrix over ¥ and f is the bilinear form on V defined by f(X, ¥) =
X!AY. Suppose f is symmetric and non-degenerate. Let B be an n X n matrix
over F and T the linear operator on V sending X into BX. Find the operator T’
of Exercise 11.

13. Let V be a finite-dimensional vector space and f a non-degenerate symmetric
bilinear form on V. Associated with f is a ‘natural’ isomorphism of V onto the
dual space V*, this isomorphism being the transformation L, of Section 10.1.
Using Ly, show that for each basis ® = {a;, ..., an} of V there exists a unique
basis ®' = {af, ..., ar} of V such that f(a, a}) = 8:;. Then show that for every
vector a in V we have

o= Zf(ay aj)a; = 2 fle, e

14. Let V, f, ®, and ®' be as in Exercise 13. Suppose T is a linear operator on V
and that 7" is the operator which f associates with 7 as in Exercise 11. Show that

(®) [Ter = [TTh.

(b) tr (T) = tr (") = S f(Tox;, .

1
15. Let V, f, ®, and ®’' be as in Exercise 13. Suppose [fle@ = A. Show that
a; = 2 (4 ey = Z (A aa;.
J 2
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16. Let F be a field and V the space of n X 1 matrices over F. Suppose A4 is an
invertible, symmetric # X n matrix over F and that f is the bilinear form on V
defined by f(X, Y) = X!4Y. Let P be an invertible n X n matrix over F and ®
the basis for V consisting of the columns of P. Show that the basis ®’ of Exercise 13
consists of the columns of the matrix A~1(Pt)~1,

17. Let V be a finite-dimensional vector space over a field F and f a symmetric
bilinear form on V. For each subspace W of V, let W* be the set of all vectors «
in V such that f(«, 8) = 0 for every 8 in W. Show that

(a) W* is a subspace.

(b) V = {0}+.

() V* = {0} if and only if f is non-degenerate.

(d) rank f = dim V — dim V%,

(e) If dimV =n and dim W =m, then dim W* > n —m. (Hint: Let
{Bi, . . ., Bn} be a basis of W and consider the mapping

a—= (f(a: 61)’ L )f(ay B’ﬂ))

of V into F™.)

(f) The restriction of f to W is non-degenerate if and only if

w N wt = {0},

(g) V=Wa@WH* if and only if the restriction of f to W is non-degenerate.

18. Let V be a finite-dimensional vector space over C and f a non-degenerate

symmetric bilinear form on V. Prove that there is a basis ® of V such that ®’ = ®.
(Se> Exercise 13 for a definition of ®'.)
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10.3. Skew-Symmetric Bilinear Forms

Throughout this section ¥V will be a vector space over a subfield F
of the field of complex numbers. A bilinear form f on V is called skew-
symmetric if f(a, 8) = —f(8, @) for all vectors a, 8 in V. We shall prove
one theorem concerning the simplification of the matrix of a skew-
symmetric bilinear form on a finite-dimensional space V. First, let us
make some general observations.

Suppose f is any bilinear form on V. If we let

g(a, B) = 3[f(e, B) + (8, )]
Ma, 8) = $[f(e, B) — f(B, a)]
then it is easy to verify that ¢ is a symmetric bilinear form on V and & is
a skew-symmetric bilinear form on V. Also f = g + h. Furthermore, this
expression for V as the sum of a symmetric and a skew-symmetric form
is unique. Thus, the space L(V, V, F) is the direct sum of the subspace
of symmetric forms and the subspace of skew-symmetric forms.
If V is finite-dimensional, the bilinear form f is skew-symmetric if
and only if its matrix 4 in some (or every) ordered basis is skew-symmetric,
A* = —A. This is proved just as one proves the corresponding fact about
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symmetric bilinear forms, When f is skew-symmetric, the matrix of f in
any ordered basis will have all its diagonal entries 0. This just corresponds
to the observation that f(a, «) = 0 for every « in V, since f(a, ) =
_f(a; a)'

Let us suppose f is a non-zero skew-symmetric bilinear form on V.
Since f = 0, there are vectors a, 8 in V such that f(e, 8) > 0. Multiplying
a by a suitable scalar, we may assume that f(«, 8) = 1. Let v be any vector
in the subspace spanned by « and 8, say ¥ = ca + dB. Then

(v, @) = flea + dB, @) = df(8, @) = —d
(v, ) = flea + dB, B) = ¢f(a, B) = ¢
and so
(10-7) v = f(v, Bla — f(v, a)B.
In particular, note that o and 8 are necessarily linearly independent; for,
if v = 0! thenf(7) a) = f('Y) B) = 0.

Let W be the two-dimensional subspace spanned by a and 8. Let W+
be the set of all vectors § in V such that (5, @) = (8, B) = 0, that is, the
set, of all 6 such that f(8, v) = 0 for every « in the subspace W. We claim
that V.= W @ W*. For, let € be any vector in V, and

v = fle, Bla — fle, @)B
d =¢€— 7.
Then v i1s in W, and 6 is in W+, for

J(8, &) = f(e — f(e B)a + [, 2)B, @)
= f(e&, &) + e, 0)f(B, @)
=0

and similarly f(8, ) = 0. Thus every e in V is of the form ¢ = v 4 5,
with 4 in W and 8 in W*t. From (9-7) it is clear that W N W+ = {0}, and
soV=W@w-.

Now the restriction of f to W+ is a skew-symmetric bilinear form on
W+, This restriction may be the zero form. If it is not, there are vectors
a’ and 8’ in W+ such that f(o/, 8) = 1. If we let W’ be the two-dimensional
subspace spanned by o’ and 8, then we shall have

V=WOW W,

where Wy is the set of all vectors 8 in W* such that f(a’, 8) = f(8, 8) = 0.
If the restriction of f to W, is not the zero form, we may select vectors
o, B in Wy such that f(a’, 8”) = 1, and continue.

In the finite-dimensional case it should be clear that we obtain a
finite sequence of pairs of vectors,

(ah ﬁl); (aZ: ﬁZ)y IR (ak; ﬁk)
with the following properties:
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() Sl 8) = Lj = 1,.. ., k. |
(b) flas, a;) = f(Bs, Bj) = flas, ;) = 0,7 5 J.
(c) If W;is the two-dimensional subspace spanned by «; and 8;, then

V=@ OW@®W

where every vector in W, is ‘orthogonal’ to all @; and 8;, and the restric-
tion of f to W, is the zero form.

Theorem 6. Let V be an n-dimensional vector space over a subfield of
the complex numbers, and let f be a skew-symmetric bilinear form on V. Then
the rank r of f is even, and if r = 2k there 1s an ordered basis for V in which
the matriz of f is the direct sum of the (n — r) X (n — r) zero matriz and
k copies of the 2 X 2 matrix

01
LIJ

Proof. Let ay, B, - . ., au, Be be vectors satisfying conditions (a),
(b), and (c) above. Let {vi, . . ., vs} be any ordered basis for the subspace
Ws. Then
® = {a1, B1, 09, By + 5 Wy By Yy 4 o vy V)

is an ordered basis for V. From (a), (b), and (c) it is clear that the matrix
of f in the ordered basis ® is the direct sum of the (n — 2k) X (n — 2k)
zero matrix and k copies of the 2 X 2 matrix

(10-8) [0 o)

Furthermore, it is clear that the rank of this matrix, and hence the rank
of f, s 2k. |

One consequence of the above is that if f is a non-degenerate, skew-
symmetric bilinear form on V, then the dimension of V must be even. If

dim V = 2k, there will be an ordered basis {a1, 81, . . ., o, B} for V such
that
— 0, 77
f(ai; 51) = {1’ 1 =j

flos, a;) = f(Bi, B;) = 0.

The matrix of f in this ordered basis is the direct sum of k copies of the
2 X 2 skew-symmetric matrix (10-8). We obtain another standard form
for the matrix of a non-degenerate skew-symmetric form if, instead of the
ordered basis above, we consider the ordered basis

{al,...,ak,ﬁk,...,ﬁl}.
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The reader should find it easy to verify that the matrix of f in the latter
ordered basis has the block form

[-7 7]

where J is the & X k& matrix

0 0 1
0 1o
1 0 0

Exercises

1. Let V be a vector space over a field /. Show that the set of all skew-symmetric
bilinear forms on V is a subspace of L(V, V, F).

2. Find all skew-symmetric bilinear forms on R3,
3. Find a basis for the space of all skew-symmetric bilinear forms on R=,

4. Let f be a symmetric bilinear form on C* and g a skew-symmetric bilinear
form on C». Suppose f + g = 0. Show that f = g = 0.
5. Let V be an n-dimensional vector space over a subfield F of C. Prove the
following.
(a) The equation (Pf)(e, B) = 3f(e, B) ~ 3f(B, ) defines a linear operator P
on L(V,V, F).
(b) P2 = P, i.e., P is a projection.
(¢) rank P = -’i";—l)
(d) If U is a linear operato on V, the equation (UYf)(e, B) = f(Ue, UB)
defines a linear operator Ut on L(V, V, F).
(e) For every linear operator U, the projection P commutes with UT.

; nullity P = ’i("—;i)

6. Prove an analogue of Exercise 11 in Section 10.2 for non-degenerate, skew-
symmetric bilinear forms,

7. Let f be a bilinear form on a vector space V. Let L, and R, be the mappings of
V into V* associated with f in Section 10.1. Prove that f is skew-symmetric if and
Only if L_/ = _Rf.

8. Prove an analogue of Exercise 17 in Section 10.2 for skew-symmetric forms.

9. Let V be a finite-dimensional vector space and L,, L, linear functionals on V.
Show that the equation
fle, B) = Li(e)Lo(B) — Li(B)Lxo()
defines a skew-symmetric bilinear form on V. Show that f = 0 if and only if Ly, L.
are linearly dependent.

10. Let V be a finite-dimensional vector space over a subfield of the complex
numbers and f a skew-symmetric bilinear form on V. Show hat f has rank 2 if
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and only if there exist linearly independent linear functionals L, L, on ¥ such that

f(e, B) = Ln(e) Lo(B) — Ln(B) Ln(er).

11. Let f be any skew-symmetric bilinear form on R? Prove that there are linear
functionals Lj, Ly such that

Jla, B) = Ln(e) Lo(B) ~ Ln(B) Lo(e).

12. Let V be a finite-dimensional vector space over a subfield of the complex
numbers, and let f, ¢ be skew-symmetric bilinear forms on V. Show that there is
an tnvertible linear operator T on V such that f(Ta, TB) = g(a, B) for all «, 8
if and only if f and g have the same rank.

13. Show that the result of Exercise 12 is valid for symmetric bilinear forms on a
complex vector space, but is not valid for symmetric bilinear forms on a real vector
space.
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10.4. Groups Preserving Bilinear Forms

Let f be a bilinear form on the vector space V, and let 7 be a linear
operator on V. We say that 7 preserves f if f(Ta, TB8) = f(a, 8) for
all ¢, Bin V. For any T and f the function ¢, defined by ¢(a, 8) = f(Ta, T8),
is easily seen to be a bilinear form on V. To say that T preserves f is simply
to say g = f. The identity operator preserves every bilinear form. If S
and T are linear operators which preserve f, the product ST also preserves
f; for f(STa, STB) = f(Ta, TB) = f(e, B). In other words, the collection
of linear operators which preserve a given bilinear form is closed under
the formation of (operator) products. In general, one cannot say much
more about this collection of operators; however, if f is non-degenerate,
we have the following.

Theorem 7. Let { be a non-degenerate bilinear form on a finite-
dimensional vector space V. The set of all linear operators on 'V which preserve
f 7s a group under the operation of composition.

Proof. Let G be the set of linear operators preserving f. We
observed that the identity operator is in ¢ and that whenever S and T
are In G the composition ST is also in G. From the fact that f is non-
degenerate, we shall prove that any operator 7' in G is invertible, and
T-!is also in G. Suppose T preserves f. Let a be a vector in the null space
of T. Then for any 8 in V we have

f(a; 6) = f(Ta: Tﬁ) = f(O) TB) = 0.

Since f is non-degenerate, @ = 0. Thus T is invertible. Clearly 7! also
preserves f; for

/(T-1a, T-1g) = f(TT-a, TT-8) = f(e, B). 1
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If f is a non-degenerate bilinear form on the finite-dimensional space
V, then each ordered basis ® for V determines a group of matrices
‘preserving’ f. The set of all matrices [T]g, where T is a linear operator
preserving f, will be a group under matrix multiplication. There is an
alternative description of this group of matrices, as follows. Let A = [flg,
so that if @ and 8 are vectors in V with respective coordinate matrices X
and Y relative to ®, we shall have

f(a) :8) = X'4Y.
Let T be any linear operator on V and M = [T]g. Then
f(Ta, TB) = (MX)'A(MY)
= X' (M*'AM)Y.
Accordingly, T preserves f if and only if M‘'AM = A. In matrix language
then, Theorem 7 says the following: If A is an invertible n X n matrix,
the set of all n X n matrices M such that M‘AM = A is a group under
matrix multiplication. If A = [flg, then M is in this group of matrices if
and only if M = [T]g, where T is a linear operator which preserves f.
Before turning to some examples, let us make one further remark.
Suppose f is a bilinear form which is symmetric. A linear operator T pre-
serves f if and only if T preserves the quadratic form

q(a) = f(a, a)
associated with f. If T preserves f, we certainly have
q(Ta) = f(Ta, Ta) = fla, @) = q(a)
for every a in V. Conversely, since f is symmetric, the polarization identity
fla, B) = igla + B) — iq(a —B)

shows us that T preserves f provided that ¢(Ty) = g(v) for each v in V.
(We are assuming here that the scalar field is a subfield of the complex
numbers.)

ExampLe 6. Let V be either the space R or the space C*. Let f be
the bilinear form

fla, B) = él Tiy;

where a = (z1,...,2,) and 8 = (y1, . . ., ¥»). The group preserving f is
called the n-dimensional (real or complex) orthogonal group. The
name ‘orthogonal group’ is more commonly applied to the associated
group of matrices in the standard ordered basis. Since the matrix of f
in the standard basis is I, this group consists of the matrices M which
satisfy M*M = I. Such a matrix M is called an n X n (real or complex)
orthogonal matrix. The two n X n orthogonal groups are usually de-
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noted O(n, R) and O(n, C). Of course, the orthogonal group is also the
group which preserves the quadratic form

gz .oy za) =28+ -+ 2

ExampLe 7. Let f be the symmetric bilinear form on R* with quad-

ratic form
P n
9(11,...,$n) =2 x.‘lz'—' z IJ?.
=1 i=p+1

Then f is non-degenerate and has signature 2p — n. The group of ma-
trices preserving a form of this type is called a pseudo-orthogonal group.
When p = n, we obtain the orthogonal group O(n, R) as a particular type
of pseudo-orthogonal group. For each of then + 1 valuesp =0,1,2,...,
n, we obtain different bilinear forms f; however, forp = kand p = n — k
the forms are negatives of one another and hence have the same associated
group. Thus, when n is odd, we have (n + 1)/2 pseudo-orthogonal groups
of n X n matrices, and when n is even, we have (n 4 2)/2 such groups.

Theorem 8. Let V be an n-dimensional vector space over the field of
complex numbers, and let f be a non-degenerate symmetric bilinear form on V.
Then the group preserving f is isomorphic to the complex orthogonal group

O(n, C).

Proof. Of course, by an isomorphism between two groups, we
mean a one-one correspondence between their elements which ‘preserves’
the group operation. Let & be the group of linear operators on ¥V which
preserve the bilinear form f. Since f is both symmetric and non-degenerate,
Theorem 4 tells us that there is an ordered basis & for V in which f is
represented by the » X n identity matrix. Therefore, a linear operator T
preserves f if and only if its matrix in the ordered basis ® is a complex
orthogonal matrix. Hence

T- [T

is an isomorphism of G onto O(n, C). |

Theorem 9. Let V be an n-dimenstonal vector space over the field of
real numbers, and let f be a non-degenerate symmetric bilinear form on V.
Then the group preserving 1 is isomorphic to an n X n pseudo-orthogonal
group.

Proof. Repeat the proof of Theorem 8, using Theorem 5 instead
of Theorem 4. ||

ExampLe 8. Let f be the symmetric bilinear form on R* with quad-
ratic form
Q(Ir Y2 t) =¥ — z* — y2 — 2%
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A linear operator T on R* which preserves this particular bilinear (or
quadratic) form is called a Lorentz transformation, and the group pre-
serving f is called the Lorentz group. We should like to give one method
of describing some Lorentz transformations.

Let H be the real vector space of all 2 X 2 complex matrices A which
are Hermitian, A = A*. It is easy to verify that

[t+z y+ iz]
q’(l‘}y;z’t)_[y__iz t_ll:
defines an isomorphism ® of R* onto the space H. Under this isomorphism,
the quadratic form ¢ is carried onto the determinant function, that is
_ t+z y+ iz:l
Q(x’y;z;t)_detliy_iz t— x
or
gla) = det ®(a).
This suggests that we might study Lorentz transformations on R* by
studying linear operators on H which preserve determinants.
Let M be any complex 2 X 2 matrix and for a Hermitian matrix 4
define
Uu(Ad) = MAM*

Now MAM* is also Hermitian. From this it is easy to see that Uy is a
(real) linear operator on H. Let us ask when it is true that Ux ‘preserves’
determinants, ie., det [Uy(A)] = det A for each A in H. Since the
determinant of M* is the complex conjugate of the determinant of M,
we see that

det [Upn(4)] = |det M2 det A.

Thus Uy preserves determinants exactly when det M has absolute value 1.
So now let us select any 2 X 2complex matrix M for which
|det M| = 1. Then Uy is a linear operator on H which preserves de-
terminants. Define
TM = Q)—lUM(b.
Since ® is an isomorphism, T is a linear operator on R*. Also, T is a
Lorentz transformation; for

q(Tre) = (@' Unba)
= det (#~UndPa)
= det (U M@a)
= det (da)
= ¢(a)
and so Ty preserves the quadratic form gq.
By using specific 2 X 2 matrices M, one can use the method above
to compute specific Lorentz transformations. There are two comments
which we might make here; they are not difficult to verify.
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(1) If My and M, are invertible 2 X 2 matrices with complex entries,
then Uy, = Up, if and only if M, is a sealar multiple of M,. Thus, all of
the Lorentz transformations exhibited above are obtainable from uni-
modular matrices M, that is, from matrices M satisfying det M = 1. If
M, and M, are unimodular matrices such that M, = M, and M, = — M,,
then T, # Thar,

(2) Not every Lorentz transformation is obtainable by the above
method.

Exercises

1. Let M be a member of the complex orthogonal group, O(n, C). Show that M¢,
M, and M* = M also belong to O(n, C).

2. Suppose M belongs to O(n, C) and that M’ is similar to M. Does M’ also
belong to O(n, C)?

3. Let
L3
yi= Z Max
k=1

where M is a member of O(n, C). Show that

Zyi=2az

2 J
4. Let M be an n X n matrix over €' with columns My, M,, ..., M,. Show that
M belongs to O(n, C) if and only if

MM = i

5. Let X be an n X 1 matrix over C. Under what conditions does O(n, C) contain
a matrix M whose first column is X?

6. Find a matrix in 0(3, C') whose first row is (2¢, 22, 3).

7. Let V be the space of all n X 1 matrices over €' and f the bilinear form on V
given by f(X, Y) = XtY. Let M belong to O(n, C). What is the matrix of f in the
basis of V consisting of the columns My, My, ..., M, of M?

8. Let X be an n X 1 matrix over C such that X‘X = 1, and I; be the jth column
of the identity matrix. Show there is a matrix M in O(n, C) such that MX = I;.
If X has real entries, show there is an M in O(n, R) with the property that MX = I,.

9. Let V be the space of all n X 1 matrices over C, 4 an n X n matrix over C,
and f the bilinear form on V given by f(X, Y) = X*AY. Show that f is invariant
under O(n, 0), ie., f(MX, MY) = f(X,Y) for all X, Y in V and M in O{n, C),
if and only if A commutes with each member of O(n, C).

10. Let S be any set of n X n matrices over C and S’ the set of all n X n matrices
over ¢ which commute with each element of S. Show that 8’ is an algebra over C.
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11. Let F be a subfield of C, V a finite-dimensional vector space over F, and f a
non-singular bilinear form on V. If T is a linear operator on V preserving f, prove
that det T = =+1.

12. Let F be a subfield of C, V the space of n X 1 matrices over F, A an invertible
n X n matrix over F, and f the bilinear form on V given by f(X, ¥) = X'AY.
If M is an n X n matrix over F, show that M preserves f if and only if A~1M!'4 =
M

13. Let g be a non-singular bilinear form on a finite-dimensional vector space V.
Suppose T is an invertible linear operator on V and that f is the bilinear form
on V given by f(a, 8) = g(e, TB). If U is a linear operator on V, find necessary
and sufficient conditions for U to preserve f.

14. Let T be a linear operator on C? which preserves the quadratic form 2 — 3.
Show that

(a) det (T) = £1.

(b) If M is the matrix of T in the standard basis, then M» = =My, My =
+My, M3, — M3 = L.

(c) If det M = 1, then there is a non-zero complex number ¢ such that

C+1 c_l
1 ¢ ¢
M=3 1 1
c— ¢+ -
c ¢
(d) If det M = —1 then there is a complex number ¢ such that
1 1
) c—}—-(-: c—
M=z .
2 _ +1 _ 1
et —e—,

15. Let f be the bilinear form on C? defined by

F((z1, T2), (1, ¥2)) = Ty — T
Show that

(a) if T is a linear operator on (2, then f(Ta, TB) = (det T)f(e, B) for all
a, 3in C2

(b) T preserves f if and only if det T = +1.

(c) What does (b) say about the group of 2 X 2 matrices M such that

M'AM = A where
01 '
= ?
4 [—1 0]‘

16. Let n be a positive integer, I the n X n identity matrix over C, and J the
2n X 2n matrix given by
J= I: 0 I ]
T L-I 0

Let M be a 2n X 2n matrix over C of the form

w-[¢ 5]
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where A, B, C, D are n X n matrices over C. Find necessary and sufficient con-
ditions on A4, B, C, D in order that M'JM = J.

17. Find all bilinear forms on the space of n X 1 matrices over R which are in-
variant under O(n, R).

18. Find all bilinear forms on the space of n X 1 matrices over C which are in-
variant under O(n, C).
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Appendix

This Appendix separates logically into two parts. The first part,
comprising the first three sections, contains certain fundamental concepts
which occur throughout the book (indeed, throughout mathematics). It
is more in the nature of an introduction for the book than an appendix.
The second part is more genuinely an appendix to the text.

Section 1 contains a discussion of sets, their unions and intersections.
Section 2 discusses the concept of function, and the related ideas of range,
domain, inverse function, and the restriction of a function to a subset of
its domain. Section 3 treats equivalence relations. The material in these
three sections, especially that in Sections 1 and 2, is presented in a rather
concise manner. It is treated more as an agreement upon terminology
than as a detailed exposition. In a strict logical sense, this material con-
stitutes a portion of the prerequisites for reading the book; however, the
reader should not be discouraged if he does not completely grasp the
significance of the ideas on his first reading. These ideas are important,
but the reader who is not too familiar with them should find it easier to
absorb them if he reviews the discussion from time to time while reading
the text proper.

Sections 4 and 5 deal with equivalence relations in the context of
linear algebra. Section 4 contains a brief discussion of quotient spaces.
It can be read at any time after the first two or three chapters of the book.
Section 5 takes a look at some of the equivalence relations which arise in
the book, attempting to indicate how some of the results in the book might
be interpreted from the point of view of equivalence relations. Section 6
describes the Axiom of choice and its implications for linear algebra.
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See. A.1 Sets

A.l

We shall use the words ‘set,” ‘class,’” ‘collection,” and ‘family’ inter-
changeably, although we give preference to ‘set.” If S is a set and z is
an object in the set S, we shall say that z is a member of S, that z is an
element of S, that = belongs to S, or simply that z is in S. If S has
only a finite number of members, zj, . . ., z,, we shall often describe S
by displaying its members inside braces:

S = {x1,...,Zn}.
Thus, the set S of positive integers from 1 through 5 would be
S = {1,234, 5.

If S and T are sets, we say that S is a subset of 7', or that S is con-
tained in 7, if each member of S is a member of 7'. Each set S is a subset
of itself. If S is a subset of 7 but S and 7' are not identical, we call S a
proper subset of 7. In other words, S is a proper subset of 7 provided
that S is contained in 7" but 7' is not contained in S.

If S and T are sets, the union of S and 7 is the set S U 7, consisting
of all objects # which are members of either S or 7. The intcrscction
of S8 and T is the set S M T, consisting of all x which are members of
both S and 7. IFor any two sets, S and 7, the intersection S (M 7' is a
subset of the union S \J T. This should help to clarify the use of the word
‘or’ which will prevail in this book. When we say that z is either in S or
in T, we do not preclude the possibility that z is in both S and 7.

In order that the intersection of S and T’ should always be a set, it
1s necessary that one introduce the empty set, 1.e., the set with no mem-
bers. Then S M T is the empty set if and only if S and T have no members
In common.

We shall frequently need to discuss the union or intersection of several
sets. If Sy, ..., S, are sets, their union is the set C)l S; consisting of all

i=
z which are members of at least one of the sets Sy, . . ., S,. Their inter-
section is the set _(nﬁl S;, consisting of all 2 which are members of each of
j=
the sets Sy, ..., 8. On a few occasions, we shall discuss the union or
intersection of an infinite collection of sets. It should be clear how such
unions and intersections are defined. The following example should clarify
these definitions and a notation for them.

ExampLE 1. Let R denote the set of all real numbers (the real line).
If ¢ is in R, we associate with ¢ a subset S, of R, defined as follows: S,
consists of all real numbers z which are not less than ¢.
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(a) Sy U Su = Si, where ¢ is the smaller of # and &.
(b) Su M S, = 8:, where ¢ is the larger of ¢, and ¢,.
(c) Let I be the unit interval, that is, the set of all { in R satisfying

0 <¢<1. Then
U SL = Sl]
¢tin I
m Sz = Sl.
tin I

A.2. Functions

A function consists of the following:

(1) aset X, called the domain of the function;

(2) aset Y, called the co-domain of the function;
(3) a rule (or correspondence) f, which associates with each element

z of X a single element f(x) of Y.

If (X,7,f) is a function, we shall also say f is a function from X
into Y. This is a bit sloppy, since it is not f which is the function; f is
the rule of the function. However, this use of the same symbol for the
function and its rule provides one with a much more tractable way of
speaking about functions. Thus we shall say that f is a function from X
into Y, that X is the domain of f, and that Y is the co-domain of f—all
this meaning that (X, Y, f) is a function as defined above. There are
several other words which are commonly used in place of the word ‘func-
tion.” Some of these are ‘transformation,” ‘operator,’ and ‘mapping.’
These are used in contexts where they seem more suggestive in conveying
the role played by a particular function.

If f is a function from X into Y, the range (or image) of f is the set
of all f(z), z in X. In other words, the range of f consists of all elements
y in Y such that y = f(z) for some z in X. If the range of f is all of ¥,
we say that fis a funetion from X onto Y, or simply that f is onto. The
range of f is often denoted f(X).

Exavmrre 2. (a) Let X be the set of real numbers, and let ¥V = X.
Let f be the function from X into Y defined by f(z) = z2 The range of
f is the set of all non-negative real numbers. Thus f is not onto.

(b) Let X be the Euclidean plane, and ¥ = X. Let f be defined as
follows: If P is a point in the plane, then f(P) is the point obtained by
rotating P through 90° (about the origin, in the counterclockwise direc-
tion). The range of f is all of Y, i.e., the entire plane, and so f is onto.

(¢) Again let X be the Euclidean plane. Coordinatize X as in analytic
geometry, using two perpendicular lines to identify the points of X with
ordered pairs of real numbers (z;, 72). Let ¥ be the z;-axis, that is, all
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points (x1, z2) with z, = 0. If P is a point of X, let f(P) be the point
obtained by projecting P onto the z;-axis, parallel to the zy-axis. In other
words, f((z1, 2)) = (21, 0). The range of f is all of ¥, and so f is onto.

(d) Let X be the set of real numbers, and let ¥ be the set of positive
real numbers. Define a function f from X into Y by f(z) = ¢*. Then f is
a function from X onto Y.

(e) Let X be the set of positive real numbers and Y the set of all real
numbers. Let f be the natural logarithm function, that is, the function
defined by f(x) = log z = lnz. Again f is onto, i.e., every real number
is the natural logarithm of some positive number.

Suppose that X, Y, and Z are sets, that f is a function from X into
Y, and that ¢ is a function from Y into Z. There is associated with f and ¢
a function go f from X into Z, known as the composition of ¢ and f.
It is defined by
(gofN(x) = g(f(x)).

For one simple example, let X = Y = Z, the set of real numbers; let
f, g, h be the functions from X into X defined by

f@) =2% glx) =¢, h) =

and then & = go f. The composition go f is often denoted simply gf;
however, as the above simple example shows, there are times when this
may lead to confusion.

One question of interest is the following. Suppose f is a function from
X into Y. When is there a function g from Y into X such that ¢(f(z)) =
for each x in X? If we denote by [ the identity funection on X, that is,
the function from X into X defined by I(xz) = x, we are asking the fol-
lowing: When is there a function ¢ from Y into X such that go f = I?
Roughly speaking, we want a function g which ‘sends each element of V¥
back where it came from.” In order for such a ¢ to exist, f clearly must be
1:1, that is, f must have the property that if z; = z, then f(21) #= f(z2).
If fis 1:1, such a g does exist. It is defined as follows: Let y be an element
of Y. If y is in the range of f, then there is an element x in X such that
y = f(x); and since f is 1:1, there is exactly one such z. Define ¢g(y) = x.
If y is not in the range of f, define g(y) to be any element of X. Clearly we
then have go f = I.

Let f be a function from X into Y. We say that f is invertible if
there is a function ¢ from Y into X such that

(1) go fis the identity function on X,
(2) fog is the identity function on Y.

We have just seen that if there is a ¢ satisfying (1), then f is 1:1. Similarly,
one can see that if there is a ¢ satisfying (2), the range of fis all of 7V, i.e.,
fis onto. Thus, if f is invertible, f is 1:1 and onto. Conversely, if fis 1:1
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and onto, there is a function g from Y into X which satisfies (1) and (2).
Furthermore, this ¢ 1s unique. It is the function from ¥ into X defined by
this rule: if y is in Y, then g(y) is the one and only element z in X for
which f(z) = v.

If f is invertible (1:1 and onto), the inverse of f is the unique function
f~lfrom Y into X satisfying

(1) f~Y(f(z)) = z, for each z in X,
2" f(f~Yy)) = y, for each y in Y.

ExampLe 3. Let us look at the functions in Example 2.

(a) If X = Y, the set of real numbers, and f(z) = 22, then f is not
invertible. For f is neither 1:1 nor onto.

(b) If X = Y, the Euclidean plane, and f is ‘rotation through 90°,’
then f is both 1:1 and onto. The inverse function f~! is ‘rotation through
—90° or ‘rotation through 270°.

(¢) If X is the plane, Y the z;-axis, and f((z;, 22)) = (21, 0), then f is
not invertible. For, although f is onto, f is not 1:1.

(d) If X is the set of real numbers, Y the set of positive real numbers,
and f(x) = ¢, then f is invertible. The function f~? is the natural logarithm
function of part (e): log ¢ = z, eloev = y.

(e) The inverse of this natural logarithm function is the exponential
function of part (d).

Let f be a function from X into Y, and let f; be a function from X,
into Y,. We call f; a restriction of f (or a restriction of f to X,) if

(1) X,is a subset of X,
(2) folx) = f(x) for each z in X,.

Of course, when f; is a restriction of f, it follows that ¥, is a subset of Y.
The name ‘restriction’ comes from the fact that f and f; have the same
rule, and differ chiefly because we have restricted the domain of definition
of the rule to the subset X, of X.

If we are given the function f and any subset X, of X, there is an
obvious way to construct a restriction of f to X,. We define a function
fofrom X, into Y by fo(x) = f(z) for each z in X,. One might wonder why
we do not call this the restriction of f to X,. The reason is that in dis-
cussing restrictions of f we want the freedom to change the co-domain Y,
as well as the domain X.

ExampLe 4. (a) Let X be the set of real numbers and f the function
from X into X defined by f(z) = x2 Then f is not an invertible function,
but it is if we restrict its domain to the non-negative real numbers. Let
X, be the set of non-negative real numbers, and let f, be the function
from X, into X, defined by fo(x) = x% Then f, is a restriction of f to X,.
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Now f is neither 1:1 nor onto, whereas f; is both 1:1 and onto. The latter
statement simply says that each non-negative number is the square of
exactly one non-negative number. The inverse function fy ' is the function
from X, into X, defined by f5 '(z) = V.

(b) Let X be the set of real numbers, and let f be the function from
X into X defined by f(z) = «* + 22 + 1. The range of f is all of X, and
so f is onto. The function f is eertainly not 1:1, e.g., f(—1) = f(0). But
fis 1:1 on X, the set of non-negative real numbers, because the derivative
of f is positive for z > 0. As = ranges over all non-negative numbers, f(z)
ranges over all real numbers y such that y > 1. If we let ¥, be the set of
ally > 1, and let fo be the function from X, into Y, defined by fo(z) = f(2),
then fo is a 1:1 function from X, onto Y, Accordingly, fo has an inverse
function fg ! from ¥, onto X,. Any formula for f5 (y) is rather complicated.

(c) Again let X be the set of real numbers, and let f be the sine func-
tion, that is, the function from X into X defined by f(z) = sinz. The
range of f is the set of all y such that —1 < y < 1; hence, f is not onto.
Since f(z + 27) = f(z), we see that fis not 1:1. If we let X, be the interval
—7/2 <z < n/2, then fis 1:1 on X,. Let ¥, be the interval —1 <y < 1,
and let f, be the function from X, into ¥, defined by fi(z) = sin z. Then
Jo 18 a restriction of f to the interval X,, and fo is both 1:1 and onto. This
is just another way of saying that, on the interval from —x/2 to =/2,
the sine function takes each value between —1 and 1 exactly once. The
function fg ! is the inverse sine function:

fo'(y) = sin~'y = arcsin y.

(d) This is a general example of a restriction of a function. It is
much more typical of the type of restriction we shall use in this book
than are the examples in (b) and (c) above. The example in (a) is a special
case of this one. Let X be a set and f a function from X into itself. Let X,
be a subset of X. We say that X, is invariant under f if for each z in X,
the element f(x) is in X,. If X, is invariant under f, then f induces a func-
tion fo from X, into itself, by restricting the domain of its definition to X,.
The importance of invariance is that by restricting f to X, we can obtain
a function from X, into itself, rather than simply a function from X,
into X.

391

A.3. Equivalence Relations

An equivalence relation is a specific type of relation between pairs
of elements in a set. To define an equivalence relation, we must first decide
what a ‘relation’ is.

Certainly a formal definition of ‘relation’ ought to encompass such
familiar relations as ‘z =y, ‘o < y,” ‘c is the mother of y,’ and ‘z is
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older than y.” If X is a set, what does it take to determine a relation be-
tween pairs of elements of X? What it takes, evidently, is a rule for deter-
mining whether, for any two given elements = and y in X, z stands in
the given relationship to y or not. Such a rule R, we shall call a (binary)
relation on X. If we wish to be slightly more precise, we may proceed
as follows. Let X X X denote the set of all ordered pairs (z, y) of elements
of X. A binary relation on X is a function R from X X X into the set
{0, 1}. In other words, R assigns to each ordered pair (z, y) either a 1 or
a 0. The idea is that if R(z, y) = 1, then x stands in the given relationship
to y, and if R(z, y) = 0, it does not.

If R is a binary relation on the set X, it is convenient to write xRy
when R(z, y) = 1. A binary relation R is called

(1) reflexive, if zRx for each z in X;
(2) symmetric, if yRz whenever zRy;
(3) transitive, if Rz whenever 2Ry and yRz.

An equivalence relation on X is a reflexive, symmetric, and transitive
binary relation on X.

ExampLE 5. (a) On any set, equality is an equivalence relation. In
other words, if zRy means z = y, then R is an equivalence relation. For,
z =gz, if x =ytheny =z if 2 = y and y = 2z then z = 2. The relation
‘¢ # 1/ is symmetric, but neither reflexive nor transitive.

(b) Let X be the set of real numbers, and suppose xRy means z < y.
Then R is not an equivalence relation. It is transitive, but it is neither
reflexive nor symmetric. The relation ‘o < ¢ is reflexive and transitive,
but not symmetric.

(¢) Let E be the Euclidean plane, and let X be the set of all triangles
in the plane E. Then congruence is an equivalence relation on X, that is,
‘Ty > T, (T, is congruent to T,) is an equivalence relation on the set of
all triangles in a plane.

(d) Let X be the set of all integers:

., =2, —-1,0,1,2,....
Let n be a fixed positive integer. Define a relation R, on X by: xR,y

if and only if (z — y) is divisible by n. The relation R, is called con-
gruence modulo n. Instead of zR.y, one usually writes

=y, modn (z is congruent to y modulo n)

when (z — y) is divisible by n. For each positive integer n, congruence
modulo n is an equivalence relation on the set of integers.

(e) Let X and Y be sets and f a function from X into Y. We define
a relation R on X by: xRz, if and only if f(z;) = f(x,). It is easy to verify
that R is an equivalence relation on the set X. As we shall see, this one
example actually encompasses all equivalence relations.
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Suppose R is an equivalence relation on the set X. If z is an element
of X, we let E(z; R) denote the set of all elements y in X such that zRy.
This set E(z; R) is called the equivalence class of z (for the equivalence
relation R). Since R is an equivalence relation, the equivalence classes
have the following properties:

(1) Each E(z; R) is non-empty; for, since xRz, the element x belongs
to H(z; R).

(2) Let z and y be elements of X. Since R is symmetric, y belongs to
E(z; R) if and only if = belongs to E(y; R).

(3) If z and y are elements of X, the equivalence classes E(x; R) and
E(y; R) are either identical or they have no members in common. First,
suppose zRy. Let z be any element of E(z; R) i.e., an element of X such
that zRz. Since R is symmetric, we also have zRz. By assumption zRy,
and because R is transitive, we obtain zRy or yRz. This shows that any
member of E(z; R) is a member of E(y; E). By the symmetry of R, we
likewise see that any member of E(y; R) is a member of E(z; R); hence
E(z;R) = E(y; R). Now we argue that if the relation zRy does not hold,
then E(z; R) N E(y; R) is empty. For, if z is in both these equivalence
classes, we have zRz and yRz, thus zRz and zRy, thus zRy.

If we let § be the family of equivalence classes for the equivalence
relation R, we see that (1) each set in the family & is non-empty, (2) each
element z of X belongs to one and only one of the sets in the family &,
(3) zRy if and only if x and y belong to the same set in the family &.
Briefly, the equivalence relation R subdivides X into the union of a family
of non-overlapping (non-empty) subsets. The argument also goes in the
other direction. Suppose F is any family of subsets of X which satisfies
conditions (1) and (2) immediately above. If we define a relation R by (3),
then R is an equivalence relation on X and § is the family of equivalence
classes for A.

ExaMpLe 6. Let us see what the equivalence classes are for the
equivalence relations in Example 5.

(a) If R is equality on the set X, then the equivalence class of the
element z is simply the set {z}, whose only member is x.

(b) If X is the set of all triangles in a plane, and R is the congruence
relation, about all one can say at the outset is that the equivalence class
of the triangle T consists of all triangles which are congruent to 7. One of
the tasks of plane geometry is to give other descriptions of these equivalence
classes.

(¢) If X is the set of integers and R, is the relation ‘congruence
modulo 7, then there are precisely n equivalence classes. Each integer
z is uniquely expressible in the form z = gn + », where ¢ and r are integers
and 0 < r < n — 1. This shows that each x is congruent modulo » to
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exactly one of the n integers 0, 1, 2,...,n — 1. The equivalence classes
are

Ey=1{..,-2n, —n,0,n,2n,...}

El =

{..,1=2n,1—m1+n1+42n...}

Bos={ .., n—1-2nn—1—-nn—-1n—1+n,
n—142n,...}.

(d) Suppose X and Y are sets, f is a function from X into Y, and R
is the equivalence relation defined by: zRz, if and only if f(z1) = f(z2).
The equivalence classes for R are just the largest subsets of X on which
f is ‘constant.” Another description of the equivalence classes is this. They
are in 1:1 correspondence with the members of the range of f. If y is in
the range of f, the set of all z in X such that f(x) = y is an equivalence
class for 2; and this defines a 1:1 correspondence between the members
of the range of f and the equivalence classes of R.

Let us make one more comment about equivalence relations. Given
an equivalence relation & on X, let § be the family of equivalence classes
for R. The association of the equivalence class F(x; R) with the element
z, defines a function f from X into § (indeed, onto §):

f(x) = E(z; R).

This shows that R is the equivalence relation associated with a function
whose domain is X, as in Example 5(e). What this tells us is that every
equivalence relation on the set X is determined as follows. We have a rule
(funetion) f which associates with each element z of X an object f(x),
and zRy if and only if f(z) = f(y). Now one should think of f(z) as some
property of z, so that what the equivalence relation does (roughly) is to
lump together all those elements of X which have this property in com-
mon. If the object f(x) is the equivalence class of xz, then all one has said
is that the common property of the members of an equivalence class is
that they belong to the same equivalence class. Obviously this doesn’t
say much. Generally, there are many different functions f which deter-
mine the given equivalence relation as above, and one objective in the
study of equivalence relations is to find such an f which gives a meaningful
and elementary description of the equivalence relation. In Section A.5
we shall see how this is accomplished for a few special equivalence rela-
tions which arise in linear algebra.

A.4. Quotient Spaces

Let V be a vector space over the field F, and let W be a subspace of
V. There are, in general, many subspaces W’ which are complementary
to W, i.e., subspaces with the property that V.= W@ W’. If we have
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an inner produet on V, and W is finite-dimensional, there is a particular
subspace which one would probably call the ‘natural’ complementary
subspace for W. This is the orthogonal complement of W. But, if V has
no structure in addition to its vector space structure, there is no way of
selecting a subspace W’ which one could call the natural complementary
subspace for W. However, one can construct from ¥V and W a vector space
V/W, known as the ‘quotient’ of ¥V and W, which will play the role of the
natural complement to W. This quotient space is not a subspace of V,
and so it cannot actually be a subspace complementary to W; but, it is
a vector space defined only in terms of ¥V and W, and has the property
that it is isomorphic to any subspace W’ which is complementary to W.

Let W be a subspace of the vector space V. If « and 8 are vectors
in V, we say that « is congruent to 8§ modulo W, if the vector (o — 8)
is in the subspace W. If « is congruent to 8 modulo W, we write

a =4, mod W.
Now congruence modulo W is an equivalence relation on V.

(1) & = a, mod W, because « — a = 0 isin W.

(2) If @ = 8, mod W, then 8 = «, mod W. For, since W is a subspace
of V, the vector (a — 8) is in W if and only if (8 — a) isin W.

3) If @ =B, mod W, and 8 = v, mod W, then o = v, mod W. For,
if (@ —B)and (8 — y)arein W, thena —~ v = (e — 8) +8 — v) isin W.

The equivalence classes for this equivalence relation are known as
the cosets of W. What is the equivalence class (coset) of a vector a? It
consists of all vectors 8 in V such that (3 — «) is in W, that is, all vectors
8 of the form 8 = a -+ v, with ¥ in W. For this reason, the coset of the
vector « is denoted by

a+ W.

It is appropriate to think of the coset of « relative to W as the set of
vectors obtained by translating the subspace W by the vector a. To
picture these cosets, the reader might think of the following special case.
Let V be the space R?, and let W be a one-dimensional subspace of V.
If we picture V as the Euclidean plane, W is a straight line through the
origin. If @ = (x4, x) 18 a vector in V, the coset a + W is the straight line
whieh passes through the point (x, x;) and is parallel to W.

The collection of all cosets of W will be denoted by V/W. We now
define a vector addition and scalar multiplication on V/W as follows:

(a+W)+@B+W)=(a+8+W
ela + W) = (ca) + W.

In other words, the sum of the coset of « and the coset of 8 is the coset of
(a + B), and the product of the scalar ¢ and the coset of « is the coset of
the vector ca. Now many different vectors in V will have the same coset
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relative to W, and so we must verify that the sum and product above
depend only upon the cosets involved. What this means is that we must
show the following:

(a) If @ = o/, mod W, and 8 = 8’, mod W, then
a+pB=a + 6, modW.
(2) If @ = o/, mod W, then ca = co’, mod W.

These facts are easy to verify. (1) If « — o’ isin W and 8 — ' is in
W, then since (@ + B8) — (' — 8') = (@ — &) + (8 — B’), we see that
a + f is congruent to o — 8" modulo W. (2) If « — &’ is in W and ¢ is
any scalar, then ca — ca’ = ¢(a — &) isin W.

It is now easy to verify that V /W, with the vector addition and scalar
multiplication defined above, is a vector space over the field F. One must
directly check each of the axioms for a vector space. Each of the properties
of vector addition and scalar multiplication follows from the corresponding
property of the operations in V. One comment should be made. The zero
vector in V /W will be the coset of the zero vector in V. In other words,
W 1s the zero vector in V/W.

The vector space V/W is called the quotient (or difference) of V
and W. There is a natural linear transformation @ from V onto V/W.
It is defined by Q(e) = @ + W. One should see that we have defined
the operations in V/W just so that this transformation @ would be linear.
Note that the null space of @ is exactly the subspace W. We call @ the
quotient transformation (or quotient mapping) of V onto V/W.

The relation between the quotient space V/W and subspaces of V
which are complementary to W can now be stated as follows.

Theorem. Let W be a subspace of the vector space V, and let Q be the
quotient mapping of V onto V/W. Suppose W’ is a subspace of V. Then
V=W @_W’ if and only if the restriction of Q to W’ 1s an isomorphism
of W onto V/W.

Proof. Suppose V.= W @ W'. This means that each vector « in
V is uniquely expressible in the form « = v 4+ 4/, with v in W and v’ in
W’'. Then Qa = Qy + @y = Qv', that is « + W = v’ 4+ W. This shows
that @ maps W’ onto V/W, i.e., that Q(W’') = V/W. Also Q is 1:1 on W,
for suppose y1 and v; are vectors in W’ and that Qvyi = Qvz. Then
Q(vi — v3) = 0 so that v1 — ~4 is in W. This vector is also in W’, which
is disjoint from W, hence vi — v = 0. The restriction of @ to W’ is
therefore a one-one linear transformation of W’ onto V/W.

Suppose W' is a subspace of V such that @ is one-one on W’ and
QW'Y = V/W. Let « be a vector in V. Then there is a vector v in W’
such that Qv = Qu, i.e., ¥/ + W = a + W. This means that « = v + v
for some vector v in W. Therefore V = W -+ W’. To see that W and W’
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are disjoint, suppose v is in both W and W’. Since v is in W, we have
Qv = 0. But @ is 1:1 on W', and so it must be that ¥ = 0. Thus we have
Vv=waew. |

What this theorem really says is that W’ is complementary to W if
and only if W’ is a subspace which contains exactly one element from each
coset of W, It shows that when V = W W’, the quotient mapping @
‘identifies’ W’ with V/W. Briefly (W @ W')/W is isomorphic to W’ in
a ‘natural’ way.

One rather obvious fact should be noted. If W is a subspace of the
finite-dimensional veector space V, then

dim W + dim (V/W) = dim V.

One can see this from the above theorem. Perhaps it is easier to observe
that what this dimension formula says is

nullity (@) + rank (@) = dim V.

It is not our object here to give a detailed treatment of quotient
spaces. But there is one fundamental result which we should prove.

Theorem. Let V and Z be vector spaces over the field ¥. Suppose T is
a Uinear transformation of V onto Z. If W 1s the null space of T, then Z us
isomorphic to V/W.

Proof. We define a transformation U from V/W into Z by
U{a + W) = Ta. We must verify that U is well defined, ie., that if
a+ W =8+ W then Ta = T3. This follows from the fact that W is
the null space of T; for, @ + W = 8 + W means o — 8 is in W, and this
happens if and only if T(a — 8) = 0. This shows not only that U is well
defined, but also that U is one-one.
It is now easy to verify that U is linear and sends V/W onto Z,
because 7' is a linear transformation of V onto Z. |}
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A.5. Equivalence Relations
in Linear Algebra

We shall consider some of the equivalence relations which arise in
the text of this book. This is just a sampling of such relations.

(1) Let m and n be positive integers and F a field. Let X be the set
of all m X n matrices over F. Then row-equivalence is an equivalence
relation on the set X. The statement ‘4 is row-equivalent to B’ means
that 4 can be obtained from B by a finite succession of elementary row
operations. If we write A ~ B for 4 is row-equivalent to B, then it is not
difficult to check the properties (i) 4 ~ 4; (ii) if 4 ~ B, then B ~ 4;
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(iii) if A ~ B and B ~ (, then A ~ (. What do we know about this
equivalence relation? Actually, we know a great deal. For example, we
know that A ~ B if and only if A = PB for some invertible m X m
matrix P; or, A ~ B if and only if the homogeneous systems of linear
equations AX = 0 and BX = 0 have the same solutions. We also have
very explicit information about the equivalence classes for this relation.
Each m X n matrix 4 is row-equivalent to one and only one row-reduced
echelon matrix. What this says is that each equivalence class for this rela-
tion contains precisely one row-reduced echelon matrix R; the equivalence
class determined by R consists of all matrices A = PR, where P is an
invertible m X m matrix. One can also think of this description of the
equivalence classes in the following way. Given an m X n matrix 4, we
have a rule (function) f which associates with A the row-reduced echelon
matrix f(A) which is row-equivalent to A. Row-equivalence is completely
determined by f. For, 4 ~ B if and only if f(4) = f(B), i.e., if and only
if A and B have the same row-reduced echelon form.

(2) Let n be a positive integer and F a field. Let X be the set of all
n X n matrices over F. Then similarity is an equivalence relation on X;
each n X n matrix A is similar to itself; if A is similar to B, then B is
similar to 4 ; if 4 is similar to B and B is similar to C, then 4 is similar to
C. We know quite a bit about this equivalence relation too. For example,
A is similar to B if and only if A and B represent the same linear operator
on F* in (possibly) different ordered bases. But, we know something much
deeper than this. Each n X n matrix 4 over F is similar (over F) to one
and only one matrix which is in rational form (Chapter 7). In other words,
each equivalence class for the relation of similarity contains precisely one
matrix which is in rational form. A matrix in rational form is determined

by a k-tuple (pi, . . ., p:) of monie polynomials having the property that
piq divides p;, j=1,...,k — 1. Thus, we have a function f which
associates with each n X n matrix A a k-tuple f(4) = (p1, ..., &)

satisfying the divisibility condition p;,; divides p;. And, A and B are
similar if and only if f(4) = f(B).

(3) Here is a special case of Example 2 above. Let X be the set of
3 X 3 matrices over a field #. We consider the relation of similarity on X.
If A and B are 3 X 3 matrices over F, then A and B are similar if and
only if they have the same characteristic polynomial and the same minimal
polynomial. Attached to each 3 X 3 matrix A, we have a pair (f, p) of
monic polynomials satisfying

(a) deg f = 3,
(b) p divides f,

f being the characteristic polynomial for A, and p the minimal polynomial
for A. Given monic polynomials f and p over F which satisfy (a) and (b),
it is easy to exhibit a 3 X 3 matrix over F, having f and p as its charac-
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teristic and minimal polynomials, respectively. What all this tells us is
the following. If we consider the relation of similarity on the set of 3 X 3
matrices over F, the equivalence classes are in one-one correspondence
with ordered pairs (f, p) of monic polynomials over F which satisfy (a)
and (b).
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A.6. The Axiom of Choice

Loosely speaking, the Axiom of Choice is a rule (or principle) of
thinking which says that, given a family of non-empty sets, we can choose
one element out of each set. To be more precise, suppose that we have
an index set 4 and for each « in A we have an associated set S,, which is
non-empty. To ‘choose’ one member of each S, means to give a rule f
which associates with each o some element f(«) in the set S,. The axiom
of choice says that this is possible, i.e., given the family of sets {S.}, there
exists a function f from A into

U S«

such that f(«) is in S, for each a. This principle is accepted by most mathe-
maticians, although many situations arise in which it is far from clear
how any explicit function f can be found.

The Axiom of Choice has some startling consequences. Most of them
have little or no bearing on the subject matter of this book; however, one
consequence is worth mentioning: Every vector space has a basis. For
example, the field of real numbers has a basis, as a vector space over the
field of rational numbers. In other words, there is a subset S of B which
is linearly independent over the field of rationals and has the property
that each real number is a rational linear combination of some finite
number of elements of S. We shall not stop to derive this vector space
result from the Axiom of Choice. For a proof, we refer the reader to the
book by Kelley in the bibliography.
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A Bessel’s inequality, 287

. Bilinear form, 166, 320, 359
Ad]01n.t: diagonalization of, 370

classical, 148, }59 group preserving, 379

of transformation, 295 matrix of. 362

. . y

Admissible subspace, 232 non-degenerate (non-singular), 365
Algebra, 117 i positive definite, 368

of formal power series, 119 rank of. 365

?

self-adjoint, 345
Algebraically closed field, 138
Alternating n-linear function, 144, 169
Annihilator:

of subset, 101

of sum and intersection, 106(Ex. 11) C

of vector (T-annihilator), 201, 202, 228
Approximation, 283
Associativity, 1

of matrix multiplication, 19, 90

of vector addition, 28

signature of, 372
skew-symmetric, 375
symmetric, 367

Cauchy-Schwarz inequality, 278
Cayley-Hamilton theorem, 194, 237
Cayley transform, 309(Ex. 7)

Augmented matrix, 14 Characteristic:
) . of a field, 3
Axiom of choice, 400 ?
polynomial, 183
space, 182
B value, 182, 183
vector, 182
Basis, 41 Classical adjoint, 148, 159
change of, 92 Coefficients of polynomial, 120
dual, 99, 165 Cofactor, 158
for module, 164 Column:
ordered, 50 equivalence, 256
orthonormal, 281 operations, 26, 256
standard basis of Fn, 41 rank, 72, 114
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Commutative: Disjoint subspaces (see Independent: sub-
algebra, 117 spaces)
group, 83 Distance, 289(Ex. 4)
ring, 140 Division with remainder, 128
Companion matrix, 230 Dual:
Complementary subspace, 231 basis, 99, 165
orthogonal, 286 module, 165
Composition, 390 space, 98

Conductor, 201, 202, 232
Congruence, 139, 393, 396

Conjugate, 271 E
transpose, 272
Conjugation, 276(Ex. 13) Eigenvalue (see Characteristic: value)
Coordinates, 50 Elementary:
coordinate matrix, 51 column operation, 26, 256
Coset, 177, 396 Jordan matrix, 245
Cramer’s rule, 161 matrix, 20, 253
Cyclic: row operation, 6, 252
decomposition theorem, 233 Empty set, 388
subspace, 227 Entries of a matrix, 6
vector, 227 Equivsalence relation, 393

Equivalent systems of equations, 4
Euclidean space, 277

D Exterior (wedge) product, 175, 177

Degree:

of multilinear form, 166 F

of polynomial, 119
Dependence, linear, 40, 47 Fm Xn, 29
Derivative of polynomial, 129, 266 Fr, 29
Determinant function, 144 Factorization of polynomial, 136

existence of, 147 Factors, invariant, 239, 261

for linear transformations, 172 Field, 2

uniqueness of, 152 algebraically closed, 138
Determinant rank, 163(Ex. 9) subfield, 2
Diagonalizable: Finite-dimensional, 41

operator, 185 Finitely generated module, 165

part of linear operator, 222 Form:

simultaneously, 207 alternating, 169
Diagonalization, 204, 207, 216 bilinear, 166, 320, 359

of Hermitian form, 323 Hermitian, 323

of normal matrix (operator), 317 matrix of, 322

of self-adjoint matrix (operator), 314 multilinear, 166

of symmetric bilinear form, 370 non-degenerate, 324(Ex. 6)

unitary, 317 non-negative, 325
Differential equations, 223(Ex. 14), normal, 257, 261

249(Ex. 8) positive, 325, 328

Dimension, 44 quadratic, 273, 368

formula, 46 r-linear, 166
Direct sum, 210 rational, 238

invariant, 214 sesqdi-linear, 320

of matrices, 214 Formal power series, 119

of operators, 214 Free module, 164



Function, 389
determinant, 144
identity, 390
inverse of, 391
invertible, 390
linear, 67, 97, 291
multilinear, 166
n-linear, 142
polynomial function, 30
range of, 389
restriction of, 391

Fundamental theorem of algebra, 138

G

Gram-Schmidt process, 280, 287
Grassman ring, 180
Greatest common divisor, 133
Group, 82
commutative, 83
general linear, 307
Lorentz, 382
orthogonal, 380
preserving a form, 379
pseudo-orthogonal, 381
symmetrie, 153

H

Hermitian (see Self-adjoint)

Hermitian form, 323

Homogeneous system of linear equations, 4
Hyperspace, 101, 109

Ideal, 131

principal ideal, 131
Idempotent transformation (see Projection)
Identity:

element, 117, 140

function, 390

matrix, 9

resolution of, 337, 344
Independence, linear, 40, 47
Independent:

linearly, 40, 47

subspaces, 209
Inner product, 271

matrix of, 274

Index

Inner product (cont.):
quadratic form of, 273
space, 277
standard, 271, 272

Integers, 2
positive, 2

Interpolation, 124

Intersection, 388
of subspaces, 36

Invariant:
direct sum, 214
factors of a matrix, 239, 261
subset, 392
subspace, 199, 206, 314

Inverse:
of function, 391
left, 22
of matrix, 22, 160
right, 22
two-sided, 22

Invertible:
function, 390
linear transformation, 79
matrix, 22, 160

Irreducible polynomial, 135

Isomorphism:
of inner product spaces, 299
of vector spaces, 84

J

Jordan form of matrix, 247

K

Kronecker delta, 9

L

Lagrange interpolation formula, 124
Laplace expansions, 179
Left inverse, 22
Linear algebra, 117
Linear combination:
of equations, 4
of veetors, 31
Linear equations (see System of linear
equations)
Linear functional, 97
Linearly dependent (independent), 40, 47
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Linear transformation (operator), 67, 76 Matrix (cont.):
adjoint of, 295 of linear transformation, 87, 88
cyclic decomposition of, 233 minimal polynomial of, 191
determinant of, 172 nilpotent, 244
diagonalizable, 185 normal, 315
diagonalizable part of, 222 orthogonal, 162(Ex. 4), 380
invertible, 79 positive, 329
matrix in orthonormal basis, 293 principal minors of, 326
matrix of, 87, 88 product, 17, 90
minimal polynomial of, 191 rank of, 114
nilpotent, 222 rational form of, 238
non-negative, 329, 341 row rank of, 56, 72, 114
non-singular, 79 row-reduced, 9
normal, 312 row-reduced echelon, 11, 56
nullity of, 71 self-adjoint (Hermitian), 35, 314
orthogonal, 303 similarity of, 94
polar decomposition of, 343 skew-symmetric, 162(Ex. 3), 210
positive, 329 symmetric, 35, 210
product of, 76 trace of, 98
quotient, 397 transpose of, 114
range of, 71 triangular, 155(Ex. 7)
rank of, 71 unitary, 163(Ex. 5), 303
self-adjoint, 298, 314 upper-triangular, 27
semi-simple, 263 Vandermonde, 125
trace of, 106(Ex. 15) zero, 12
transpose of, 112 Minimal polynomial, 191
triangulable, 202 Module, 164
unitary, 302 basis for, 164

Lorentz: dual, 165
group, 382 finitely generated, 165
transformation, 311(Ex. 15), 382 free, 164

rank of, 165
Monic polynomial, 120
Multilinear function (form), 166
degree of, 166
Matrix, 6 Multiplicity, 130
augmented, 14
of bilinear form, 362
classical adjoint of, 148, 159

M

coefficient, 6 N
cofactors, 158

companion, 230 n-linear function, 142
conjugate transpose, 272 alternating, 144, 169
coordinate, 51 n-tuple, 29
elementary, 20, 253 Nilpotent:

elementary, Jordan, 245 matrix, 244

of form, 322 operator, 222
identity, 9 Non-degenerate:

of inner product, 274 bilinear form, 365
invariant factors of, 239, 261 form, 324(Ex. 6)
inverse of, 22, 160 Non-negative:
invertible, 22, 160 form, 325

Jordan form of, 247. operator, 329, 341



Non-singular:
form (see Non-degenerate)
linear transformation, 79
Norm, 273
Normal:
form, 257, 261
matrix, 315
operator, 312
Nullity of linear transformation, 71
Null space, 71
Numbers:
complex, 2
rational, 3
real, 2

Onto, 389
Operator, linear, 76
Ordered basis, 50
Orthogonal:
complement, 285
equivalence of matrices, 308
group, 380
linear transformation, 304
matrix, 162(Ex. 4), 380
projection, 285
set, 278
vectors, 278, 368
Orthogonalization, 280
Orthonormal:
basis, 281
set, 278

P

Parallelogram law, 276(Ex. 9)
Permutation, 151
even, odd, 152
product of, 153
sign of, 152
Polar decomposition, 343
Polarization identities, 274, 368
Polynomial, 119
characteristic, 183
coefficients of, 120
degree of, 119
derivative of, 129, 266
function, 30
irreducible (prime), 135
minimal, 191

Index

Polynomial (cont.):
monic, 120
primary decomposition of, 137
prime (irreducible), 135
prime factorization of, 136
reducible, 135
root of, 129
scalar, 120
zero of, 129
Positive:
form, 325, 328
integers, 2
matrix, 329
operator, 329
Positive definite, 368
Power series, 119
Primary components, 351
Primary decomposition:
of polynomial, 137
theorem, 220
Prime:
factorization of polynomial, 136
polynomial, 135
Principal:
access theorem, 323
ideal, 131
minors, 326
Product:
exterior (wedge), 175, 177
of linear transformations, 76
of matrices, 14, 90
of permutations, 153
tensor, 168
Projection, 211
Proper subset, 388
Pseudo-orthogonal group, 381

Q

Quadratic form, 273, 368
Quotient:
space, 397
transformation, 397

R

Range, 71

Rank:
of bilinear form, 365
column, 72, 114
determinant, 163(Ex. 9)
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Rank (cont.): Similar matrices, 94
of linear transformation, 71 Simultaneous:
of matrix, 114 diagonalization, 207
of module, 165 triangulation, 207
row, 56, 72, 114 Skew-symmetric:
Rational form of matrix, 238 bilinear form, 375
Reducible polynomial, 135 matrix, 162(Ex. 3), 210
Relation, 393 Solution space, 36
equivalence, 393 Spectral:
Relatively prime, 133 resolution, 336, 344
Resolution: theorem, 335
of the identity, 337, 344 Spectrum, 336
spectral, 336, 344 Square root, 341
Restriction: Standard basis of Fr, 41
of function, 391 Stuffer (das einstopfende Ideal), 201
operator, 199 Subfield, 2
Right inverse, 22 Submatrix, 163(Ex. 9)
Rigid motion, 310(Ex. 14) Subset, 388
Ring, 140 invariant, 392
Grassman, 180 proper, 388
Root: Subspace, 34
of family of operators, 343 annihilator of, 101
of polynomial, 129 complementary, 231
Rotation, 54, 309(Ex. 4) cyclic, 227
Row: independent subspaces, 209
operations, 6, 252 invariant, 199, 206, 314
rank, 56, 72, 114 orthogonal complement of, 285
space, 39 quotient by, 397
vectors, 38 spanned by, 36
Row-equivalence, 7, 58, 253 sum of subspaces, 37
summary of, 55 T-admissible, 232
Row-reduced matrix, 9 zero, 35
row-reduced echelon matrix, 11, 56 Sum:
direct, 210
of subspaces, 37
S Symmetric:
bilinear form, 367
Scalar, 2 group, 153
polynomial, 120 matrix, 35, 210
Self-adjoint: System of linear equations, 3
algebra, 345 homogeneous, 4
matrix, 35, 314
operator, 298, 314 T
Semi-simple operator, 263
Separating vector, 243(Ex. 14) T-admissible subspace, 232
Sequence of vectors, 47 T-annihilator, 201, 202, 228
Sesqui-linear form, 320 T-conductor, 201, 202, 232
Set, 388 Taylor’s formula, 129, 266
element of (member of), 388 Tensor, 166
empty, 388 product, 168
Shuffle, 171 Trace:
Signature, 372 of linear transformation, 106(Ex. 15)
Sign of permutation, 152 of matrix, 98



Transformation:
differentiation, 67
linear, 67, 76
zero, 67
Transpose:
conjugate, 272
of linear transformation, 112
of matrix, 114
Triangulable linear transformation, 202,
316
Triangular matrix, 155(Ex. 7)
Triangulation, 203, 207, 334

U

Union, 388
Unitary:
diagonalization, 317
equivalence of linear transformations,
356
equivalence of matrices, 308
matrix, 163(Ex. 5), 303
operator, 302
space, 277
transformation, 356

Index

Upper-triangular matrix, 27

v

Vandermonde matrix, 125
Vector space, 28
basis of, 41
dimension of, 44
finite dimensional, 41
isomorphism of, 84
of n-tuples, 29
of polynomial functions, 30
quotient of, 397
of solutions to linear equations, 36
subspace of, 34

w

Wedge (exterior) product, 175, 177
Z

Zero:

matrix, 12
of polynomial, 129
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